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Abstract

This thesis is concerned with the zero-diffusion limit and boundary layers of a viscous
hyperbolic system transformed via a Cole-Hopf transformation from a singular chemotac-
tic system modeling numerous biological processes, such as traveling waves of bacterial
chemotaxis[36], boundary movement of bacterial population in response to chemotaxis by
Nossal (cf. [64]) and the initiation of tumor angiogenesis proposed in [41].

It was numerically found in [44] that when prescribed with Dirichlet boundary con-
ditions, the considered system exhibits boundary layer phenomena at the boundaries in a
bounded interval (0,1) as the chemical diffusion rate (denoted by € > 0) is small, while
the rigorous justification still remains open. The purpose of this thesis will be to develop
some mathematical theories for the boundary layer solutions of chemotaxis models in one
and multi-dimensions and hence to justify the numerical findings of [44] with further devel-
opment in multi-dimensions. We first show the existence of boundary layers (BLs) in one
dimension, where outside the BLs the solution with € > 0 converges to the one with € =0,
but inside the BLs the convergence no longer holds. We then proceed to prove the stability
of boundary layer solutions and identify its precise structure. Roughly speaking, we justify
that the solution with € > 0 converges to the solution with € = 0 (outer layer) plus the (inner)
boundary layer solutions with the optimal rate at order of 0(81/ 2), where the outer and inner
layer solutions are well determined by explicit equations.

For the multi-dimensional case, motivated from the study in one dimension, we first
study the boundary layer problem for radial solutions in an annulus and show the existence
of boundary layers. Then we study the system in a half-plane of R? subject to Dirichlet
boundary conditions and prove the stability of boundary layer solutions with explicit outer
and inner layer profiles. Finally, we covert the result for the transformed system to the
original pre-transformed chemotaxis system and discuss the biological implications of our
results.

Boundary layer formation in chemotaxis has been observed in the real experiment [78]
and its theoretical study is just in its infant stage. This thesis develops the first theoretical
results on the boundary layers of chemotaxis models and will pave the road for the further
studies on the boundary layer theories of general/different chemotaxis models to explain
the experimental observations of boundary layer phenomena of chemotaxis such as the one
[78].
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|- |z4(0,7:x) for Banach space X.
a generic positive constant independent of €, depending on time variable 7.
a generic positive constant independent of € and time 7.

is assumed less than 1 for we consider the diffusion limit problem as € — 0.






Chapter 1

Introduction

1.1 Chemotaxis and the Mathematical Model

Chemotaxis, in contrast to random walk describes the oriented movement of an organis-
m/species in response to a chemical stimulus spread in their living environment. In par-
ticular, it is classified into attractive and repulsive chemotaxis by the nature of the motion
towards or away from the higher concentration of the stimulus, respectively. Chemotaxis
has been an important mechanism of various biological processes. For instance, in the bacte-
rial aggregation process, the E-coli secretes aspartate to guide other E-coli to move towards
the region with high density of population where more aspartate is excreted to form pattern,
cf. [62, 79]. In the slime mould formation, the amoebae cells direct their motion towards
the increasing direction of cyclic adenosine 3l5/—monophosphate, cf. [25]. The white stripes
on the skin of angelfish is a consequence of the repulsion of the dark pigment to iridophores,
which is the reservoir of the white pigment, cf. [67]. In the early stage of avian embryo
development, large amount of cells migrate in response to a chemotactic attractant to pro-
duce a trilaminar blastoderm, cf. [68]. In the blood vessel formation, the connected vascular
network results from the chemotactic motion of blood vessel cells towards the higher con-
centration of a soluble factor, cf. [19]. In the wound healing process, the clot near the
wound contains a grow factor, which recruits circulating inflammatory cells moving to the
wound site to cue the wound, cf. [70]. Chemotaxis also plays an important role in tumor
angiogenesis, cf. [8, 10, 11].

The mathematical chemotaxis model, known as Keller-Segel (KS) model was first pro-
posed by Keller and Segel in their seminal works [34-36] and reads in its general form
as

{ up =V - (DVu— yuveo(c)), (1.1)

¢t = €Ac+g(u,c),

where u(X,t) and ¢(X,t) denote the cell density and chemical (signal) concentration at posi-
tion X and time ¢, respectively. The sensitivity function ¢ (c) accounts for the signal response
mechanism and g(u,c) is the chemical kinetics (birth and death). D > 0 and € > O are re-
spectively the coefficients of cell and chemical diffusion. ¥ # 0 denotes the chemotactic
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coefficient with || measuring the strength of the chemotactic sensitivity, where y > 0 and
x < 0 indicates the chemotaxis is attractive and repulsive, respectively. The application
of (1.1) generically depends on the specific forms of ¢(c) and g(u,c). There are two ma-
jor classes of chemotactic sensitivity functions: linear law ¢(c) = ¢ and logarithmic law
¢ (c) = Inc. The former was originally derived in [34, 35] to model the self-aggregation of
Dictyostelium discoideum in response to cyclic adenosine monophosphate (cAMP), while
the latter was first employed in [36] to model the wave propagation of bacterial chemotaxis
though it has many other prominent applications in biology (cf. [2, 3, 12, 32, 40, 66]). Com-
pared with massive well-known results on the KS system with linear chemotactic sensitivity
(cf. [4, 5, 24, 28]), not much results are available for the logarithmic sensitivity due to its
singularity nature (at ¢ = 0). We aim to study the following attractive chemotaxis model

with logarithmic sensitivity function:

{ u = V- [DVu— yuV(Inc)), (1.2)

¢t = €Ac — luc,

which was originally proposed by Keller and Segel in [36] to describe the bacterial wave
propagation and then applied to model the boundary movement of bacterial population in
response to chemotaxis by Nossal (cf. [64]). Levine and his collaborators later employ (1.2)
(cf. [41]) to interpret the initiation of tumor angiogenesis, where the chemotactic motion of
the vascular endothelial cells (VECs) denoted by u, is stimulated by the vascular endothelial
growth factor (VEGF), denoted by c. Though bearing specific applications, (1.2) is of great
challenge to be analyzed directly, due to the logarithmic singularity at ¢ = 0. The successful

way to overcome this singularity is to apply a Cole-Hopf type transformation (cf. [40, 49])

M%ﬁvmc——i%ﬂzi (1.3)

T _
C

and transforms (1.2) into

uy— V- (uv) = Au, (X,1) € Q x (0,00),
€ £
Vt—V(u—;|\7|2) = BAV, (1.4)

(ua ‘7) (7_57 O) = (Lt(), ‘_}0) (7_6);

with domain Q@ C R¢. The transformed system (1.4) has attracted extensive studies from
both numerical and analytic aspects. However its well-posedness in multi-dimension is
merely confined to local and global small solutions. With Q = R (d > 2) and € = 0,
Li et al. (cf. [42]) derived the unique global solution with small initial data in H® x H*
(s > %l—f— 1), which was later improved by Deng and Li (cf. [14]) by only assuming the
smallness of initial data in space [?xH Peng et al. (cf. [69]) further improved this result
(with Q = R3) by replacing the smallness assumption space L> x H' with L? x L? and proved
the global well-posedness in space H> x H> for both € = 0 and & > 0. The existence space
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for solution was recently extended to HF x H* with k > 2 for d = 2,3 in [82]. The global
well-posedness in Besov space was also studied by Hao (cf. [23]) with small data for € = 0.
With bounded domain Q C R? (d = 2,3), problem (1.4) subject to the Neumann-Dirichlet
boundary condition was investigated in [46] and the unique global small solution in space
H? x H? was derived when £ = 0.

In contrast to the multi-dimensional case, (1.4) in dimension one is well-understood and
the unique global large solutions are obtained with various options of Q. When Q = R, the
solution is proved in space H> x H? and decay to zero as t — oo by Li et al. (cf. [43]) for
€ = 0 and by Martinez et al. (cf. [59]) for € > 0. With Q = (0, 1), the solution subject to
the Neumann-Dirichlet boundary conditions is still well-posed in space H> x H? and further
satisfies an exponential decay in time, cf. [46] for € = 0 and [83] for small € > 0. This result
is extended to arbitrary € > 0 by Tao et al. (cf. [76]), where the global solution is derived
in space C>1([0,1] x (0,0)) and decays to 0 in space L™ x L= as t — co. When subject to
the Dirichlet boundary conditions, Zhang and Zhu (cf. [87]) obtained the global solution
with small initial data in H? x H?, which was later extended to arbitrary large initial data for
€ > 01in [44]. Moreover, the existence and stability of traveling wave solutions have been
studied in [7, 31, 45, 47-50].

Except the above results on the well-posedness, the zero-diffusion (inviscid) limit of
(1.2) is a particularly relevant issue, since it is pointed out in [41] that the magnitude of
the diffusion rate € of the chemical VEGF can be negligible compared to the diffusion of
VEC:s in the initiation of tumor angiogenesis. Moreover, the diffusion rate € was assumed
to be zero in the analysis of [36] and many subsequent works for simplicity (cf. [81]). In
particular, the solution is justified to be convergent in € when Q = R in [69] for d = 3, [82]
for d = 2 and [59] for d = 1. With Q = (0, 1), the solution subject to Neumann-Dirichlet

boundary conditions is still convergent in € (cf. [83]).

1.2 History of Boundary Layers

The concept of boundary layers was first proposed by Prandtl in 1904 (cf. [71]), to analyze
viscous flows about a solid body. In the field of fluid dynamics, the well-know mathematical
model used to describe the evolution of viscous incompressible flows is the Navier-Stokes

equations, which reads as

Wi +w-Vw+Vp==eAw, (Xjt)e Qx(0,)
V-w=0, (1.5)

where w: Q@ x RT — R¢ and p : @ x Rt — R represent the velocity and pressure of the
fluid respectively, with domain Q C R?. The first equation comes from the conversation of
momentum, where the term €Aw on the right-hand side represents the friction force due to

the viscosity of the fluid, and € > 0 is viscosity coefficient of the fluid. The second equation
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is the incompressible conditions, which implies that during the evolution of flow, the volume
of individual fluid element never change. When € > 0, this system models the evolution of
viscous fluid and is called the Navier-Stokes equations. When € = 0, this system describes
the evolution of inviscid fluid and is called the Euler equations.

Most of theoretical studies in fluid dynamics are based on the inviscid fluid and it pro-
vides in many circumstances a satisfactory approximation of real motions, in a high degree
of completeness. Due to the absence of viscosity, in the motion of such inviscid fluid, the
drag force (friction force) between each individual fluid element is zero, which means the
fluid element does not experience any forces that parallel to the velocity. Hence, when the
inviscid fluid flows along a motionless solid wall, there is no friction between them, and in
general there exists a difference in relative tangential velocity. However, the real fluids even
those with very small viscosity would adhere to the solid wall at the boundary due to the
intermolecular attractions. Thus for the Euler equations (model of the inviscid fluid) one
should not prescribe boundary condition on the tangential direction of the boundary. In con-
trast the Navier-Stokes equations should subject to the no slip boundary condition. Hence
the boundary conditions (e.g. see [15]) ought to be:

w =0, ife > 0;
{ loa (1.6)

Wii|p0 =0, ife=0.

Here 7 is the unit outer normal vector at J€Q.

As we can see on the boundary, for Navier-Stokes equations (the real fluid) the tangential
velocity is zero, while for Euler equations the tangential velocity is determined by the system
itself and may not equal to zero. Hence, one can not use the solution of the Euler equations
to approximate the solutions of the Navier-Stokes equations on the whole domain Q. This
conforms to the above argument of the difference between perfect and real fluid near the
boundary. Nevertheless, in the region away from boundary, the Navier-Stokes equations
with small € are well approximated by the Euler equations.

Actually, Prandtl (cf. [71]) proposed the concept of boundary layer to analyse this ques-
tion. Combining both theoretical analysis and experimental results, he showed that the flow
along a solid wall consists of two regions: a very thin layer in the neighbourhood of the
boundary (boundary layer) where friction is crucial, and the remaining region outside the
layer, where friction may be neglected. A great deal of mathematical investigations concern-
ing the vanishing diffusion limit for the Navier-Stokes equations with boundaries have been
conducted since Prandtl’s boundary layer theory was introduced. However, this theory was
merely rigorously verified under some specific circumstances, since the well-posedness on
the Prandtl equations (boundary layer solutions) with general initial data still remains unjus-
tified. In particular, the boundary layer theory for the Navier-Stokes was strictly proved in
[73, 74] with analytic initial data, in [6, 37, 54, 55, 60, 61] with circularly symmetric domain
and initial data, in [33, 37, 38, 80] for Lz—convergence of the solutions and in [56, 57] with
initial data satisfying curl-free near the boundary. Moreover, for Q = {(x,y,z) € R3: z > 0},
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by replacing the diffusion term éAw with k(W + JyyW) + €d.w, Liu and Wang (cf. [52])
proved the convergence of solutions in space L™ as € — 0.

1.3 Contributions and Organization of the Thesis

In this thesis, we shall investigate the zero-diffusion (inviscid) limit of problem (1.4) subject
to the Dirichlet boundary conditions with Q = (0,1), Q = {¥x € R?|a < |¥| < b} and Q =
Ri, respectively. This work is originally motivated by the boundary layer phenomenon
discovered by Li and Zhao (cf. [44]) when studying asymptotic behavior of solutions of
(1.4) with Q = (0, 1) subject to the following Dirichlet boundary conditions:

{M|x=0,1 =u> g, Vlx=01 =17, ife >0, (17

o = i1 > if e =0;

where the boundary value for v with € = 0 is not prescribed, since it is intrinsically de-
termined by the second equation of (1.4). Due to this mismatched boundary values of v
between € > 0 and € = 0, the solution component v would diverge in a thin layer (boundary
layer) near the boundary as € — 0, but still converge outside the boundary layer, which is
in a similar scenario as the aforementioned emergence of boundary layer theory in the fluid
dynamics. The observation of [44] marked the starting point for the study of boundary layer
theory in chemotaxis and moreover they numerically illustrated the presence of boundary
layers for solution component v, however the rigorous justification is left open.

In Chapter 2, we shall rigorously prove the existence of boundary layers (see Theorem
2.2) for the solution component v of (1.4), (1.7) as € — 0 and complement the numerical
findings of [44] with analytical verifications. Chapter 3 is devoted to exploiting the struc-
ture of V¢ (solution component with € > 0) inside the boundary layers to derive a uniform
approximation for v¢ in the entire interval [0, 1] and justify the stability of boundary layers.
Roughly speaking, we prove that the solution component v¢ converges to v* (outer layer)
plus the boundary (inner) layer solutions v2¥ and v*: (see Theorem 3.1) with the optimal
rate at order of 0(81/ %) as € — 0, where the inner layer solutions are well determined by
explicit equations and the thickness of boundary layers is strictly justified as 0(81/ 2). We
then transfer the results to the original pre-transformed chemotaxis system and discuss the
implications of our results.

Inspired by the one dimensional case, we proceed to investigate the boundary layer prob-
lem of (1.4) in multi-dimensions in Chapter 4 and Chapter 5. When Q = {¥ = (x1,x2," - ,Xg) |
0 <a < |X| < b}, we prove in Chapter 4 that the radial solutions of (1.4) subject to Dirich-
let boundary conditions also possess boundary layers near |X| = a and |X| = b. Moreover,
with @ = R%2 = {(x,y) € R?|y > 0}, Chapter 5 is devoted to studying the boundary layer
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problem of (1.4) subject to the following boundary conditions:

{”|yo =i(x,1), VX V]y—0 =0, valy=0 = ¥(x,2), if € > 0; (1.8)

uly—o = i(x,t), ife =0,

where the condition V x /|,y = 0 is the compatible condition to guarantee that V x Vi(x, y,1) =
0 holds for (x,y,#) € RZ x (0,00) so that the result of (1.4) can be converted back to the
pre-transformed model (1.2) via (1.3). Due to the mismatched boundary values for v;, the
boundary layer phenomenon would emerge for system (1.4), (1.8). Actually, in Chapter 5
we prove that the solution component v5 ((u®,v¢) = (u®,v{,v5) denotes the solution with

€ > 0) converges to the outer layer solution v(z) ((u®,v°) represents the solution with £ = 0)

plus the boundary layer solution vg’o as € — 0 (see Theorem 5.2), while the solution com-
ponents u® and v{ converge to u® and v(l), respectively.

The challenges encountered and the main ideas employed in proving the above results of
this thesis will be specified at the beginning of each chapter, refer to the discussions below
Remark 2.2 (in Chapter 2), Theorem 3.2 (in Chapter 3), Proposition 4.1 (in Chapter 4) and
Proposition 5.4 (in Chapter 5) for detail.

We clarify that the results of Chapter 2 have been published as part of our paper [29].



Chapter 2

Existence of Boundary Layers in One
Dimension

In this chapter, we shall investigate the boundary layer problem of (1.4) in one-dimension
with Q = (0, 1). For brevity, we take D = y = . = 1 in (1.4) to derive the following initial-

boundary problem

up — (Uv)y = Uy, (x,1) € (0,1) x (0,0),
vi— (u—¢e|?)y = evy, (2.1)
(u7v>(x7 O) = (uo,Vo)(x),

subject to the Dirichlet boundary conditions

Uly—01=u>0, V|y—01=71, if € >0,
{ |x=0,1 ’ |lx=0,1 2.2)

Uly—o, = i >0, if & = 0.

We emphasize that the results of this thesis hold for general values of D > 0, ¥ > 0 and
u > 0. For illustration, let us denote by (u¢,v¢) and (u°,v°) the solutions of (2.1)-(2.2) with
€ > 0 and € = 0, respectively. Due to the mismatched boundary values for v between € > 0
and € = 0, the boundary layer phenomenon would appear for the above system (2.1)-(2.2)
as € — 0. Indeed, we rigorously prove the existence of boundary layers for the solution
component v and the uniform convergence for # in Theorem 2.2, which complement the
numerical findings of [44] by analytical justifications. The main ideas to prove Theorem 2.2
are given below Remark 2.2. Section 2.2 and Section 2.3 are devoted to the proof.

Li and Zhao (cf. [44]) proved the global well-posedness of classical solutions to system
(2.1)-(2.2) with € > 0. We cite the results below for later use.

Lemma 2.1 ([44]). Suppose that (ug,vo) € H?> x H? with uy > 0 satisfy the compatibility
conditions (ug,vo)(0) = (ug,vo)(1) = (&, V). Then for any € > 0, the initial-boundary value
problem (2.1)-(2.2) has unique global classical solution (u®,v¢) satisfying the following

properties:
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(i) If € > 0, then (uf —it,v¢ — ) € C([0,00); H*> x H*) NL*(0,00; H> x H?) such that

(= @) () 172 + 1 (v = ) ()17 +/0[(||M§(T)Hiz +e|Vi(7)ll7z)dT < C,

where C is a positive constant independent of €.
(ii) If € = 0, then (u° —i1,»°) € C(]0,00); H> x H*) N L?(0,00; H3 x H?).

2.1 Results on Existence of Boundary Layers

In this section, we establish the existence results of boundary layers for initial-boundary
problem (2.1)- (2.2). To this end, we need the following uniform-in-€ bound of solutions

with € > 0, which is the key to show the existence of boundary layer solutions.

Theorem 2.1 (uniform-in-€ estimates). Assume that (ug,vo) € H 2 and satisfies the compat-
ible condition (ug,vo)(0) = (i1,v). Let (u®,v®) be the unique global solution of the system
(2.1)-(2.2) with € > 0 obtained in Lemma 2.1. Then for any 0 < T < oo, the following

estimates hold

T
sup (I 5+ €2 0815) )+ [ (el + €253 e <€ @)

0<1<
where C is a positive constant independent of €.

Then the results on the existence of boundary layers for the transformed problem (2.1)-
(2.2) are given in the following theorem.

Theorem 2.2. Assume the conditions of Theorem 2.1 hold. Let (uf,v¢) and (u®,v°) be the
solution of system (2.1)-(2.2) corresponding to € > 0 and € = 0, respectively. Then for any

non-negative function 8(€) satisfying
8(e) »0and €'/%/5(e) =0, ase — 0

and for any 0 < T < oo, we have

=110, sci0,) < CE* (24)
and
Ve =1 o.cl5.18)) < cs5 el (2.5)
1iggf\|vg —l|=(0,r:cf0,17) > O, (2.6)
if and only if

t

t
/ u(0,7)dt #0, or / u(1,7)dt #0, forsome 7 € [0,T], 2.7)
0 0
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where the constant C is independent of €. That is the problem (2.1)-(2.2) has a boundary
layer solution as € — 0 iff (2.7) holds.

Remark 2.1. If ug,(0) # 0 or ug,(1) # 0, then the condition (2.7) in Theorem 2.2 is satisfied.

Remark 2.2. Following the nomenclature of [18], the function 8(€) in Theorem 2.2 is
called the BL-thickness (to measure the thickness of boundary layer), which however does
not uniquely determine the thickness of the boundary layer (as stated in [18]), since the
function §(&) = €* with any 0 < o < 3 is also a BL-thickness. Indeed, the thickness was
showed being exactly of order 0(81/ 2) in our paper [29, Appendix] by performing a formal
asymptotic analysis to solutions (u®,v¢) (with small € > 0) based on WKB method, and we
shall study the boundary layer stability in Chapter 3 and hence justify that BL-thickness of
the problem (2.1)-(2.2) is O('/?).

Before proceeding, we outline the main ideas employed to prove Theorem 2.2. The
uniform-in-€ estimate (2.3) is the key for the proof of Theorem 2.2. The standard energy
method as employed in [44] only can give the estimates depending on € due to appearance
of the boundary term &(véuf)[*=). For example, the following estimates was obtained in
[44, Lemma 2.3]):

2 2 2 2 —1
””;‘HLW(QT;LZ) + |’V§||L°°(()7T;L2) + ||”§xHLZ(07T;L2) + 8||V)€cx||L2(07T;L2) <Ce

where C is a constant independent of €. Thus to derive the solution convergence as € — 0,
one needs new approach to get the estimates of the boundary term €(v€u¢)[*=}. Observing
that by integrating (3.18); with respect to x, u$|,—o «— can be expressed in terms of u;, and
hence bounded by ||uf||;2 and other controllable terms, where ||uf||;> can be estimated by

the routine L?-energy estimate thanks to the condition u| x=0.x=1 = Vi |[y=0x=1 = 0 (see Lem-
ma 2.2). Based on this crucial observation, we undertake a refined estimates for €(viuZ) f;(l),

which readily gives rise to (2.3) by employing various inequalities (see the proof of Lemma
2.3). With the key estimates (2.3), we prove Theorem 2.2 by exploiting the weighted L2-
method, inspired from a work [30]. By a delicate computation, we succeed in deriving the

weighted [*-estimate (see Lemma 2.6):

1 t 1
/Ow(x)|(v8—vo)x\z(x,t)dx+e/o/0 o) (8 =) a2 (x, 7) dxd < Ce'/2,

where @(x) := x*(1 —x)?, x € [0,1]. Then we can readily derive (2.5) based on the above
estimates.
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2.2 Proof of Theorem 2.1.

Suppose that (u%,v?) is the unique global solution to the system (2.1)-(2.2) with € > 0 given
in Lemma 2.1. In this section we are devoted to deriving the uniform estimate (2.3) for u®
and v, and thus prove Theorem 2.1. Let i = u® — i1, ¥ = v& — V. Substituting & and v into
(2.1) and (2.2), we can reformulate the problem (2.1)-(2.2) as

( - ~ ~~ —~ —~
iy = Uiy + (A7) + vy + Vily,

¥y = el — €[(V)?] — 2890 + iy,
(i, 7)(x,0) = (up — it,vo — v)(x),

ﬁ’x:O,x:I = 07 ﬁ’x:O,x:I =0.

(2.8)

With the uniform L? estimates in Lemma 2.1, we proceed to derive the higher order
estimates in the following Lemma 2.2 and Lemma 2.3.

Lemma 2.2. Suppose that the assumptions in Theorem 2.1 hold. Then for any 0 < T < oo,

there exists a positive constant C, independent of € but dependent on T, such that

T
sup (luf ()17 + v (0)172) +/ (lugll7> +€lvill72) dr < C.
0<t<T 0

Proof. Differentiating (2.8); with respect to ¢, we have
ﬁ[[ — ﬁxx[ + (ﬁﬁ)xt + lz"jxt _l_ Vﬁxt.

Taking the L? inner product of this equation with 7, integrating the result by parts over
(0, 1), and using the boundary conditions, we arrive at

ld _ o -2
§E||ut||L2+”u”||L2

1 1
= —/ (ﬁﬁ)tﬂxt dx—b_t/ ﬁtﬁxtdx
0 0
1 1 1
= —/ Uy Vil dx—/ e dx—li/ Vyllyr dx
0 0 0

=h+L+5.

(2.9)

Observing that ;|0 =1 = 0, then by Holder and Gagliardo-Nirenberg interpolation in-
equalities, we have

Iy <[ || = || e || 2 [ 9] .2

~ n1/2 ~ 3/20 ~
<Cllaie||}5 it 157191 2

L 14 1 (12
<l llz2 +ClP o[l |72
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Due to the boundary conditions and Sobolev embedding inequality, I, is estimated as fol-
lows:

I < @] o[ [92 | 2 e[| .2
< Cllatl| o {[9e]] 2|2t ]2

< Cllael g2 192 | 2l e ]2

LTy, 2 5 112
< o[z +Clla|| 72 197 |72
Moreover, the Cauchy-Schwarz inequality, yields
Lo | 20
13 §4||MXIHL2+M HVZ‘HLZ'

Substituting above estimates for /;-/3 into (2.9), we obtain

d

Ellﬁzlliz |72 < CIPN NI+ Clad 72+ ) |[5: 7. (2.10)

We next estimate ||V;||;2. Differentiating (2.8), with respect to ¢, gives
- - ") o~ ~
Vit = EVixr — E[(V) e — 2600y + iy,

which, multiplied by ¥, and integrated by parts with respect to x over (0, 1), results in

ld, _ 2 ~ 112 ! 27 ~ 1~ ~
S+ el = & [ (0P dvt [
1 1
—2¢ / 59,9 dx + / i1V dx (2.11)
0 0
=1L+ 1.

Upon using Holder, Poincaré and Sobolev embedding inequalities, we estimate /4 as

Ly < 2€] || =¥ 2| P[] 2
< Ce[[v]| o [[9]] 2119 2

< C(e"21ll2) 190 2 (219 2)

Lo 2 <2 V(15112
< S €l[Pullz2 + Clellvellz2) 722
With Cauchy-Schwarz inequality, /5 can be easily estimated as
L0 112
Is < ZH”xt“Lz + ||V1HL2-

Inserting above estimates for I, and /5 into (2.11), we obtain

d, .. TSNS STV <2 L2
EHVzHLz + €|V [| 72 < EHuxtﬂLz +C (e[|l 2 + D9[] 725
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which, combined with (2.10), yields

d

~ 112 ~ 112 ~ 112 ~ 112
E(H”t”p*‘||Vt||L2)+(||”xt||L2+3||th||L2)

< C(IPl72 + a7z + vl 72 + @ + 1) (1l |72 + 1%1172).

This, along with Gronwall’s inequality and Lemma 2.1, gives

t
~ 2 ~ 2 ~ 12 ~ 112
||u,(t)||L2—|—||vt(t)||L2+/0 (1|72 + €l Px]l72) dT < C,

where the constant C is independent of € but depends on ¢. The proof of Lemma 2.2 is thus
finished.

OJ

Lemma 2.3. Suppose that the assumptions in Theorem 2.1 hold. Then for any 0 < T < oo,

there exists a positive constant C, independent of € but dependent on T, such that

T
2 2 2 1/2 2 3/2 2
sup (SOl 2O ) + [ (e 2l + €21 ) dr <
<<

Proof. Taking the L? inner product of (2.8), with (—&ii,,), integrating the result by
parts over (0, 1), and using the boundary conditions, we get

(elldl|72) + €l |72

| =
SR

1 1
=— / i, Vil dx — € / 7l dx
0 0 (2.12)
1 1
_81/_[/ ﬁxﬁxxdx_g‘j/ ﬁxﬁxxdx
0 0
=N +h+J3+ s

We next estimate J; - J4. First by the boundary conditions and Holder and Sobolev embed-
ding inequalities, we infer that

J1 < 8Hﬁxnﬂ||‘7||L""||b~‘M||L2
< Clliiyll 2 ("2l 2) (8" el 2)

| =2 <2
< §8||”xx||L2 +CH”)C||L2(€”VX||L2)
and

T2 < el [|9el 2 | e 2

<l 2 (8" % 2) ("2 |l 2)

| . .
< ge\luxxH,%z + |7 (€17 72)-
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Furthermore, the Cauchy-Schwarz inequality gives
Ty +dy < (e 2|7l 2 + 7l 2 2 ) (6l 2)
| . Y. 2
< el |72 + 20 (e[l 72) + 27 (€ el | 72)-

Then it follows from (2.12) that

d, . .2 _ 2
E(‘C/‘HL‘XHLZ) +£||”xx||L2

<C(llall72 + i + %) (el 2 + el 7xlI72).

(2.13)

We are now in a position to estimate ||¥,||;2. Taking the L? inner product of (2.8), with

(—€¥y), and integrating the result by parts, we derive

~ 112 25 112
(&l7xll72) + & [19ell72

| =
SIS

| 1
—2¢?2 / P Py dx + 2677 / PP dx
0 0 (2.14)

1
+ g/o Ve dx — e(ﬁxﬁx) |§2(1)
=Js+Jo+J7+Js.

We proceed to estimate J5 - Jg. Using Holder and Sobolev embedding inequalities and the

boundary conditions, we deduce

Js < 282 (|91 9l 2 P 2
20~ ~ ~

< Ce7||P]| g [Vl 2 | Pl 2

~ 112 ~

< C(el[ el 72) (el Pl 2)

L 2ns 2 S22
< g€ Ioxellze + Clellvallz2)”
By Cauchy-Schwarz inequality and the assumption that 0 < € < 1, we obtain

Jo < 2'92‘7||‘7X||L2||‘7xx||L2
1,5, . _ -
< gszllvxxlliz +Ce (e][v|72)
1 5. _ -
< §82||Vxx||%2 +CV2(8||Vx||1%2)

and

| B -
J7 S ZgHuxxHiZ +8HVXH%‘2'
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To estimate Jg, we rewrite x|~ as follows. First, integrating (2.8); over (x,1) and
using the boundary conditions i(1,¢) = ¥(1,¢) = 0, we have

1
(1,0 =)+ [y dy
X

:ﬂx(x,t)+/x1ﬁtdy—/xl(ﬂﬁ)ydy—ﬁ/xlﬁydy—\?/xlﬁydy
=it (x,1) + / iy dy— (@) (1,1) — (@) (6,1)] 2.15)
—a[5(1,0) — 5(x,0)] — la(1,1) — a(x,1)]
1
(6, 1) + / i dy + (@0) (x, 1) + @ (x, 1) + vt x, ).

Then integrating (2.15) over (0,1) with respect to x, and using the boundary conditions

again, we end up with

1
ix(1,t) = /ux(xt a’x+/ / i dydx

1 1
—i—/ (av)(x,1) dx+u/ v(x, t)dx+\7/ i(x,t)dx
0

—//u,dydx+/ av)(x,t)d

—Ht/ v(x, t)dx+v/ i(x,t)dx,
0 0
which, upon the application of Holder inequality, gives

(1 0) ] <l | 2 + [latl] 2191 2 + |91 2 + [P ]| 2 (2.16)
In a similar fashion as to obtain (2.16), we derive

(0, 0)] < [l | 2 + [latl| 2191 2 + |91 2 + [P ]| 2 (2.17)
Combination of (2.16), (2.17) and Gagliardo-Nirenberg interpolation inequality, gives

Jg <el|¥x|[=(|itc(0,1)] + [ (1,1)])
<26 [Vl (e[| 2 + Nl 2 191 22 + atl[9]] 2 + [Pl ] ]| 2)
1/2 1/2)

<C£(||VX||L2 + ||VxH HVxXH

X (el g2 + M@l g2 ||9]] g2 + 22| 9] 2 + [9] |2l )
I 5. .
SZSZHVMH%Z +8||VxH%2

+Ce' (172 + llal| 19172 + @197 + 7 |all7.),
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where the assumption that 0 < € < 1 has been used. Substituting above estimates for Js-Jg

into (2.14), we obtain

d - 9
1 (El7l72) + € [Pl 2
<

N = —~

€| xx]|72 + C(E]|Tel|72 + 7 + 1) (€%l 72)

120015 12 2 1812 1512, 1 22015012 1 2114112
+Ce (a7 + N1l 72 19172 + @ (1917, + 9|l 7),

which, added to (2.13), yields

d ~ 112 ~ 112 ~ 2 2ns 112
g CEllelz2 + €llvllz2) + (€lln| 72 + 7[Pxell72)

<C(llixll72 + ellell7 + i+ + 1) (el |72 + €[ 172)

120115 112 12 1sI2. 220502 S22
+Ce' (||| + Nl 22 19117 + @197 + 9 1l 7).
This, combined with Lemma 2.1, Lemma 2.2 and Gronwall’s inequality, gives
t
el (1) 32+ €170+ | (el + €% 9l f) de < Ce',
where the constant C is independent of € but depends on ¢, which implies
t
81/2‘|ﬁx(t)||]%2 +/O (81/2“&““%2 +g3/2||\7xx||iz> dt <C. (2.18)
As a consequence of Lemma 2.1 and Lemma 2.2, we get
~ (12
||ux||Wl‘2(0,T;L2) S C,
which, along with the Sobolev embedding inequality, yields
a7 < Clla; <C
Urllf=(0,1:02) = “llUxllwi20,1:02) = &

This, combined with (2.18) completes the proof.
0J

Proof of Theorem 2.1. By Lemma 2.3, we derive estimate (2.3), which finishes the

proof of Theorem 2.1.
O

2.3 Proof of Theorem 2.2.

Recall that (uf,v¥) denote the global solution of (2.1)-(2.2) with € > 0. For convenience,

we set
N ~__ € 0
d=u —u,V=v"—v (2.19)
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Then from system (2.1)-(2.2), we deduce that (i, V) satisfies the following initial-boundary

value problem:
.
ly =l + (W0 4+ v°),,
0 = €0+ V0, — £[(VE)x + s,
A A A (2.20)
u’sz,le = 0, V’sz,x:I = (V_ v >|x:0,x:17

i(x,0) =0, ¥(x,0)=0.

\

Based on the reformulated problem (2.20), we shall derive a series of results below.

Lemma 2.4. Suppose that the assumptions in Theorem 2.2 hold. Then for any 0 < T < oo,

there exists a positive constant C, independent of € but dependent on T, such that

sup ([|(u® —u®) ()| 72 + 1 vF =) (1) II72)
0<t<T

T
[ (1 =)l e 67 =) dr < Ce' 2

Proof. Testing (2.20); with 7, integrating the result by parts, with Holder and Sobolev
embedding inequalities we obtain

1d
2dt

1 1
= —/ ugﬁﬁxdx—/ 0a, dx
0 0 (2.21)

o o A 0 .
< [z 90 2 Ml 2+ Nl 2 197 [l 2= 2l 2

A A2
lallZ> + 172

L . .
< g laellZs + Cllu [ 19122 + CIV Il a1

Taking the L? inner product of (2.20), with ¥, and using the integration by parts again, we
get

1d R R 1 R 1
EEHvHiz—l—SHvaiz 28/0 vngdx—Ze/O vivivdx

1
+ /0 fwvdx+ e(50,) =) (2.22)
=K+ K+ K3+ Kj4.

By Holder and Sobolev embedding inequalities, we estimate K| - K3 as follows:
21,0 112 A112
Ky < &[vllz2 + [19ll72,
Ky < 2€([v¥[|=Ivill 2 1191] 2

< Ce (vl + vellz2) Vel z2 192

2 2 23 19112
< Cellvgllp2 +C (elV¥llz2 +ellvillz) 191172
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and
Ks < ~flae]2 +2]19]2
5 < gl + 2092
With boundary conditions in (2.20), we rewrite Ky as follows:

Ky =€ [(5 =) (v —))] 155
= [(F V)] 1S — e [0 5o

=M +M,;.
By Holder and Gagliardo-Nirenberg interpolation inequalities, we deduce

My <2¢ (7 ") V5 -
- 0 1/2 1/2
<Ce (74 V) (V%12 + 127 105, 27)
_ 1/2 1/2
=Ce 2+ [ llg1) (2082 + (e S InE 1) e ,2)

<Ce 2 (74 V)2 + ellvE I3 + € 20112 + €2V 2 )
and

My <2 (54 V0l =) ||

2
<Ce (\7+ ||v0HH2) .
With the above estimates for M| and M», and keeping in mind that 0 < € < 1, we get
Ko < Ce2 (7400l + €20 12+ €2V - )
which, combined with the above estimates for K;-K3 and (2.22), leads to
d ~112 ~ 112
el 121 e

LT .
<Ml +€ (IveN172 + ellvillz + 1) 191172

+Ce' 2 (74 10 2) & 2SI + €2 %)
This, along with (2.21) gives
d 0 a2 2 2
22 Ul +19115) + (Il 7 + €[l 9:l172)

<C ([l + IOl + 1172 +€lvEl72 + 1) (a2 + 19172)

1/2 = 0 2 1/2 2 3/2 2
+Ce"2 (7 1 llg)? + € 2 IEI: + €2 ).
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Applying Gronwall’s inequality to this, and using Part (ii) of Lemma 2.1, Theorem 2.1 and

Lemma 2.1, we arrive at
t
()72 + 19(0) 172 +/0 (12, + el|9x]|2.) d7 < Ce'/2, (2.23)

where the constant C is independent of € but depends on ¢. This, along with the convention
(2.19), completes the proof.
OJ

Lemma 2.5. Suppose that the assumptions in Theorem 2.2 hold. Then for any 0 < T < oo,

there exists a positive constant C, independent of € but dependent on T, such that

e sup ||(v€ —vO).(t \|L2+/ (v —0), |13 dr < Cce'/? (2.24)
0<t<T

and
sup | (uf — ). (s I\Lz+/ (uF — ), |2, de < Ce'/2. (2.25)
0<t<T

Proof. We first estimate (2.24). Taking the L? inner product of (2.20), with ¥; and
integrating the result by parts, we derive

1d
2ar

I I
:8/ VO 9, dx—28/ VEVED, dx
0 0

e[04ll72) + 191172
] (2.26)
+ /O 0, dx+ €(D0,) (=)

=K5+ K¢+ K7+ Kg.

First by Cauchy-Schwarz inequality and Part (i1) of Lemma 2.1, we obtain
Ks <2€*|vp,l72 + o HVzHLz
<Ce*+ §||v,||L2.

Then using Holder and Sobolev embedding inequalities, we estimate Kg and K7 as follows:

Ko <2¢|[v¥| = [Vl 21191 1|2

<Ce ([[V¥]lz2 + [Vellz2) [l z2 1]l 2

L 2 2 4
SzHVtHLz +Ce (e|[vElI72 Vel 72 + €llvill72)
and

L. .\
K7 < §||Vt||%2 +2||”x’|1%2-
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With the boundary conditions, Sobolev embedding W!2(0,1) < C(]0, 1]), and Gagliardo-
Nirenberg interpolation inequality, K3 is estimated as follows:

Ks =€[(vE =) ()]}

<26 ||Vl =[] = + 26 V2 = [

<Ce(IIVEll 2 + IV 122 IVEN 22 V2Nt + CllvP 2 92

—ce'2 ((e" 2 sll2) + (A E IV Il @27
+Cel[v 1Y 41

<Ce'2 ("2 5112, + €2 el 2 + N1 )
+Cel[V 1Y 1,

where the assumption 0 < € < 1 has been used. We proceed to estimate ||v9| ;1 in the right-

hand side of (2.27). By the second equation of (2.1) with € = 0 and Part (ii) of Lemma 2.1,
we derive

0 0
e = gl < M|l < C.

Putting the above estimates into (2.27), and using Part (i) of Lemma 2.1 again, we obtain
that for0 < e < 1

Ky < Ce'/2 (2 0f 3+ €2 +1)

Substituting the above estimates for K5-Kg into (2.26), using Theorem 2.1 and Lemma 2.1
we deduce

< (elolz) + 1912

<Al + CelvEls (112 + ')
+Ce' 2 (g% + 2l 2+ 1)

<dljaF: +Ce' 2 (€202 + €2 e 2+ 1))

where the assumption that 0 < € < 1 has been used. Integrating this inequality over (0,¢)
and using Theorem 2.1 and Lemma 2.4, we obtain

t
e||vx(r)||§z+/0 9|7, dt < Ce'/?, (2.28)

where the constant C is independent of € but depends on #. The above estimate completes
the proof of (2.24).
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We next prove (2.25). Testing (2.20),; with #&, integrating the result by parts, and using

the boundary conditions, we have

ld 2 2 L Lo
~ % [ e d / 00)d, d
2dt||ux||L2-|-||ut||L2 /0 U Vil dx + A (av°) iy dx
d ! 1 1
=—— ueﬁﬁxdx—l—/ (ueﬁ)tﬁxdx+/ (av°)di, dx
dt Jo 0 0

d [ es U ’ €4\2 0y
__E/o ((uv—f—?) — (u®D) vy dx

1 1
+/ (ugﬁ)tﬁxdx—l—/ (v°) i, dx
0 0

d V[ .. a\? d [l 1d (!
- _ - A X d _ £A2d __/ 2d
dt/o(uv+2) x—l—dt/o(uv) x—|—4dt0uxx
1 1
+/ (ueﬁ)tﬁxdx+/ (av0) s dx,
0 0

which, gives

~ N\ [[2
1d ~ 12 d €A Uy 112
st 5 (o 5) |+
d 1 eA\2 ! EA\ A ! A 0\ A
:E/O (u®v) dx+/0 (u v)tuxdx—k/o (@v°) il dx.

For fixed ¢ € (0, 7], integrating this equation over (0,7) and using the initial conditions, we

deduce

R 2 ,
u
(u6\7+_x) () +/ |2 d
2 L2 0
5 t rl t 1 0
— @) ()] + /0 /0 (U9l dxdT + /0 /0 (@) ity dxdt
Z:K9+K10—|—K11.

|
{01+
(2.29)

Let us estimate Kg - Ky;. First by Theorem 2.1, Lemma 2.1, Lemma 2.4 and the Sobolev

embedding inequality, we get
Ko < [|u® (0)[|Z=119(1) 172 < € (Il ()17 + s )1 72) 119(0) 172 < Ce'/>.
With Holder and Sobolev embedding inequalities, we have

t rl t rl
Ko :/ / ufvﬁxdxd”c-i-/ / utv, i dxdt
0 J0 0 J0

<C(lluf 2 (0,7:2) + e 20, 7:2) 191l 2= 0.,7:02) 1l 220, 712)
+C(||u£||L°°(O,T;L2)+ ||“§||L°°(0,T;L2))’|‘7IHL2(0,T;L2)HﬁxHLZ(o,T;LZ)

<Ce'’?,
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where we have used Theorem 2.1, Lemma 2.1, Lemma 2.2, Lemma 2.4 and (2.28). It

follows from Poincaré and Sobolev embedding inequalities that

t rl t rl
Ky = / / 0, dxd + / / w2, dxdt
0 J0 0 J0

A 0 N
§||”xHL2(0,T;L2)||V ||L°°(O7T;L°°)||”t||L2(O,t;L2)

+ Hu||L2(O7T;L°°) HVSHL“(QT;LZ) [y HLz(OJ;LZ)
<7l 122 (0.:22) + CIV =0 7oy 18172 0 oty
< lullzz 0 02) + CIV Nimgo o) N0 702,
<0 2 )+ CE 2

where Lemma 2.4 and Part (ii) of Lemma 2.1 have been used . Substituting the above

estimates for Ky-Kj; into (2.29), we obtain
t
a2+ [ il dr < ce'?

where the constant C is independent of € but depends on 7. Thus, the proof of (2.25) is

completed.
O

Lemma 2.6. Suppose that the assumptions in Theorem 2.2 hold. Define (x) = x*(1 —x)?
for 0 < x < 1. Then for any 0 < T < oo, there exists a positive constant C, independent of €
but dependent on T, such that

sup (/Ola)(x)](v —0) P (x,1) dx) —I—S/ / (Ve =) P (x, 1) dxdt < Ce'/?.

0<t<T
Proof. Differentiating (2.20), with respect to x, we have
A _ A O £ 2 '
Ve = EVxux + EVi — E[(VE)ax + -

Multiplying the above equation by x*(1 — x)9,, integrating the resulting equation with re-
spect to x by parts, and using the fact that I'(x)|,—0 x—1 = 0, we get

~—|Jx(1 = x) 0|25 + €]x(1 — x)Pux] |2

= —8/012(1 —2x)x(1 —x)\?x\?xxdx—l—s/olxz(l —x)200Y  dx
—2¢ /0 1x2(1 —x)2(vE)* D, dx — 2¢ /O 1x2(1 —x)2vEDvE dx (2.30)
+/01x2(1—x)2\9xﬁxxdx

:=Kj2 + K3+ K14+ Ki5 + Kj6.
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We proceed to estimate K|, - Kjg. Starting with Cauchy-Schwarz inequality, we first have

Ki» §2e\|x(1 _x)""\xxH[}H(] _Q'X)"))C”L2
<2 (£"2)x(1 = 9)Pl ) (" 9:l2)

1 N N
<3elx(1 — )Pl 72 + 8€[c[72.

The integration by parts with Holder inequality yields

1 1
Kiz=— 8/ x2(1—x)?00? dx — 8/ 2(1—2x)x(1 —x)9°, dx
0 0

0 o o 0
<el|vallr2llx(1 =) Vel 2 + 26Dl 2] [Viee [ 2

1 R .
< el (1= x)Durllp2 +2 (€972 + ellVeullZ) -

By the assumption that 0 < € < 1 and Holder and Gagliardo-Nirenberg interpolation in-

equalities, we derive

Kia 2|Vl 2 [[Vill = [[x(1 = x) x| 2

1/2 1/2 ~
<cellville (1112 + IS IVEIE ) (1 =009l 2

=C (e|[vEl72) le(1 =)l 2

3/2 1/2 ~
+C (25127 (&2l 27 (1 = )82

~ 112 2 2 2 \2 2 2,\3 3/2 2
<[t = )22+ CeM/2 (22202 + (2012 + €222 )

Noting that v¢€ = 9 +1°, we have

! I
Kis :28/ x2(1 —x)zvsﬁxﬁxxdx+2£/ xX2(1—x)2E0n° dx
0 0

<2 [E| = [x(1 =)D 2 (1 = x) P 2
+2€ V8= [x(L = 2) 0l 2 Vi 2
<CE[|V [ [1x(1 =) el 2| x(1 — ) D 2

5 0
+Ce[[VE | [l6(1 = x) Ol 2 vl 2

1 A .
<g€lx = x)Dxcl72 +C (elVEI7) [Ix(1 —2)0u72 + elviellz2,

where we have used the Sobolev embedding H Iy ™. For K, we use equation (2.20); to
rewrite it as

1 1 1
K16:/ xz(l—x)zﬁxﬁ,dx—/ xz(l—x)zﬁxuivdx—/ X2 (1= x)?Duf b, dx
0 0 0
1 i
—/ xz(l—x)zﬁxﬁxvodx—/ x?(1—x)*0u? dx
0 0

=R1+R,+R3+ R4+ Rs.
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To bound K4, we estimate R - Rs below. First Cauchy-Schwarz inequality leads to
o112 A 112
Ry < [Jx(1 —x)0xl[ 72 + | || 2-
By Holder and Sobolev embedding inequalities, we estimate R, - R5 as follows:

Ry <x(1 = x) 9| [Jx(1 — ) 0| 2 | ]| 2
<Cllx(1 = x)0 | [[x(1 =)l 2 [l 2
<C([le(X =29l 2+ [Pe(1 =) Ll 2)[16(1 = ) Bl 2 o | 2
SCI19l]z2 4 lle (1 = x) el 2) (1 = ) ]| 2 ot [ 2

2 A 112 A2
<C(lfacll 2 + el 72 Pe(X = x) el 72 + 19172,

Ry <|lx(1 =)0 72 |~

~ 112
<C (|2 + Nl 2) (X = )9l 72,

o ~ 0
Ry <|}x(1 =)0l g2 a2 V7| -

<CIO |31 (1= x) Dl 72 + Nl 72
and

~ ~ 0
Rs <[lx(1 —x)ixl| 2 |2l 2 ][Vl

0112 ~ 112 A2
SCIV g2 (L = x) Pl 72 + (]| 2
With above estimates in hand, we obtain

Kig <C (|l 2 + el 2 + a1 72 + V0N 7 + 1) (1 —x)94 |72

- (191122 + 1122 + a2+ 11a122) -
Substituting the above estimates for K1>-Kj¢ into (2.30), we derive that for 0 < € < 1
L (1 =202+ el = x) e
dt xllz2 xxl|lf2
<C (11 2+ 2+ 122+ €2 2+ IV 32+ 1) He(1 =)0l

+C (19072 + a7z + iz + 72 + eloxll72)

2 3
+ce'/? ((e'ﬂnvﬁuiz) + (" 2I0EIR: )+ e 2V + ||v°||i,2) .

Applying Gronwall’s inequality to this, and using Part (ii) of Lemma 2.1, Theorem 2.1,
Lemma 2.1, Lemma 2.4 and Lemma 2.5, we obtain

1 t rl
/x2(1—x>2|ox\2(x,t)dx+e/ / (1= x)2 002 (x, 7) dxd < Ce'/?,
0 0 J0



24 Existence of Boundary Layers in One Dimension

where the constant C is independent of € but depends on ¢. Thus, the proof Lemma 2.6 is

completed.
0J

With the help of Lemma 2.4, Lemma 2.5 and Lemma 2.6, we can estimate the thickness
of boundary layers.

Proof of Theorem 2.2. By Lemma 2.4, Lemma 2.5 and Sobolev embedding inequality,
we have that for any 7 € [0, 7],

1 =) (O01y <C (10 = )OI 0 1) + 116 = uO)u0) 225, ) < CE'.
Thus, we obtain (2.4) and
| (uf — u®) ||%W(O7T;C[O’ID —0, ase—0.
Next, we prove (2.5). First one can prove that for any 6 € (0,1/2),
82 <4x*(1—x)?, Vxe (8,1-9).
This, along with Lemma 2.6 gives
1-6 1-0
52/5 2(x,1)dx < 4/5 (1= x)202(x,1)dx < Ce'2,
from which we derive that for any 6 € (0,1/2),
105 =v)a(0)l12(5,1-5) < CE'€'/4, Vi€ [0.T].

Combining this with Lemma 2.4, we have by Gagliardo-Nirenberg interpolation inequality
that for any 7 € [0, T,

165 =) 5.0
<C(|0F =) O34 -5+ 105 =) Ol 251-8) 105 =)x ()l 12(5.1-5)
<Cle'?4¢'/2571)
<cell2s !

where the constant C is independent of € but depends on 7. Hence, we obtain (2.5) and
||(V8 - VO) ||%°°(0,T;C[6,1—6]) — 07 as &€ — O,
provided that § = 8(¢) satisfies

5(e) >0 and €'/?/8(e) =0, ase—0.
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Next we turn to show that (2.6) and (2.7) are equivalent. For this, we integrate (2.1),
with € = 0 over (0,7) and set x = 0 in the resulting integral equation to obtain

(Ot)—v00+/ (0,7)d +/ (0,7) T—v+/ (0,7)d7, (231)

where we have used the compatible condition ¥o(0) = v. Then it follows from (2.31) that
v0(0,¢) — v = J§u2(0,7)dt, which, along with the boundary condition v¢(0,t) = ¥ gives for
any € > 0 that

v0(0,1) —v¥(0,1) = /O t u%(0,7)dr. (2.32)

If we assume that [;u%(0,7)dt # 0 for some ¢ € [0,T], then (2.6) holds and the boundary
layer appears at x = 0. Similarly if we assume that [ u%(1,7)dt # 0, then (2.6) holds and the
boundary layer appears at x = 1. Thus, we have proved that (2.7) implies (2.6). It remains
to show (2.6) implies (2.7) by argument of contradiction. Indeed if we assume (2.7) is false,
that is

t t
| Homdr [ pomar=o, viepT)
0 0
then it follows from (2.32) that
0(0,6) —vE(0,1) =1V0(1,1) —vE(1,1) =0, Yrelo,T]. (2.33)

We shall show below that under (2.33) the boundary terms for v in the proof of Lemma 2.4
and Lemma 2.5 will vanish and hence lead to a estimates violating (2.6). In fact, with (2.33),
we have K4 = 01n (2.22) and K, can be estimated in a more delicate way by
Ky <2ev¥|| 1= [VE 2]Vl 2
1/2 1/2
<Ce (Il + V15702 ) 15l 2
<CE|VE || VSN + CE Vel 2 Vel + [IvIIZ2

<Ce™* (2 + 1v¥11%:) (/2IIENE: + eI ) + v,

(2.34)

where the assumption € < 1 has been used. Now we modity the proof of Lemma 2.4 directly
by using K4 = 0 and replacing K> in (2.22) with (2.34) and get by a similar argument as
deriving (2.23) that

T
sup (lu)[Z+ Iv0lE) + /O (122 +el9l2.) dr < ce¥* (2.35)
<t<

Similarly we can modify the proof of Lemma 2.5 directly to get a better estimates for V,.

First, differentiating (2.33) with respect to ¢ gives V;|y—o xr—1 = 0, which leads to K3 = 0 in
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(2.26). Then using a similar argument as obtaining (2.34), we find
Ko <2€|[v" = [[vill 2119l 2
1 5/4 2 1/2 2 3/4 3
<10 +Ce%/ (12 + I¥112) (&2 1% + € eI )

Now substituting the above estimate for Kg into (2.26), keeping the estimates of K5, K7

unchanged, and using the same arguments as deriving (2.28), one easily gets that
2 4 2 5/4
e sup [5u(0)B+ [ [15]Far < Ce,

0<t<T

which, entails that for ¢ € [0, 7]
[9x(8)]17. < Ce'/*. (2.36)
Then from (2.35) and (2.36), we deduce for ¢ € [0, T| that

| (v® _VO)(I)H%[OJ]

<C(|(v* =) ||iz(0,1) + (v =0) (1) 200,01 (v = V0)(2) I200,1))
<C(3 4 65/8 . 1/8)

<ce’*,

which, yields
liminf [|[v€ — 0| ;0.7 = lim ||V —v°|| (0.7 =0.
i Ve =V7ll=0.7:c10,11) 81_>0||V V2| z=(0,7:cl0,1))

This contradicts (2.6) and hence (2.7) holds by argument of contradiction. The proof is
completed.
O

Note that in general the condition (2.7) in Theorem 2.2 is hardly checkable unless the
term #%(0,7) or u2(1,7) is known. Below we shall show that the condition (2.7) can be
ensured by assuming uq,(0) # 0 or ug,(1) # 0. For example without loss of generality, we
assume that ug,(0) # 0 and furthermore uq,(0) > 0. By part (ii) of Lemma 2.1, we know that
u® € C([0,0); H?), which along with Sobolev embedding theorem, entails for any T € (0, )
that

u®(x,1) € C([0,1] x [0,T7]),

which implies
u%(0,1) € C([0,T)). (2.37)
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We know from the initial conditions that u°(x,0) = uo(x). Differentiating this equation with
respect to x and then setting x = 0, we obtain

u%(0,0) = ug(0) > 0. (2.38)
Combing (2.37) and (2.38), we conclude that there exists a suitably small 7* > 0, such that
u(0,7) >0, Vrtelo,T. (2.39)
Then from (2.32) and (2.39), we have for any € > 0 that
T
lv® —VOHLw(o,T;c[o,l]) > / ug(o,t)dt >0, VO<T<T*
0

and

*

||V8 _VOHL“’(O,T;C[O,ID Z A ug(O,t)dt > O, vT Z T".

From the above two inequalities, we conclude that there exists a positive constant C(7,T*)
independent of € but dependent on 7" and 7™, such that for any € > 0

V¢ =Vl 2=0.7:cp0.17) = C(T,T*) > 0.
Hence, forany 0 < T < o
liminf |[v€ — V0|0 7- > 0.
121}(1)1 v =Vl (0,T:C[0,1])

Thus, we obtain (2.6) under the assumption that u,(0) > 0. The result can be extended to
the case u(,(0) < 0 similarly. In a similar fashion as above, one can derive (2.6) for the case
uox(1) # 0. This yields the results of Remark 2.1.






Chapter 3

Stability of Boundary Layers in One
Dimension

Theorem 2.2 only showed the existence of boundary layers for (2.1)-(2.2) and proved the
convergence of the solution component v¢ as € — 0 outside the boundary layers. However,
the structure of v¢ as € — 0 inside the boundary layers remains unknown.

In this chapter, we shall exploit the structure of v¢ inside the boundary layers and justify
the stability of boundary layer solutions of (2.1)-(2.2) in the entire interval (0, 1). With the
general boundary layer theory [71, 75] applied to (2.1)-(2.2), the solution profile (u?,v?)
of (2.1) for small € > 0 is composed of two parts: outer layer profile and inner (boundary)
layer profile. Since u® converges uniformly in € and hence the inner layer profile part will

be absent, (u%,v?) is anticipated to possess the form:

ut = u’ +0(e%);

ve =0V () R (S 1) + 0(e%) 1)

for some & < 1/2, where (u°,1°) is the outer layer profile which is the solution of non-

diffusive problem of (2.1)-(2.2) with € = 0, and the inner (boundary) layer profile vEWR
adjust rapidly from a value away from the boundary to a different value on the left/right
end point. Outside the boundary layer, the non-diffusive problem dominates. Inside the
boundary layer, diffusion becomes important.

We shall first explicitly derive the outer/inner layer profiles in Section 3.1 and give the
main results in Section 3.2 (see Theorem 3.1), which states that (3.1) holds as € — 0 for
o = 1/2, which is the optimal convergence rate since the magnitude of boundary layer
thickness is of order £!/2. We then convert the results of (2.1)-(2.2) back to the original
chemotaxis model (1.2) in Theorem 3.2 and find that the chemical concentration has no
boundary layer but its gradient does. The regularity on outer/inner layer profiles and the
proof of the main results will be given in Section 3.3 - Section 3.5. Finally, Section 3.6 is
devoted to the formal derivation of the outer/inner layer profiles of Section 3.1.
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3.1 Equations for Outer/Inner Layer Profiles

In this section, we are devoted to using formal asymptotic analysis to find the equations of
boundary layer profiles of (2.1) with small € > 0. The boundary layer thickness has been
formally justified as 0(8]/ 2) in appendix of [29]. Thus based on the WKB method (cf.
[26, 22, 72]), solutions of (2.1) have the following expansions for j € N:

ut(x,t) = igj/Z <u1’j(x,t) +uBJ(z,1) —|—ub’j(§,t)) )
7 (3.2)
Zef/z( B, ) VP (2,0) 4P (E,0))

with boundary layer coordinates (or stretching transformations) defined as:

X x—1

(:‘:W’x

where each term in (3.2) is assumed to be smooth, and the boundary layer profiles (u5+,vB+/)
and (ubJ , vbi ) enjoy the following basic hypothesis (cf. [26, Chapter 4], [22], [72]):

€ [0,1], (3.3)

(H) u5/ and v#/ decay to zero exponentially as z — oo, while u*/ and v»/

decay to zero exponentially as & — —oo for all j > 0.

To derive the equations of boundary layer profiles in (3.2), we split our analysis into three
steps. We first insert expansions (3.2) into the initial data in (2.1) and into (2.2) to obtain the
initial and boundary values of outer and inner layer profiles. Then in the second and third
steps, equations for both outer and inner layer solutions will be derived by substituting (3.2)
into the first and second equations of (2.1) successively. Proceeding with these procedures
by the asymptotic matching method (details are given in Section 3.6), we derive that the

leading-order outer layer solution pair (u/ 0 70) (x,1) satisfies the following problem:

(0 = (WO0) 4l (1) € (0,1) % (0,00),
fO — ulO
(ul,O’vLO)(x’ 0) - (u07v0)(x>7
1,0 _ 10 _ -
L 7(0,1) =u"(1,1) =

(3.4)

The leading-order inner layer solution v5%(z,¢) near the left end point of (0, 1) satisfies

VB0 = B0 B0 (2 1) € (0,00)  (0,09),

VvBO(z,0) =0, (3.5)
vBO(0,1) = 5 —v10(0,1),

oo
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and u?°(z,1) = 0, and the first-order inner layer solution u?!(z,¢) is determined by v50(z, 1)
through

ubl(z,t) = ﬁ/mvB’O(s,t)ds, z € [0,00). (3.6)

The leading-order inner layer solution v*:(&7) near the right end point of (0, 1) satisfies

WO— PO, (1) € (—,0) x (0,59),
.00, 3.7)
v0(0,1) =5 —v"0(1,1),

and u?9(&,1) = 0, and the corresponding first-order inner layer solution u”!(&,¢) is given
by

ble =i [ POs.t)ds, &€ (—o00]. 3.8
u<é>u[;v<s>sé<1 (3.8)

To carry out our desired results, we need the estimates of the first-order outer layer solution
pair (u!!,v/'1)(x,¢) which satisfies the following problem:

1,1
( u' = ( 1,0 I,I)X_f_(ul,lVI,O)x_'_ui;Cl, (x,t) € (0,1) x (O,oo),
1,1 Il
v =uy

( g “)(x 0) = (0,0),

/v (z,t)dz,
0

—o0

(3.9)

%

\

Moreover the inner layer profile (u?2,v51)(z,1) satisfies

vf’l = +va71 —2(V170(07t) +VB7O)V570+/ D(s,1)ds,
Z

VvB1(z,0)=0, (3.10)

and

ub?(z,1) :ﬁ/wv&](s,t)ds—/w/wcb(z;,z)dcds, (3.11)

where ®(z,¢) := (u"1(0,1) -l—uB’l)vf’O —|—ui70(0,t)v3’0 +ul! (V10(0,1) +vBO) + zul: (O e 0
Correspondingly the inner layer profile (u”2,v"1) (& ¢) satisfies

V?l — bl _|_v1g€1 —Z(VI’O(l,l‘)—i—Vb’O)V?O—I—/é W(s,t)ds,

Vb’](g,()) =0, (3.12)

vb’l(O,t) :—vl’l(l,t),
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and

b2 =10 _va’ls s — T s
i (5,t)_u/§ (s,)d /5 / W(¢,1)dLds, (3.13)

where

W(E, 1) == (! (1,0) + P W0+ (L0 ug (HO (1) +000) - Eu (1,002,

One can derive the initial-boundary value problems for higher-order layer profiles (u//,v+/),
(uBJ+1 vB.JY and (uP/ 1, vPJ7) for j > 2. But the equations (3.4)-(3.13) have been sufficient
for our purpose. The detailed derivations of above equations are postponed to be given in
Section 3.6, since it is a little lengthy. The global solutions of (3.4) have been achieved in
[44] (see Lemma 2.1) and their regularities will be shown in Section 3.3. The existence of
global solutions of (3.5)-(3.13) with regularities will be detailed also in Section 3.3.

3.2 Results on Stability of Boundary Layers

In order to prove the stability of boundary layer solutions of (2.1)-(2.2), we need some fur-
ther compatibility conditions on boundaries and higher regularity for the initial data (u,vo)
to gain necessary estimates for solutions of equations (3.4)-(3.12). Precisely, we postulate
that the initial data (ug,vo) € H> x H? satisfy

(10,v0)|x=0,1 = (@1, V),
(A) Uox|x=0,1 = 0,

[(u0v0)x + Uoxx] [x=0,1 = 0.

We underline that the condition (A) can be fulfilled by many functions, for instance ug(x) =
i+ ax*(x —1)*, vo(x) = 7+ bx*(x — 1)? witha > 0 and b € R.

Now we are in a position to state the main results of this chapter as follows.

Theorem 3.1. Assume that (ug,vo) € H> x H? with ug > 0 satisfy the compatibility condi-
tions (A). Denote by vB0 and v*° the solutions of (3.5) and (3.7), respectively. Let (uf,v¢)
be the global solution of (2.1)-(2.2) with € > 0. Then as € — 0, the following asymptotic
expansions hold in space L([0,1] x [0,T]) for any fixed 0 < T < oo:

uf (x,1) =u’ (x,1) + O(e'/?),
(3.14)

VvE(x,1) =0 (x,1) —|—VB’0(%,Z> +P0 (x%,t) +0(e'?),

where (u® V%) = (!0 V19) and

T +12(t—s)) [IZ(V—VO(O,S)) —V?(O,S)} dl ds

vPO(z,1):= /Ot /_Ow \/ﬁ{
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and

40—) +ﬂ(t—s)) [g(ﬁ_vo(l,s))—v(s)(l,sﬂ dlds.

VWOE ) ::/Ot /OOQ \/ﬁe_

A numerical simulation of the boundary layer solution component v¢(x,z) is plotted in
Fig.3.1, where the structure of v¥(x,7) is graphically demonstrated.

£=0.001
---e=0

% (outer layer)

I
| ) o !
<——\BO (inner layen) (inner layer)\P *Pl

Boundary—-Layer Thickness

Boundary—-Layer Thickness

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
X

Fig. 3.1 A numerical simulation of the boundary layer profile v¢(x,#) of the system (2.1)-
(2.2) solved by the Matlab PDE solver based on the finite difference scheme with time step
size Ar = 0.01 and spatial step size Ax = 0.001 where initial data ug(x) = 1 +x*(x — 1)%,
vo(x) = 14+ x*(x — 1)? and boundary data & = v = 1. The profile consists of two parts:
outer layer profile v* and inner layer profiles v5° and v*¥ near left and right end points,
respectively. Outside the boundary layer the profile v¢(x,7) matches well with the outer
layer profile v° (x,1), whereas there is a rapid transition inside the boundary layer.

The counterpart of the original system (1.2) in [0, 1] corresponding to the initial-boundary

value problem of the transformed system (2.1)-(2.2) reads as follows:

(u; = [uy —u(Inc)y]y,

C[ - SCxx - MC,

(,¢)(x,0) = (uo,co)(x), x€[0,1], (3.15)
M|X10.1 =1, 3|)C:0,1 = —C, if € > 07
/ C
Kl/t’x:()J =1, ife=0.

With the results obtained for the transformed system (2.1)-(2.2), we have the following

assertions for the initial-boundary value problem (3.15).
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Theorem 3.2. Suppose that the initial data (ug,Inco) € H? x H* satisfy ug(x) >0, co(x) >0
and the compatibility conditions (A) with vo = —(Incg)y and v = ¢. Let (u®,c?) be the
unique global solution of (3.15) with € > 0. Then for any fixed 0 < T < oo, we have in space
L=([0,1] x [0,T]) that

uf(x,1) = ul(x,1) +0(e'?),  E(x,1) = O(x,1)+0(e'/?) (3.16)

and

cE(x,1) = (x,1) — (x,1) [VB’O (%,t) +P0 (%,t)] +0(e'/?). (3.17)

In view of model (1.2) and the transformation (1.3), we see that the quantity vV represents
the velocity of chemotactic flux crossing the boundary (in the tumor angiogenesis the blood
vessel wall can be understood as a boundary). Therefore the results in Theorem 3.2 assert
that although both cell density and chemical concentration will have no boundary layer as
chemical diffusion € goes to zero, the chemotactic flux, namely the term u(Inc), = —uv, has
a sharp transition near the boundary (i.e. the endothelial cells cross the blood vessel wall
quickly). Hence our results indicate that the diffusion of chemical signal (i.e. vascular en-
dothelial growth factor) plays an essential role in the transition of cell mass from boundaries

to the field away from boundaries during the initiation of tumor angiogenesis.

3.3 Regularity of Outer/Inner Layer Profiles

In this section, we shall devote ourselves to deriving some regularities for solutions of (3.4)-
(3.13) for later use. We depart with a basic regularity result.

Let functions f(x,?), fa(x,t), f(x,t) and g(x,¢) defined on [0, 1] x [0,00) satisfy the fol-
lowing regularity properties for any m € N and 0 < T < oo:

atkfl e LZ(O, T;I_Imelek)7 &lkfz e LZ(O, T;Hmelek)’
8tkf e LZ(O7 T;HZm—Z—Zk), 8tkg e LZ(O, T;HZm—l—Zk)’

where k = 0,1,--- ,m — 1. To solve the outer layer solution pairs (u//,v/"/)(x,t),j = 0,1
from problems (3.4) and (3.9), we first consider the following auxiliary initial-boundary

value problem

fht:(flh)x+(f2w)x+hxx+f7 (X,Z)E(O,I)X(O,T),
Wl:hX+ga
(h7w) (X, O) = (h05W0)<x)7

| 7(0,1) = h(1,1) =0.

(3.18)
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To derive the desired regularity (3.20) for solutions (&, w) of (3.18) (see Proposition 3.1
below), we require that d¥h|,—o = 0 on boundaries for 0 < k < m — 1 (cf. [39, page 319]).
First for k = 0,1, h|;—¢ and d;h|;—¢ can be determined by initial data (hg,wy), functions
f1, /> and f through the first equation of (3.18):

hli—0 = ho(x), Ihli=0 = (f1(x,0)h0)x + (f2(x,0)wo)x + hoxx + f(x,0). (3.19)

Moreover, for 2 < k < m — 1, applying 8!‘_1 and 8,"_2 to the first and second equations
of (3.18), respectively, then combining the results with (3.19), one finds by mathematical
induction that 9/h|,—o (0 < k < m — 1) can be determined by kg, wo, f1, f>, f, & and their
i-th order time derivatives with 0 < i < m — 2. In the sequel, by “hgy, wo, f1, f2, f and g
satisfy the compatibility conditions up to order (m — 1) for the problem (3.18)”, we mean
that 8,kh| =0, Which is determined by kg, wo, f1, f2, f and g through the equations in (3.18),
are equal to zeros on boundaries for 0 < k <m —1 (cf. [39, page 319]).

Then the solution of (3.18) has the following regularity properties.

Proposition 3.1. Suppose that (hg,wo) € H*" ' x H*"~1 fi, f», f and g satisfy the com-
patibility conditions up to order (m — 1) for the problem (3.18). Then there exists a unique
solution (h,w) to (3.18) for any 0 < T < o such that

ofne12(0,T:H "2, k=0,1,---,m;

(3.20)
weL?(0,TsH ) ofw e L2(0, T 172, k=1,-.m.

Proof.  The global existence and uniqueness of solutions to (3.18) is standard (see
Lemma 2.1). We prove the regularity given in (3.20) by mathematical induction. We first
prove it is true for m = 1. Assume that (hg,wg) € H' x H' with hy(0) = h(1) = 0 and that

f1, f2, f and g satisfy
f1: 2,8 €L2(0,T;HY),  feL*0,T;L%). (3.21)

We aim to prove that
fh e L2(0,T:H*>%, k=0,1; welL”(0,T:H"), w, €L*(0,T;H"). (3.22)

Taking the L? inner products of the first and second equations of (3.18) with 2k and 2w

respectively, using integration by parts and then adding the results, we find that

d
S UROIE +Iw(O)1F2) + 2001

:—2/1(f1h+f2w)hxdx+2/1(fh+hxw+gw)dx (3.23)
0 0

=1 +D.
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By the Sobolev embedding inequality and the Cauchy-Schwarz inequality, /; and I, are
estimated as follows:

L <[lA O 1h O 2 Va2 + [ 220 L= W) [ 2122 (0) [ 2
1
<3 lx(O)lI72 + Coll A 7 1AO172 + Coll O3 w172,

1
b <[ £ + 1RONZ + @172 + 3w @) 172 + @) 172-

Now feeding (3.23) on the above estimates and using Gronwall’s inequality and (3.21), one
gets
||h||2°°(07T;L2) + HWH%»(O,T;Lz) + ||hx||22(o,T;L2) <C (3.24)

We proceed with the derivation of higher regularities. Differentiating the second equation

of (3.18) with respect to x and using the first equation of (3.18), we derive
Wy = hy — (flh)x - (fZW)x —f+&
which, multiplied by 2w, in L? gives

HWx ”L2 2/ hiwydx — 2/ (fih)x+ (faw)x]wydx

+2/ fwydx (3.25)
=L+ 1+ 1Is.

We first rewrite I3 as follows:

d Il 1
L(t) :2—/ hwxdx—Z/ hwy dx := M| + M,
dt Jo 0

where M can be written as
d [t 5 2 2
M zzd—/ W2 /44 12 — (wy/2 — h)?] dx
1d ) d ’
= ()2 =22 /2= WO +2.5 (1) 2,

and M, can be estimated as

1 1
M= =2 [ hhusdx—2 [ hgud < 2a(e) 2+ 1000) 2+ Ngs(o)

by the second equation of (3.18) and integration by parts. We turn to estimating terms Iy

and /5 by the Sobolev embedding inequality and the Cauchy-Schwarz inequality:

L <Co(ll A1)z + 1L w72 + IR 7 + Tw(@) 17,
Is <2||wy(0)|72 + £ 072 + llgx(0) 172
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Substituting the above estimates for I3, I; and I5 into (3.25), we end up with

3 35 O +25 /2= W0

dt
d
<Co(lLAONF + 1L+ DlIweOlZ2 +2- A1

+Co(llA@) 7 + w72 + 1 @O)I72 + g @) 7).

which, along with Gronwall’s inequality, (3.24) and (3.21) entails that
”WxHiw(o,T;U) <C (3.26)

Taking the L? inner product of the first equation of (3.18) with 2/;, one gets

d
@117+ 211 (01172

:2/()1(f1h)xhtdx+2/ol(fZW)xh[dX+2/()lfhtdx (3.27)
Sth(ﬂHiz +C0Hf1 (t)szql Hhx(t)H%Z +C0(”f2<t>‘|12_11 ”W(t)le-ll 4 |’f<t)"1%2)7

where the Sobolev embedding inequality and the Cauchy-Schwarz inequality have been
used. Then applying Gronwall’s inequality to (3.27) and using (3.24), (3.26) and (3.21) we
conclude that

Hhtle}(O,T;LZ) + Hthl%‘”(O,T;U) <C, (3.28)

which, in conjunction with the first equation of (3.18), (3.24), (3.26) and (3.21) gives
Iz 0 7:22) < C- (3.29)

Collecting (3.24),(3.26), (3.28) and (3.29) and using the second equation of (3.18) we ob-
tain (3.22). Thus the conclusion of Proposition 3.1 holds true with m = 1. The remaining
procedure of mathematical induction is quite routine (e.g. see details in [16, page 387-388])

and will be omitted for brevity. 0

To solve inner layer profiles v3(z,¢) and v%:!(z,¢) from (3.5) and (3.10), we need the
following result.

Proposition 3.2. Let m € N} and 0 < T < . Suppose p(z,t) satisfies for any | € N that
(@) Fp e L2(0,T; HM 272, k=0,1,---,m—1,
and the compatibility conditions up to order (m — 1) for the following problem:

¢ =—iap+@.+p, (z,1)€(0,00) x(0,T),
9(z,0) =0, (3.30)

©(0,1) =0.
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Then there exists a unique solution @ to (3.30) such that for any | € N,
(09 € L2(0,T:H"2), k=0,1,--,m.

Proposition 3.2 follows directly from the standard energy method, and we hence omit
the proof. We proceed to introduce the following well-known result for later use.

Proposition 3.3. [77, Lemma 1.2.] LetV, H, V' be three Hilbert spaces, satisfyingV C H C
V' with V' being the dual of V. If a function u belongs to L*(0,T;V) and its time derivative
u; belongs to L? (0, T;V/), then

we C(0,TH)  and w7 < Cllull ooy + il 0 1)
where the constant C depends on T.

Remark 3.1. Let m € N. Suppose that u € L>(0,T;H"*?) and u, € L*(0,T;H™). Then it
follows from Proposition 3.3 that

ueC([0,T;H™!)  and [ul| =0, 701y < Cllutll 20, 7sm2) + tte || 20, 7:10m)) -

Based on above preliminaries, we can establish the regularities of solutions to (3.4)-
(3.13). First for the problem (3.4), the existence of global solution has been available (see
Lemma 2.1). We prove the following regularity results.

Lemma 3.1. Let (ug,vo) € H 3 x H3 satisfy the assumptions in Theorem 3.1. Then the unique
solution (u"° V!'0) of (3.4) satisfies that

okl e 120, T;H* ), k=0,1,2;
o0 e L20,T;H720), k=12
yho EL°°(0,T;H3).

Proof. We shall prove this lemma by Proposition 3.1 and Lemma 2.1. Differentiating

the first and second equations of (3.4) with respect to ¢ respectively, and setting i’ =

o - 10
u, ", 710 =", one gets

il = (A)+ () + i,
‘71,0 _~10
T o

(3.31)
(i, 5) (x,0) = (it o) (v)

(0,1 =i°(1,1) =0,

\

10 i := (ugvo)x + Uoxx, V0 := Uoy and the first and second equations

where fi .=V, £, :=u
of (3.4) have been used to determine initial data iy and vy, respectively. We next verify

that g, Vo, f1 and f> fulfill the assumptions in Proposition 3.1 with m = 1. First, by the
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assumptions in Theorem 3.1 one finds

ol g1 <Colluollz2lvoll g2 + [luoll g < Co, (3.32)

Vo]l g1 <[luol[2 < Co-

Lemma 2.1 leads to

1Allzo, 00y + 120 20,700y = HVI’OHLZ(O,T;HI) + H”I’OHLZ(O,T;HI) <C. (3.33)

Noting that the compatibility condition of order zero for (3.31) is satisfied under assumption
(A), thus using (3.32) and (3.33), we apply Proposition 3.1 with m = 1 to system (3.31) and

conclude that

oful® e L2(0,T;H* ), k=1,2

(3.34)
oM e L2(0,1;H%), k=2,
where 10 := u,l’o and 710 := v{’o have been used. It only remains to prove
W0 e 12(0,T;HY), VO0eL”0,T;H%), v°el?0,T;H%). (3.35)

To this end, we apply the differential operator 8)63 to the second equation of (3.4), and use
the first equation of (3.4) to get

1,0 1,0 :
Vi = thee =t — (V') e, (3.:36)
which, multiplied by ZVJIC;C% in L? gives
d 1002 1,0 0 0 0/4(12
Ve (172 <2l (1] 2 Vi (]2 + Collu (O 1" (1) 15

dr
<Co(1+ [ (1)l =) Ivieee (1) 72
1,0 , X
+Colllur® ()12 + 1" (1) 153 V(1) 7).

Thus it follows from Gronwall’s inequality, Lemma 2.1 and (3.34) that

[ <cC. (3.37)

XXX

2
‘L""(O,T;LZ)

Furthermore, using (3.36), (3.34), (3.37) and Lemma 2.1, one has

0 1,0 0 0
||“ikxx||L2(0,T;L2)§||”r ||L2(0,T;H2)+C0||“I ||L2(O,T;H3)”VI ||L°°(0,T;H3)
<C.

(3.38)

Finally, the second equation of (3.4) along with (3.38) and Lemma 2.1 yields

10
v Nz 0.7 < Nl 20 4 < C- (3.39)
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Collecting (3.37), (3.38), (3.39) and using Lemma 2.1 we obtain (3.35), which in conjunc-
tion with (3.34) finishes the proof.
O

Lemma 3.2. Let (u"0,v'9) be the solution obtained in Lemma 3.1. Then

0% | s
(554709 [a(5-419(0,8))—v10(0,5)] dC ds (3.40)

t [0 1 3
VvBO(z.1) ::/0 /_oo \/ﬁe
is the unique solution of (3.5). Moreover, for any 0 < T < oo and l € N, it holds that
() ofvBO € 12(0,T;HY %) fork=0,1,2. (3.41)
Consequently it follows from (3.6) that
() okuPt € 120, T HF %) fork=0,1,2.

Proof. We first prove (3.40) by setting w(z,t) := ™ [vB0(z,1) — (¥ —/9(0,1))]. Then
from (3.5) we derive the following heat equation subject to homogeneous Dirichlet boundary

condition

Wy — Wz = _[eﬁl(v_ VLO(OJ))]D (ZJ} S (Ovoo) X (Ovoo)
w(z,0) =0,
w(0,¢) =0,

which can be solved explicitly by the reflection method with odd extensions (cf. [39]) as

follows:
w(z,1) =2 /O t /_ i T(z— .1 — )™ (7= v0(0,5))],dlds — & (5 —10(0,1)),

22 . .
with the heat kernel I'(z,7) = ﬁe’ﬂ. Hence (3.40) follows by substituting the above
equality into the definition of w(z,#). We proceed to prove (3.41). Let 6(z) be a smooth

function defined on [0, ) satisfying
0(0)=1, 6(z)=0 forz> 1. (3.42)

Let b(t) := v —v'9(0,¢) and 70 := 8O — 9(2)b(¢). Then from (3.5) we deduce that #°
satisfies
70 = —ar?0 4+ 780 4 p,
#9(z,0) =0, (3.43)
i#0(0,1) =0,

where p(z,1) := 0,(2)b(t) —a6(z)b(t) — 0(z)b;(t), and the compatibility condition v =

~B.0

vp(0) has been used to determine the initial value of 7. We shall apply Proposition 3.2 to
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(3.43) to derive the desired regularity for v59. To this end, we need to verify that p satisfies
the assumptions in Proposition 3.2 with m = 2. First, it is easy to check that p satisfies the
compatibility conditions up to order one for problem (3.43) under assumption (A). Then
noticing that for any G(x,t) € LP(0,T;H") with 1 < p < oo, it follows from the Sobolev
embedding inequality that

1G(0.0)|zr0.7) < G liLr(o,1:.27) < CollGll o (0,731 (3.44)
By (3.44) and Lemma 3.1, one finds for k = 1,2 that
|’athI’0(0at>HL2(o,T) < COHaszI’OHLZ(O,T;HS—Zk) <C, (3.45)

and
V200, lr20,7y < CIV o, m1) < C- (3.46)

Collecting (3.42), (3.45) and (3.46), one deduces for k = 0,1 and / € N that
()10 p = (2)' 0.,9fb—i(z)! 0 fb— (2)' 0 9} b € L?(0, T; HZ ),
which, along with Proposition 3.2 entails for k =0,1,2 and / € N that
(2)! oFoB0 e L2(0,T; HI72).

Thus (3.41) follows from the definition of 720, (3.42), (3.45) and (3.46). By (3.41), we use
(3.6) and Holder inequality to get for k =0,1,2 and / € N that

(<) afu Bl||L20TH4 .
<Coii / / 4dst H( ) iZ(OTH“ %y
<C,
which completes the proof. 0

By a similar procedure as proving Lemma 3.2, we have the following results.

Lemma 3.3. Let (u/°,v'0) be the solution obtained in Lemma 3.1. Then the unique solution
vPO(E.1) of (3.7) is as follows:

e i) [a(7—v"0(1,5))—vE0(1,5)] dCds. (3.47)

t poo 1 B
t):= —e
) /0 /0 V(t—s)
Furthermore, for any 0 < T < o and | € N, the following holds true:

(&) o0, (&) ofun! € L2(0,T:H; ™) fork=0,1,2.

Based on Lemma 3.2 and Lemma 3.3, we proceed to solve (3.9).
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Lemma 3.4. Let vVB0 and v*0 be the solution obtained in Lemma 3.2 and Lemma 3.3, re-
spectively. Then there exists a unique solution (u'>' ,v'') t0 (3.9) on [0, T] for any 0 < T < oo,
such that

ofult e 12(0,T;H*%), k=0,1,2;
Ve r=0,1;H%); o' e L2(0,T;H>%%), k=1,2.

Proof.  Let by(t) := it [ vBO(z,t)dz, ba(t) == it [ "vPO(E,1)dE, b(x,t) := xba(t) +
(1 —x)by(¢) and @' := u!"! + b(x,t). Then from (3.9), we deduce that (i"!,v*1) satisfy

(

f‘zL1 = (flﬁ“)x‘*'(fﬂm)x"‘ﬁi}cl +f,

L1 .11
Vt _ux +g7

3.48
| @) (x,0) = (0,0), (349

a(0,r) =al(1,1) =0,

\
where fi:=V0, fo:=ul0, f:= —(0V!'0),+ b, , g:=Db; (t) —ba(t),and vB0(z,0) =v*0(£,0) =
0 has been used in deriving the initial data for i#/:'. We next verify that fi, f>, f and g fulfill
the assumptions in Proposition 3.1 with m = 2. Indeed, it follows from Lemma 3.1 that
okl o0 e 12(0,T;H> %), k=0,1. (3.49)
Lemma 3.2 gives for k =0, 1,2 that
101 B0 < [ @2y 1@ AV g 12 < € (3.50)
and similarly Lemma 3.3 implies for k =0, 1,2 that
19f b2l 720,y < €. (3.51)
Thus from (3.50), (3.51) and the definition of g, we have
g e L2(0,T;H*" %), k=0,1. (3.52)
To estimate f, we use (3.50)-(3.51), Lemma 3.1 and Proposition 3.3 and get for k =0, 1 that
||atk(bvl’0)x|| L2(0,T;H>2)
< i0<||a,fb1 2.y + 107520l 200 10XVl o0 g2
j=
<C,
which, in conjunction with the definition of f, (3.50) and (3.51) entails that

ok fe?(0,T;H*>25, k=0,1. (3.53)
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Noting that for (3.48), compatibility conditions up to order one are fulfilled under assump-
tion (A), thus by (3.49), (3.52) and (3.53), we apply Proposition 3.1 with m = 2 to (3.48)
and get

ofia! € L2(0,T;H* %), k=0,1,2;
oMt e 120, T, H720), k=1,2; (3.54)
vl e L°°(0,T;H3).

The first estimate in (3.54) along with the definition of i1, (3.50) and (3.51) gives rise to
oful' € L2(0,T;H* ), k=0,1,2. (3.55)

Thus the combination of (3.54) and (3.55) completes the proof. 0J
We next turn to the regularity of solutions to (3.10) and (3.11):

Lemma 3.5. Let (u”',v''") be the solution obtained in Lemma 3.4. Then there exists a
unique solution v®! to (3.10) on [0,T] for any 0 < T < oo, such that for any | € N,

B e 120, T;HFH), k=0,1,2.
Consequently, it follows from (3.11) that
() 9fuP? € L2(0,T; HI %), k=0,1.

Proof. Let #%! := vB:1 4+ 0(z)v/'1(0,1) with 8 defined in (3.42). Then from (3.10), we

deduce that 75! satisfies 51
‘7;, — _l/_t‘jBJ—i_‘;ZBZ’l_'—p,

#1(z,0) =0, (3.56)
#10,1) =0,

where p = 26V (0,1) + v (0,1) — 0011 (0,1) — 2(V40(0,1) + vBOWEL 4 (=D (s,1) ds.
We shall apply Proposition 3.2 with m = 2 to (3.56) to prove this lemma by verifying that p

satisfies the assumptions in Proposition 3.2. Let us start by dividing p into three parts:
p =(@6v"! (0,1) + 6v)"' (0,1) — 00" (0,1))
—2(v"0(0,1) +vPONE0 4 / ®(s,1)ds (3.57)
Z
=h+L+1L.

We next estimate /1, I and I5. First it follows from (3.44) and Lemma 3.4 that

k k.1,
9, VI’I(OJ)HLZ(O,T) < Coll9, VI'IHLZ(O,T;HI) <C, k=0,1,2,
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which, along with the definition of 0 in (3.42) implies that
) ok e 120, T;H>), 1eN, k=0,1. (3.58)

Then applying (3.44) to 8tj v0 and using Lemma 3.1, Lemma 3.2 and Remark 3.1, we have
fork=0,1and / € N that

| <Z>l atkIZ ’|L2(07T;HZ2*2’<)

k
<Co ) (ll9/v
j=0

<C.

x || 20k-))) (3.59)

(0,T;H3-2)) + || iV (O,T;Hgizj))

L2(0,T:H, ™

For I3, the estimate is a little more complicated, since it involves several terms. The Holder
inequality entails for k = 0,1 and / € N that

) (3.60)
<co(1+ / / ) dsdz) | (@) 2 0D g e

Noting that the integration term in parentheses of the above inequality is finite, we only need

to estimate the remaining term. By the definition of @ below (3.11), one gets for [ € N that

(@' =()! 9l (0.0 1 (2)' AF TPV 4 () 300,07 )
+ (@) 0+ () o [ V) + 2 () o " (0,)v2°] (B61)
=M+ My + M3+ My + Ms + M.

Applying (3.44) to 8,j ul'!, by Lemma 3.2, Lemma 3.4 and Remark 3.1, we obtain for k =
0,1, that

k
i 1.1 | 7k—j_ B0
HMI”LZ(O,T;HZZ’Z") < Z ||azju7 (Oat>||L°°(O,T)||<Z> at Ty ||L2(07T;HZ3*2’<)
J=0

k
<Co Z |0 u
j=0

<C.

k-j B0
g v

(0,T;H3-2%)) ||< > L2(0,T; H Z(k*j))

Similar arguments further give the estimate for {M;},<;<¢:
||Mi||L2(OT;H,272k) SC, 2§l§67 k:071
Plugging the above estimates into (3.61), we conclude for any / € N that

() 9f® € L2(0,T;H> %), k=0,1, (3.62)
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which, along with (3.60) gives rise to
()'ok € L2(0,T;H>7%), k=0,1. (3.63)
Then it follows from (3.57), (3.58), (3.59) and (3.63) that
()'okp € L2(0,T;H>%), k=0,1, [€N. (3.64)

Moreover for (3.56) it is easy to check that p fulfills the compatibility conditions up to order
one under assumption (A). Thus by (3.64), we apply Proposition 3.2 with m = 2 to (3.56)
and have

@B e 120, T;H7H),  k=0,1,2, [€N, (3.65)

To convert the result in (3.65) back to v®'!, we note that

(@) 3™ = (@) P~ (2 B(2)9" (0.), (3.6

where the second term on the right-hand side is estimated by the definition of 6, (3.44) and
Lemma 3.4 fork=1,2and [ € N as:

1(z) 6(2) 9" 0.0 20,722 <Col|9v"(0, t)llz20,1)

<C0H8 v HL2 (0.7:15-2%) < C

and fork=0and [ € N as:

I(z)’ G(Z)Vl’l(Oaf)||L2(0,T;H;*) < CO||VI’1(0J)HL2(0,T) <clpt!

ror:H =C.
Inserting the above two estimates with (3.65) into (3.66), one derives for / € N that
@) FB e L2(0,T;HF?F), k=0,1,2, (3.67)

which gives the desired estimate for v#:!. It remains to estimate u®2. (3.11) implies for
[ € N that

@ okt =it [ 3 snds— @) [ [ ol agas (3.68)
Z:I4+155

where 14 with k = 0, 1 is estimated by the Holder inequality and (3.67) as follows:

HI4HLZ 0TH4 2k

<Cy 1+/ / 4dsdz l(z >l+2(9k Bl||L2 0,7:H42%)

<C



46 Stability of Boundary Layers in One Dimension

Noting that I5 is a double integral of df®, we employ (3.62) and have for k = 0, 1 that

||15||i2(07T;H;1—2k) §C0<1 +/0°° /ZOO<S>_4deZ+/OOO{/ZOO [[W<C>_6dét]éds}2dz>

1+3 2k 2
X H<Z> * at (I)HLZ(OJ-;HZZka)

<C.

Substituting the above estimates for I; and /5 into (3.68) one gets for any / € N that
) fub? e 120, T;HF2), k=01,

which, along with (3.67) completes the proof.
OJ

Noticing the similarity between (3.10) and (3.12), by analogous arguments as proving
Lemma 3.5, one gets that

Lemma 3.6. Let (u'!,v''!) be the solution obtained in Lemma 3.4. Then there exists a
unique solution v>>! to (3.12) on [0, T for any 0 < T < oo, such that for any | € N,

&Nk e L2(0, T;Hg’Zk), k=0,1,2,

and

(Y okub? e L2(0, T;Hg*%), k=0,1.

3.4 Proof of Theorem 3.1

To prove Theorem 3.1, if we decompose the solution (u%,v?) as:

uE(x,1) = ul0(x,t) + RS (x,1),

—1
V() =10 0) B0 () 4000 () RS (),

Ve Ve

then it remains to derive the equations satisfied by R (x,7) (i = 1,2), and to show

(3.69)

IRE]| 2= ((0.11%fo.7)) = O(&/2).

But if we substitute (3.69) into equations (2.1), we shall find that the equations of Rf have
source terms containing a singular quantity of order e~ 1/2, which brings the difficulty to
derive the uniform-in-€ boundedness of [|Rf||z=((o,1)x[0,]) ({ = 1,2). Therefore we invoke

the higher order terms in the expansion of (u£,v%) to overcome this difficulty motivated by
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a work [52]. To this end, we employ (3.2)-(3.3) to write RY (x,)(i = 1,2) as:

RS (x,1) =& Pl (x,0) + P! (z,0) + 6PN (§,0)] + 6P (2,0) +uP2 (1))
+ b5 (x,1) +£1/2U8(x,t),

RS (x, 1) =&' 2" (1) 9B (2,0) +v71 (&)
b5 (x,1) + €' PVE(x,1),

where the perturbation functions (U¢,V#)(x,7) are to be determined, and the auxiliary func-

tions b;(x,t) (i = 1,2) are constructed as follows to homogenize the boundary conditions of
(UE,VE)(x,1):

b§(x,0) = — (1—x)[e"2ul! (=72 1) + euP?(0,1) + eub? (—e /2 1))
—x[e" 2P (712 1) + eub?(0,1) + &P (€712 1)),

b§<x7t) = (1 —)C) [vbyo(_gil/{t) +81/2vb71(_871/27t)]
—x(BOe™ 2 1)+ /HB e ).

We should remark that the term u’?> has been intentionally omitted in the expression of

R{ (x,t) since we find it is unnecessary for our purpose. Indeed if we include the term ul? i

RE(x,1), then a higher regularity L*(0, T; H*) will be required on u/ in the proof of Lemma

3.7 when estimating f¢. This demands a higher regularity on initial data (ug, vp) so that

(uo, vo) € H> x H”. Therefore, to reduce the regularity of (uo,vo), we deliberately omit u/?

in R (x,t), which is a trick we employed.

For simplicity of presentation, we define new functions

U (x,1) :=u"*(x,1) + €'/ [ul" (x,1) + uP ' (z,1) + ub (E,1)]
+e[uP?(z,0) + uP2(E,0)] + b5 (x,1),

VE(x,1) :=v"0x,1) +VB0(z,1) +VPO(E 1)
+e! PR, t) VB (2,0) 9P (E )] + b5 (x, 1),

and then the perturbation functions (U¢,V#)(x,7) can be written as

US=e \2(uf —0%F),  VE=¢e 125 —V?). (3.70)

Substituting (3.70) into (2.1)-(2.2) and using the initial-boundary conditions in (3.4)-
(3.12), one finds that (U#,V¥) satisfies

(Uf = &' P(USVE), + (U)o + (VEO )+ UE +7 2 fF,
VE = —283/2VEVE —2e(VEVE), + UE + eVE + & /248,

| e.v5)x.0) = (0,0),
(U*,VE)(0,1) = (U%,VF)(1,1) = (0,0),

(3.71)




48 Stability of Boundary Layers in One Dimension

with

FE= U8+ (USVE),— UE,  g° = Ve +UF — Ve — 2eVeVe. (3.72)

Now the key is to give the L*-estimates for the solution (U%,V¥) of (3.71)-(3.72), which
will be gradually achieved in the sequel by the method of energy estimates.

We shall develop various delicate energy estimates in this subsection to attain the L™
estimates of (U%,V¥) to (3.71)-(3.72). Before proceeding, we introduce some basic facts
for later use. First for any Gi(z,¢) € H" and G(&,1) € Hg' with m € N, we have from the
change of variables in (3.3) that

"G (%”> P CAGTEN] (3.73)
and |
X — 1_m o
(e, = H1orca(enly. (3.74)

For h(-,t) € H' with hl,—o; = 0, we have h?(x,t) = 2 [ hhydy < 2||h(-,1)|| 2| e (1) | 2-
Thus

1Al < V2RI G RG] < CollaCt)llz, (375

12

thanks to the Poincaré inequality

1RG5 0)llp2 < CollA(-,0) ] -

We start with estimating f€ and g°.

Lemma 3.7. Let 0 < T < oo, 0 < € < 1 and f? be as defined in (3.72). Then there is a
constant C independent of €, such that

£ 2 0,7:22) < ce¥lt.

Proof. First applying the definitions of U¢ and V¢ into the expression of f€ in (3.72)
and using the first equations in (3.4) and in (3.9), we end up with

fE—gl)? 31+81/2 by B2 4 eub? 1 e(ul IV,

n [(u1,0+81/2u1,1)(v , Jr‘}1;,o+£1/2v19,1Jrgl/zvb,l)'
+

[(Sl/zuB,l -l-e]/zub’] +8u3’2+8ub’2) (3.76)

y (v’70+vB’O+vb7o+£1/2vl’l+£1/2v371+81/2vb’1)

— sl/zu?’l — el/zuf’l — Suf’z — Suf’z +F¢%,
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where

[bf 04 B0 b0y gl/2)1 4 gl/2)B)] +—sl/2vbﬂ)]

I [b (0 4 /2l 1 gl/2 Bl 4 g1/2,b1 4 gy B2 | gyb. 2)} (3.77)

X

X

+ (B5D5), — b5,

By the transformation (3.3), one gets from (3.114), (3.116), (3.120) and (3.121) (see Ap-
pendix) that

VA =il 0,E,
Sufjgz = —xu)lc’o(OJ)vf’O _ e/l (O,t)vf’o — ui’O(O,t)vB 0
_ 121000, B g1 /2B 00, 1) — 12 (uB 1 BO)

and

81/2 b,l — ul’o(l,l‘)vfo
eul? = — (x— Dul0(1,0)000 — /2yl (1,020 — uL0(1,1)b0
_ 81/214170(1,1()‘}?,1 . 81/21/!/1;’1\/‘[’0(1,[) N 81/2(ub,1vb70)x‘

Then feeding (3.76) on the above four expressions and rearranging the results, we arrive at
f&= [(ul’o(x,t) —ul(0,1) —xui’O(O,t))vB’O}

@) =01, 0) — (r— D1,

|0, ) = 00, )P+ () — (1,1

+ 2O x ) — w00, 0))WEL 4 () (x, 1) — 1 (0,1) B0
B (905, 1) = v10(0,0))]
+ V2] (0 (e, 1) — O (1, )W 4 () (1) — i (1,0))020

() = v0(1,0))|
Ll [Mi,O(VB,l P (B0 0y (B +ub’1)v§0}
Ll [MB,lvbO Lub 1B o]
x

1e [(u1,1u3,1+ub,1)(vl,l_’_VB,I_i_vb,l)}

(3.78)

X

Ty [(MB,Z+ub,2)<vl,0+VB,0+vb,0+8l/2vl,l 1 gl/2,Bl] _l_gl/zvb,l)}

X
__Fu%fl g2yl 4 B2 +sﬁ2]+F£

10
=Y Ki+F°.
i=1
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We proceed to estimate K; (1 <i < 10). Recalling that x = gl/ 27 then by Taylor’s formula,
(3.73) and Lemma 3.1-Lemma 3.2, we estimate K; as follows:

ul’o(x,t)—uLO(O,t)—xux (0,) 5 Bo
2 T Vy

K g2y =€
IKilzz0:rc2 x

12(0,T:12)
<e|luly ||L2 0,7:L") [t5 ve HL°° (0,T:L2)

3/4) 1,0
<Coe®*|u” ||L2(0,T;H3)||Z vy ||L°°(0,T;Lg)

<Ce3/*,

Similarly, by using (3.74) we have

O(x,1) —ul0(1,6) — (x— Du’(1,1) 45 4
K2 |12 (0,7:22) <8H x—1)2 STV L2(0,T:12)
b0
<Coe**|lu" Ve ||L°°(0,T;L§)
<Ced/
and
10
_o1/2]| W (xat)_”x (O t) B0
13| 2(0,7;2) =€ X " 2o
10 1,0
+81/2’ Uy (x7t)_ux ( ) é b,0 <C83/4-
x—1 L2(0,T:L2) —

Similar arguments further give
||Kl'HL2(0,T;L2) §C83/4, l:4,5
By the Sobolev embedding inequality, (3.73)-(3.74) and Lemma 3.1-Lemma 3.6 we obtain

1/2y,,1,0 B,1
K6l 2 (0,7:12) =€ / [y ||L°° 0,7;L") <||V 22 (0,T:L2) +||V ||L2 0TL2)>

l/2

LZ(O,T;LZ))
1/21.,1,0 B, b1
+el/ Vel z=(0,751) (H“ ’ HLZ(O,T;LZ)JFH”’ HLZ(O,T;L2)>

<Coe®/*|u"

,0
i =0 702y (V0 2072y + I

B.1 b1
L°°(0,T;H2)(||V l20.7:22) + lv ”L%O,T;L%))

3/4,1,1 B0 b0
+Coe?/ [ ||L°°(0,T;H2) <||V ’ ||L2(07T;L§)+HV ’ HLZ(O,T;L%)>

3/4). 1,0 B, b,1
+Coe/ [v" HL""(O,T;HZ) (Hu ’ HL2(07T;L§)+H” ’ HL2(O7T;L%)>

<ce3*,
Then using a similar argument as estimating Kg and recalling 0 < € < 1, one infers that

”KiHL2(07T;L2) < C83/4, 8§ <i<10.
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To bound K7, we first rewrite it as:
Ky = el/2 (uf,lvbp +u31 5,0 Jrub 1,0 4 b, IVB 0) (3.79)

We next estimate each term on the right-hand side of (3.79). Indeed for 0 < x < 1/2, it fol-

lows that —e0 < & = ";\/El <=3 f Thus, by transformation (3.3) and the Sobolev embedding
inequality, one deduces for fixed r € [0,7] and m € N that

[ aatenrae= [ (2o (L)

< [ 1 (o)) o v (-2 e

1

<e 2 [ Pz VeI E ™ OGNy
< Coe @2 2,0 )P E )

< Ce'?,

2

LE’(_D%_%\/E)

where Lemma 3.2 and Lemma 3.3 have been used. Similarly, for % < x < 1 one has that

1 - X
2—ﬁ<z—\/§<ooandform€N+that
LB oy
ﬁ(ux’v’)dx

() ()

<o [ e nPag e il @)

2

Lz (d1)

(305
§81/2||vb,0(§7l)||ié 2\/_ ZmHZm Bl Z,t HL°° 059)

< Coel VR P0G 1) (I (2, 0) 2 + )™~ P 1) e )
< cel/?,

Combining the above two estimates, we end up with

[ o.ra2) < Ce'4. (3.80)
With similar arguments as above (3.80), one derives that

B0

H”B’IV)I?’OHLZ(O,T;LZ) + luly 20,72 1 ””b’lvf’OHLZ(O,T;LZ) <ce'/*, (3.81)
Substituting (3.81) and (3.80) into (3.79), we get the estimate for K7:

3/4
HK7HL2(0,T;L2) <cell,
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For the last term F#, we first note for any integer m > 2 that

Hub.,1<_871/2 m/ZH(_871/2)mub,1(_871/2

lz=0,r) =€ 7t)HL°°(0,T)

<e"||(g)"un(&,1) lz=(0.7:25)

gcosm/2||<5>mub"<€,t)IILw<o,T;H,;>
<Cem?,

s (=&Y, 20,77 <Cog™ 2 IEY" i (&) | 2q0,7:m
<ce"/?,

and

2(0
HMB( )l z=(0,) <Collu® HL°°0TH1)<C

>||L2 0,7) <C0||”t ||L20TH')<C

By similar arguments, we can estimate other terms in b%, b§ and conclude that
1551120, 7501 + 1652 120,750y < C(€ TV €) < Ce (3.82)
and
16511 20,701 + 165 | 20, 7501) < cem/?, (3.83)
where m > 2. Then substituting (3.82)-(3.83) into the definition of F¢ in (3.77) and using
0 < e < 1and (3.73)-(3.74), one has

1F N 220,7:22)

<Col|bl (0, 7:m1 {HVI7OHL2(O7T;H1)+87

+el/?

1/4 —1/4

Hvb,O

B0
IVl 2 0,7,00) €

1/4Hv

) > g)
1/4)], b1
/ [[v? HLZ(O,T;Hé)}

11 B,1
IV 20,7501y + € iz t€

1/2 Hu 1/4

1,1 B,1
o+ CollS | (0.t { 1" Iz + &7 16 2o i)

1/4 3/4, B2 3/41,b2
+el/ H” ’ HLZOT-HI)JFS /4 [ HL2(07T;HZI)+£/ [[u” HLZ(O,T;Hg)}

LZ(OTHI +8

1/2
+71Y 155 1| 2= (0,70 105 20,701 ) + 1Bl 120, 712)
<ced/*,

Collecting the above estimates for K; (1 <i < 10) and F¥, from (3.78) we conclude that
£ 2 0,7:02) < ced/s,

which finishes the proof. 0

Lemma 3.8. Let 0 < T < oo, 0 < € < 1 and g* be as defined in (3.72). Then

3/4
1851 220,7:22) < CE /4,
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Proof. Substituting the definition for ¢ and V¢ into g€ in (3.72), and using the sec-
ond equations of (3.4) and (3.9), (3.126) with j = 0 and the first equation of (3.127) (see
Appendix), we have

g (e 9l ) 465 ()

ve (2 ru?) e () e 0L 08) (34

18
= Z K,’.

i=13

We proceed to estimate K; (13 < i < 18). First it follows from Lemma 3.1 and Lemma 3.4
that

Y2

1,0 11
K130l 20,7202y <€V |l 120,7:02) + € l200,7:02)

<C(e+€?).
Using (3.3), (3.73)-(3.74) and Lemma 3.5-Lemma 3.6, we estimate K4 as follows:

3/2
1Krallz2orar) <62 (15 20.r2) + IV 20

3/4
<e¥ (I o ez + V2o )

<ce’*,
Similarly, it follows from Lemma 3.5 and Lemma 3.6 that
1Kill20,7:12) < ce’*, i=15,16.

To bound Ki7, we first estimate ||V*||;((0,1)x[0,r)) and |\Vx£||Lm(O7T;Lz). For any G(z,t) €

LP(0,T;H}), Go(E,1) € LP(O,T;Hé) with 1 < p < eo, it follows from the Sobolev embed-

ding inequality that
[61 (75 | pioran <1610 ores) < CollGl0 7 < €
x—1
G< ,t>
H e

Then by the definition of V¢, (3.85), Lemma 3.1-Lemma 3.6 and (3.83), we deduce that

(3.85)

< ey < <C.
DOTiLe) = ||G2(5J)HU’(O,T,L€) < C0HG2||LP(O,T;H§1) <C

IV (0,11 0.7))
§||VI’OHL°°([0,1]X[0,T]) + [P0

|L°°(0,T;L;°)
b0 €
+ v |L°°(0,T;Lg’)+C0Hb2||L°°(0,T;H') (3.86)
el <”V“ (o0 + IV o 7302) + V™! ||L°“<07T;LZ§>)

SC(1+81/2+8'”/2> <c,
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where the assumption 0 < € < 1 has been used. Moreover (3.73), (3.74) and (3.83) lead to

IVEN=(0.7:12)

0 ~1/4 0
<Vl o.712) + € / (H"f’

el

m/2

b0
1=(0,1:12) + ||v§ ||L°°(0,T;L§)> +Ce G57)

1/4 B,1 b1
L°°(0,T;L2)+€/ (H"z’ ||L°°(0,T;L§)+||V5 HL“’(OI;L%))

<ce /4,

Thus the above two estimates indicate that
1K171122(0,7:12) < CENVE| =10, 11x 0, 1V 2= (0,7322) < ce’/t,
Finally, the estimate for K;g follows from (3.82), (3.83) and the assumption 0 < € < 1 that
1K8[l2(0,7:22) < 1187 20,70y + 1105 | 200,7:2) < CE < ce¥/*.

Then inserting the above estimates for K; (13 <i < 18) into (3.84) yields the desired estimate
for g&.
|

Next lemma gives the estimate for U¢, V€ in L™(0,T;L?).

Lemma 3.9. Let 0 < T < oo and 0 < € < 1. Then there exists a constant C, independent of
g, such that

2 2 2 2 1/2
HU8”L°° 0,T:L2 +HV8HL°° 0,T;L2 "’”UfHLZ 0,T;L2 +8HVx€HL2 0,T:;L2 ch / .
(0,7;L%) (0,7:L%) (0,7:L%) (0,7:L%)

Proof. Taking the L? inner product of the first equation of (3.71) with 2U¢, then using
integration by parts to have

d
SUEOIIZ +20UF 0z
1 1
:—281/2/ USVSdex—Z/ (UEVE + VEO®)UE dx
0 | 0 (3.88)
+2£1/2/ FEUE dx
0
=M+ M)+ Mj.
We next estimate M; (i = 1,2,3). First, (3.75) gives
My <2€'2||UE (1)l | VE Ol 2 |UE ()2
1/2 3/2
<Coe" 2| UE ()| LIUE DI IVE@) 2

1
<UL DI +Coe? V@ 721U ()]
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For the term ||V#(z)||},, we use the definition of V¢, Lemma 2.1 and (3.86) to get

IVE(| 2= 0,7:22) <e”!/? <HV£||L°°(O7T;L2) + ||V8||L°°(O7T;L2)>

(3.89)
<ce 2,
which, substituted into the above estimate for M; gives rise to
My < LUE @I +CllUe () 2
1> 4 X 12 12-
By a similar argument as deriving (3.86), one infers that
H08||L°°([0,1]><[O,T]) <C, (3.90)

which along with (3.86) leads to
M, < %HUf(t)lliz +8[IUE O 1211V (1) 2= +8I[VE (@) 710 (1) 7
< ZIVE O +C (U8 @)+ IVEOIE).
For the last term M3, we have by the Cauchy-Schwarz inequality that
M3 < |US(0)ll72 + & |75 (1) 172

Substituting the above estimates of M; (1 <i < 3) into (3.88), we arrive at
d € 2 3 € 2 € 2 € 2 —1 € 2
571U Ol + 51U 0172 <C(lUtO)2+IVEOl7) +e @) (391

We turn to estimate V€. Multiplying the second equation of (3.71) by 2V¢ in L? and using
the integration by parts to derive

d
EHVS(Z)H%z +2¢|[VE ()7
1 1
—— 4¢3/ / VEVEVE dx +4e / VEVEVE dx
1 0 : 0 (3.92)
+2/ U;Vde+2e—‘/2/ gEVE dx
0 0
=My -|-M5 +M6 + M.
We proceed to bound M; (4 < i < 7). Applying (3.75) to V¢ with (3.89) leads to

3/2 3/2
My <Coe™|[VE@O LIV,
1
<ZelVEDIT+Coe IV,

1
<elVEOIL +Cellve o)l
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We employ the Cauchy-Schwarz inequality and (3.86) to deduce that
1 - 1
Ms < €| V()7 + 162 [ V@I [Vl < el Vi@l +CelVEO L
Finally, the estimates for Mg and M7 follow from the Cauchy-Schwarz inequality that
M < l US 2 4 VS 2 M < VE 2 —1 € 2
6 < Z U Ol +4IVEOL, Ma(0) < [VEO72 + e [l (0112

Plugging the above estimates for M; (4 <i < 7) into (3.92) and using 0 < € < 1 give

d 1 _
SIVE@IL+elVE@7 < 21U N7+ CIVEOIL + Mg @172,

which added to (3.91) yields

d
SUTEOIZ+IVEOIZ) +INUE @17+ £llve Ol

<C(IUEO72 +IVE@IE) + e L N7+ g ()17

Applying Gronwall’s inequality to above inequality along with Lemma 3.7 and Lemma 3.8,

one gets the desired estimates. The proof is completed. 0

Lemma 3.10. Let 0 < T < oo and 0 < € < 1. Then there is a constant C, independent of €,
such that

2 2 2 2 —-1/2
HUf”Lw(O,T;LZ) + HVxSHLw(o,T;LZ) + “foHLZ(QT;LZ) + 8||Vx£xHLZ(()7T;L2) S Ce / :

Proof. Taking the L? inner product of the second equation of (3.71) with —2¢eVE, and

using integration by parts, we obtain

1 1
(ElIVE (1) 32) + 262 VA1) 72 =4e%2 [ Vovevide+ae? [ (veve)veds

1 1
—28/ vaxidx—zsl/z/ ¢S VE dx (3.93)
0 0

‘=R|{+Ry+ R3+Ry4.

d
dt

We proceed to estimate R; for 1 <i < 4. By (3.75) we deduce that

1
Ry < Coe™ 2 [VE I Va2 < 32 IVED 17+ Cog®IVE (@) 72-

Similarly, it follows from (3.75), (3.86) and (3.87) that
Ry <Co&?|[VE ()| 2 IVE @)l V(@) 12
1 _ -
stzHin(t)Hiz +Coe” (VD7 + IVE D7) IVE D7

1
< EIVEDIE+C (2+/2) VeI



3.4 Proof of Theorem 3.1 57

For R;3 and R4, we employ the Cauchy-Schwarz inequality to have
1 1 _
R; < ZSZIIin(t)Hiz +4|lUF (1) and Ry < ZEZIIin(t)Hiz +ae g5 (1)]17-.

Collecting the above estimates of R; (1 <i < 4) and using (3.93), we end up with

d
S EIVEOIIR) +EIVEOIL

<CEVEWD) 72 +e+e ) (elVED72) + 41U )17 + & lg* 0)1172),
which, along with Gronwall’s inequality, Lemma 3.8-Lemma 3.9 and 0 < € < 1 yields
8||Vx£||i°°(()7T;L2) + 82||Vx§c||i2(()7T;L2) S C81/2~ (394)

We turn to estimate U¢. Taking the L? inner product of the first equation of (3.71) against
—2UE, and using integration by parts to get

d
SNEOII7+21US0)172
1 1
:—281/2/ UeVe), U dx—2/ UV, UL, dx
| 0( )X XX 0 (1 )X XX (395)
—2/0 (Vgﬁe)foxdx—Zs_l/z/O FEUE dx
Z:R5 —|—R6+R7 + Rg.
By (3.75) and (3.94), we estimate R5 as
R <1 U€ 2 C V8 2 US 2
5 <7 IU@0) 72 + Cogl[Vy (DI 11Ux ()12
1
< IUS@) 32 +Ce 2 UE@) .
Similarly, we estimate R¢(¢) from (3.75), (3.86) and (3.87) as
R <l||U8 Ol +ColllVED 72 + IVEDIE) U 01
6 =4 xx 12 0 12 x 12 x 12
1 _
<LNUEON72+C(1+e ) UE(0)]17-
To bound R7, we use the definition of U¢ and a similar argument as deriving (3.87) to get
108 =07y SC (1462 14464+ e) <,

where 0 < € < 1 has been used. The above estimate in conjunction with (3.90) and (3.94)

gives

1 - - 1 B
Ry < 2 IUSOIIz2 +Co (10° @) I72 + 1T 172) IVE DI < 7 IUSD)II7 +Ce™ 2.
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Lastly, the Cauchy-Schwarz inequality yields the estimate for Rg as

Ry <7 U (o )z +4e 17

Feeding (3.95) on the above estimates of R; (5 <i < 8) leads to
d _ _ _
UL + U@ < € (72 +14€2) U0 +Ce™ 2 +ae 1751 22,

which, upon integration over (0,¢) with # < T gives rise to

2 2 ~1/2
||U)26HL°°(()7T;L2) + HfoHLZ(O.,T;LZ) <Ce / ,
where Lemma 3.7, Lemma 3.9 and 0 < € < 1 have been used. The above estimate along

with (3.94) completes the proof.
O

Proof of Theorem 3.1. To prove Theorem 3.1, it suffices to estimate ||R{||z=(0,1]x[0,7])
and |R3 || z=(j0,1]x[0,r))- For this, we first estimate U® and V¢ in L™ ([0, 1] x [0, T]) by (3.75),
Lemma 3.9-Lemma 3.10 and get

1/2 1/2

HU HL°° [0,1]x[0,T7]) < C()HUSHLM 0,T:1?) HUEHLDO (0,T:12) <C, (3.96)
1/2 1/2 )
IVElL=qo oy < CollVEll g g IVE I g gy S C-

Then the estimate for R follows from (3.85), Lemma 3.2-Lemma 3.6, (3.82) and (3.96) that

1RSI 2= ((0,1)[0,1))
1/2 1 1 b1
<Coe'/ (Hul’ ||L°°(0,T;H1)+||”B’ 0,751y + [0 ||L°°(0,T;H1)>

g
B2 b2
+Coe <||” =0,y + [lu ||L°°(0,T;H51))

+Col|b | (0 221y + €U (0,17 0.1)
<Ce'’?,

where 0 < € < 1 has been used. Similarly, by (3.85), Lemma 3.4-Lemma 3.6, (3.83), (3.96)
and 0 < € < 1, we have

o.1:H)) T [

Lm(o,T;Hl))

RS =011 0.7 <Coe" (V"o 7y + IV ;

+Col|b3 HL‘”OTH1)+81/2”V lz=(0,1)%[0,7])

<cel/?,

The above two estimates along with (3.69) imply (3.14). Moreover, the explicit formulas

for v8:0 and v* follow from Lemma 3.2 and Lemma 3.3. The proof is completed. 0
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3.5 Proof of Theorem 3.2

We are now in a position to prove Theorem 3.2 by converting the result of Theorem 3.1 to
the pre-transformed model (3.15).

Proof of Theorem 3.2. Let (uf,c®) and (u°,c®) be solutions of (3.15) with € > 0 and € = 0,
respectively. The convergence rate in (3.16) between u€ and u is a direct consequence of
Theorem 3.1. We are left to prove the convergence for ¢ in (3.16) and for ¢% in (3.17).

Indeed from the second equation of (3.15) one deduces that

(Incf); = e(v)? — eve — uf,
(Inc®); = —u®,
where v¢ = —(Inc?),. We consider the difference of the two equations:

(Inct —Inc®); = e(v8)? — &ve — (uf —u),

which, upon integration with respect to ¢, gives rise to

Zogjg = izgz 8; exp { /O[[—(u'€ —u®) +e(v¥)? — &vf] dr}.
It follows from the initial condition c¢(x,0) = c?(x,0) = ¢ (x) that
| (x,1) — O(x,1)]
exp{/Ot[—(ug—u0)+8(v8)2—8v§]dr} —1’ (3.97)

=[c"(x0)] - |exp { G (1) + G5 (1) + G5 () | — 1,

=[c’(x,1)[

with G¢(x,t) := — [§(uf —u®)dt, G5(x,1) := € [{ (v¢)?dT and G§(x,1) := —¢ [jvEdT.
We next estimate G§ (x,1), G5(x,t) and G5 (x,t). First, Theorem 3.1 gives

|G (x,0)| <T [|u® — || (10,11 0.7))

(3.98)
<CTe'’2.
Using Theorem 3.1, (3.85) and Lemma 3.1-Lemma 3.3, we estimate G5 (x,) as
G5 (x,1)] §8T’|Vg||%w([o,1]x[o7T])
<Te (|]v1,0||%m(07T;H1) + ||vB,0 [2400(07T;HZ1)>
(3.99)

+ T8 (||Vb70||i°°(o7T;Hél) +C81/2)

<CT¢ (1+sl/2).
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For any integer m > 2, similar arguments as deriving (3.83) entail that
2
1651120, 731) < cem’?,

which, along with the definition of V¢ in (3.70), (3.3) ,the Sobolev embedding inequality
and Lemma 3.1-Lemma 3.6 and Lemma 3.10, leads to

1/2 ||V ,

1/2 0 0
G5 (x,1)| <T'/%e <||V)Ic’ 2o7:1=) T € 12 0TL°°)>

- b0
+7'%¢ (8 1/2||V§’ ||L2(0,T;Lg’) +81/2||Vx’ ||L2(0,T;L°°)>
b,1
+T'%¢ (||ij3’l 0.1:.L2) T ||Vg- ||L2(0,T;L°g)>
+7'% (HngHLz(O,T;L"") +e'2|v¢ HLZ(O,T;L"")> (3.100)
<CcT'?¢ (1 +£_1/2+£1/2+8’"/2>
+CoT1/2e3? <||Vx£||L2(0,T;L2) + ||Vx€x||L2(0,T;L2)>
<cr'/? (8+81/2+83/2+e(’”+2)/2+85/4+83/4> _
Collecting (3.98)-(3.100) and noticing that 0 < € < 1, we end up with

}G‘f(x,t) +G5(x,1) + Gg(x,t)} <Ccell?,

for some positive constant C independent of € (but dependent on 7'). Thus it follows from
the Taylor expansion and 0 < € < 1 that

‘eGS (x,6)+G5 (x,1)+G5 (x,) _ 1‘

3.101
Z }G‘sxt + G5 (x, 1) + G5 (x, t)} <ce'l?, ( )
We proceed by setting € = 0 in the second equation of (3.15) and find that
0< 1) = co(x)e_féuo(x’f)dr < co(x) < Cy, (3.102)

subject to the fact u®(x,¢) > 0 for (x,¢) € [0,1] x [0, T]. The combination of (3.97), (3.101)
and (3.102) yields (3.16).

To prove (3.17), we use the transformation v¢ = —i—fif, Theorem 3.1 and (3.16) and get
£ -0 = — [voc® - }
— [(F =) +10(cf = )]

[ BO+VbO+0( 1/2))(c0+0(£1/2))+v00(£1/2)

=Y <v 04 yb >—|—O(81/2),

which implies (3.17) and completes the proof of Theorem 3.2. 0J
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3.6 Formal Derivation of Outer/Inner Layer Profiles

In this section, we shall detail the derivation of (3.4)-(3.13) by the method of matched asymp-
totic expansions, which has been used in appendix of [29] to determine the thickness of
boundary layers. Here we carry out further procedures to derive equations (3.4)-(3.13) for
clarity and completeness though part of them are analogous with those in [29].

Step 1. Initial-boundary conditions. Upon the substitution of (3.2) into the initial condi-

tions in (2.1), one has

ZSJ/Z L3 (x,0) + 1B (z,0) +ubI (€, 0)),
j=>0

vo(x) =Y /2 (VI (x,0) +v89 (2,0) +v29(&,0)).
jz0

(3.103)

Observing that the initial data (ug,vo) is independent of &, it follows from (3.103) and the
hypothesis (H) that

W 0(x,0) =uo(x), u?(z,0) =u""(§,0) =0,
1,0 B,0 b,0 (3.104)
VO (x,0) = vo(x), v77(z,0) =v77(,0) =0
and for j > 1
1, — B — b _
u’(x,0)=u(z,0) =u ,0) =0,
]( ) B.( ) : (£,0) (3.105)
Vi (x,0) =v>7(z,0) = v/ (E,0) =0
To derive the boundary conditions, one feeds (2.2) on (3.2) and use (3.3) to get
= Z ej/z(ul’j(O,t) +u®7(0,1)),
j=0
a=Y e (u"(1,r)+u>i(0,1)),
Jj=>0
. . . (3.106)
7=Y &2(v"9(0,1) +v2I(0,1)),
Jj=0
=Y &2 (1,0)+v(0,1)),
Jj=0

where in the first expression of (3.106), term u”/ (—#,I) has been neglected due to the

assumption (H) (see section 2) that u’/ (—ﬁ,t) decay to zero exponentially as —# —
—oo (i.e. as € — 0). For the same reason, we have neglected uB’j(#,t), vb’j(—#,t)
and vB+/ (#,I) in the second, third and fourth expressions in (3.106), respectively. Since

expressions in (3.106) hold for any € > 0, we derive

i=u00,0)4+uf00,r),  a=u"0(1,1)+u"0(0,1),

(3.107)
F=00,0) +800,1), 5 =v"0(1,1) +70(0,1),
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and we obtain for j > 1 that

ul(0,1) +uP(0,1) =0,
ul (1,6) +ub7(0,1) = 0,
L B (3.108)
VI (0,1) +v87(0,1) =0,
v (1,6) +vP7(0,1) = 0.

Ii
7J’ we

Step 2. Equations for u'J, uBJ and ub. For profiles of the outer solution u
substitute (3.2) without the boundary layer solutions 5/, u?J, vBJ and v»/ into the first

equation of (2.1) and immediately get:

o . .
Ay <u1.,kV1,J—k) =ulJ, forj>0. (3.109)
k=0 *

B.j we first neglect the right boundary-

To find the profiles for left boundary-layer solutions u
layer solutions #”/ and v»/ in (3.2) and substitute the remaining terms of (3.2) into the first

equation of (2.1). By using (3.109), after some calculations, we end up with

Y &2G)(x,z,1) =0, (3.110)
j>-2
where
_ . BO
G_z——uZZ N
___10.B0 .10 BO _( B0 B0\ _  B|I
G 1=—uvy; VU (u % )Z il
B.j / Bk I,j—k & Lk | Bk\.B,j+1—k / 1k B,j—k
Gj=u' =Y uP*vii™ —Z(u +u” )vZ’J+ =Y WP
jt+1 ' ' '
_ Z uf,k <v1,]+1—k+vB,J+1—k> _uZBZ,]-FZ, for j > 0.
k=0

\

Then recalling that x = £!/2z and expanding G i(x,z,1) in € by the Taylor expansion to have

Gj(x,2,1) = G;(€'%2,2,1)

= 1 k (3.111)
=Gj(0,2,1) +/;1 o (81/2Z> 9£G;(0,z,1),
for j > —2.
Next feeding (3.110) on (3.111), we get
Y €2G;(z,1) =0, (3.112)

j>—2
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where

( ~
B.0
Goo=—uz,

G_1=— ul’O(O,t)vf’O - VI’O(O,t)uf’O — (uB’OvB’O)Z — ufz’l,

Go :uf’o — uB’vaC’O(O,t) — (uI’O(O,t) —}—uB’O) va — (u“(O,t) +uB7l) vf?o
— u)IC’O(O,t)vB’O - uf’o (vl’l(O,t) —|—vB’1) — uf’l (vI’O(O,t) —|—vB’0) —uB?

Z
— 2l 0(0,6)v20 — 21900, 1)uB?,

and terms G j for j > 1 have been omitted for brevity. To make (3.112) hold for any € > 0, it

is required that G j=0for j > —2, where in particular G_, = 0 implies ufz’o = 0. This, upon

the integration with respect to z over (z,0) along with the assumption (H), gives uf’o =0.

Integrating this over (z,0) entails that
uBO(z,t) =0, for (z,1) € [0,00) x [0, 7], (3.113)
which, applied to G_1 = 0 yields
ubt = —ul0(0,1)vB0. (3.114)
Then we integrate (3.114) over (z,o0) and use the assumption (H) again to have

WBl— —ul’O(O,Z)VB’O — —ZZVB’O, (3.115)

where we also have used (3.113) and the first identity in (3.107).
Finally, by a similar procedure as deriving (3.115), that is, first inserting (3.113) into Gy = 0

to get
ufz’z =— ul’O(O,t)vf’1 — (ul’l (0,1) + uB’l) vf’o (3.116)
—ul0(0,)vB0 — 81 (vI’O(O,t) + vB’O) — zu0(0,1)v2,
then integrating the above equation with respect to z twice, one finds that
uB72:zi/oovB7l(s,t)ds—/m/mdD(C,t)dCds, (3.117)
z 7z Js

with @(z,1) == (ul1(0,1) + uB WEC +1l0(0,1)vBO + 1B (110(0,1) +vB0) + 2l (0, 1)vE 0.

We next turn to the derivation for the right boundary-layer solutions. Indeed, we modify
the above approach by neglecting the left boundary-layer solutions #?/ and v#/ in (3.2)
and substitute the remaining terms into the first equation of (2.1), then using (3.109) and
noting that in definition (3.3) the boundary layers have the same thickness 0(81/ 2) at both
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endpoints x = 0 and x = 1, we derive an expression similar to (3.110):

Y &2Fj(x,E,1) =0, (3.118)
=2

where Fj is the same as G| in (3.110), if we replace terms uB, vB: and z in the expression

of G; by ubi P and &, respectively. Then using the Taylor expansion at x = 1:
(o] 1 k .
Filo &) = Fie'PE+1,6,0 = F(LEN+ Y = (6126) 0kF(1,6.0), )= -2,
k=1""

we convert (3.118) into

Y (& =0,
j=-2
where F; is defined as G; in (3.112) by replacing (uB* vBK) with (u?* v0k), (ul* 114)(0,1)
with (u/* v/'K)(1,¢) and z with £, for k € N. Moreover, we deduce from F » =0, F_ | =0
and Fy = 0 that

uP(E,1) =0, for (&,1) € (—0,0] x [0, ], (3.119)
u’gl e (3.120)
and
b2 10 b1 1,1 b1\, b0
ugy =—u (L), — <u' (L,¢)+u” )v
& : : 3.121)
_ui70(1,t)vb70—u2’1 <vl70(1,t) +vb’0> —éufgo(l,t)vz’o.
Thus e —oo oo
W2 = i /é Vol (s,1) ds — /é / W(C,1)dLds, (3.122)

with W(&,1) := (ul!(1,1) + ub71)vlg’0 + 01,000 4 ug’l (VO(1,2) 4+ v00) +- éu)[c’o(l,t)vg’o.

Here the equations for u”9, u”! and ub?

are similar to the ones for u?°, 8! and u5?2,
respectively.

Step 3. Equations for v/, v/ and v?»J. This part will be focused on deducing equations
for each profile in the expansion of v¢ by substituting (3.2) into the second equation of (2.1)
with analogous arguments as Step 2. As before, we first neglect the boundary-layer solutions

in (3.2) and insert the remaining terms into the second equation of (2.1) to have

1,0
vy — ufc’o =0,

1.1 1.1
st il — ()7
K (3.123)

j-2

Iy o . . .

v 42 E vl’kv)[;f 2 k—ufﬂ —vi;{ 2=0, forj>2.
k=0
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Then neglecting right boundary-layer solutions #”/ and v»/ in (3.2) and plugging the re-
maining terms into the second equation of (2.1) and using (3.123), we find

Y e2Rj(x,z,1) =0, (3.124)
j=>—1
where
R4 ——uf’o,
B,0
RO =V, — l/tf’l —VZ’O, (3 125)
R :vf’1+2(vl’0+v370) vf’o—uf’z—vfz’l, ‘

Furthermore, using x = £!/2z and expanding R j(x,z,1) formally in €, one has
Ri(x,1) = Ri(e"%2,2.0) = Rj0.2.0) + ¥ o5 (6"%2) afR,(0,2.0), j=—1.
k=11
Thus, inserting this into (3.125) yields

Y €V2R;(z,1) =0, (3.126)

where

> B0 Bl __ B0
Ro=v;" —u, —v,;,

R = v?’l +2 (vI’O(O,t) +vB’0) vf’o - uf72 — vfz’l,

On the other hand, one can get the following equations for right boundary-layer solutions
by an analogous procedure as above:
PO bl b0
! 3 e

(3.127)
th71+2 (VI,O<1,I> n Vb,O) PO p2 V?gl —o.

S 3

Finally, we collect the results obtained in Step 1 to Step 3 to derive the initial boundary value
problems (3.4)-(3.13) given in section 2. First, from (3.109) with j = 0, (3.123), (3.104),
(3.107), (3.113) and (3.119), we get (3.4). Combining (3.115), (3.126) with j =0, (3.104)
and (3.107), one gets (3.5)-(3.6). Similarly equations (3.120), (3.127), (3.104) and (3.107)
lead to (3.7)-(3.8). Moreover, (3.109) with j =1, (3.123), (3.105) and (3.108) give rise
to (3.9), and equations (3.10)-(3.11) come from (3.117), (3.126) with j =1, (3.105) and
(3.108). Finally (3.12)-(3.13) follow from (3.122), (3.127), (3.105) and (3.108).






Chapter 4
Existence of Radial Boundary Layers

In Chapter 2 and Chapter 3, we have proved the existence and stability of boundary layers
for one-dimensional system (1.4) with Q = (0, 1), but the boundary layer problem in multi-
dimensional space is left open. Indeed, compared to the one dimensional case, the boundary
layer problem in multi-dimensions turns out to be much more involved since an additional

intrinsic curl-free condition for v
Vxv¥=0 4.1)

is required so that the results on (1.4) can be passed to the original model (1.2) via transfor-
mation (1.3). We shall further discuss the differences between one and multi-dimensional
boundary layer problems for system (1.4) at the beginning of Chapter 5. As the first step
towards a thorough understanding of boundary layer theory of (1.4) in multi-dimensions,
this chapter will be concentrated to study a special case, the radial solutions (with radial
spatial domains) in order to gain some basic insights.

To get rid of the singularity of radial solutions at the origin » = 0 and to focus on the
boundary layer effect, we set Q = {¥ = (x,x2, -+ ,x7) € RY|0 < a < |¥| < b}. Assume
that the solution component u of (1.4) is radially symmetric, depending only on the radial
variable r = |X| and time variable ¢ (i.e. u(X,t) = u(r,t)). To fulfill the requirement (4.1),
instead of imposing a radial form on ¥ we assume that the solution component V(X,t) =
v(rt)(3,22,--- 7). Substituting these radial expressions for (u,V) into (1.4), it follows
that

Ur = rdl T (rd_lur)r‘i‘%(rd_luv)r; (r7t) € (a7b> X <O>°°)
e, et @2

(_)) (M(),V())(I").

where D = y = 1 = 1 have been assumed for simplicity, but the results of this thesis hold
for general values of D > 0, ¥ > 0 and u > 0. With a similar discussion as for (2.2), the
Dirichlet boundary conditions for (4.2) ought to be

{ u|r:a,b - 1/77 V‘rza = ‘71; V|r:b = ‘727 ife > 07 (4 3)

Uly—qp = i, ife =0.
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In this chapter, we shall investigate the asymptotic behavior of solutions as € — 0 to
(4.2)-(4.3) with d > 2 (if d = 1, it coincides with the one-dimensional model (2.1)-(2.2),
which has been studied in Chapter 2 and Chapter 3). In particular, the solution component
v will be proved to possess boundary layer singularity due to the mismatch of its boundary
values between € > 0 and € = 0 (see Theorem 4.2). We emphasize that the main result in
Theorem 4.2 derived below for system (4.2)-(4.3) is not a trivial generalization of the one-
dimensional result in Theorem 2.2. Actually, the strategy used in proving Theorem 2.2 is not
applicable to system (2.1)-(2.2) and we postpone the main ideas employed and additional
difficulties encountered (compared to the one-dimensional case) in proving Theorem 4.2
to the discussions below Proposition 4.1 (see Section 4.1). The main results are stated in
Section 4.1 and their proofs will be given in Section 4.2 and Section 4.3.

4.1 Results on Existence of Boundary Layers

To study the boundary layer effect, we first present in Theorem 4.1 the global well-posedness
and regularity estimates for solutions of (4.2)-(4.3) with € = 0. By these estimates, the
convergence for u and boundary layer singularity for v are justified in Theorem 4.2, which
is the main result. Finally, we convert the results of Theorem 4.2 to the original model (1.2).
The fist result is concerned with the global well-posedness of (4.2)-(4.3) with € = 0.

Theorem 4.1. Assume that (ug,vo) € H 2 x H? with uy > 0 satisfy the compatible conditions
uo(a) = ug(b) = ia. Then the initial-boundary value problem (4.2)-(4.3) with € =0 has a
unique solution (u°,v°) € C([0,00); H? x H?), such that

(i) If i > O, there is a constant Cy independent of t such that

1 =B OI+ OB+ [ (16 =0 @) s +all (40, (D) de < Co. @)

Moreover,
lim || (u® — @)(t)|| = = 0. (4.5)

f—o0

(ii) If u = 0, for any 0 < T < oo there exists a constant C depending on T such that

0 0 0
[\l = 0,7:02) + V"M 2= (0,7582) + 107 220,783 < C- (4.6)
The main result is as follows.

Theorem 4.2. Suppose that (ug,vo) € H> x H? with ug > 0 satisfy the compatible condi-
tions ug(a) = uo(b) = it and vo(a) = vy,vo(b) = va. Let (u®,W°) be the solution obtained in
Theorem 4.1. For 0 < T < oo, we denote

T -2 T -2
8T=min{<8Co /0 F(t)dt) ,<I6C5TecofoTF(t)dt /0 Fi) dt) }
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with function F (t) defined in (4.50) and the constant Cy depending only on a,b and n. Then
(4.2)-(4.3) with € € (0, er] admits a unique solution (u€,v¢) € C([0,T];H? x H?). Moreover,
for any function 8 = §(&) satisfying

8(e) »0ande'/?/8(e) — 0, ase — 0 (4.7)
it holds that
166f — 10| (0.7l < CE', (4.8)
IV =Vl 7:lay 6.5-5)) < Ce'/4871/? (4.9)
and
liminf |[v¢ =0l 1=(0.7:Cla]) > O (4.10)
e—0
if and only if
t t
/ (a,7)dt#0  or / u(b,7)dt #0, forsomer € [0,T]. (4.11)
0 0

Remark 4.1. As stated in Remark 2.2, the BL-thickness 6(€) (the BL-thickness) is not u-

niquely determined.

By employing transformation (1.3), we next convert the results in Theorem 4.2 to the pre-
transformed model (1.2). In particular, by inserting the expression V(X,7) = v(r,t) (x—rl, 2. )%)
into (1.3) we derive

V(r7t) (ﬂvﬂ 7)2) :_VlnC:—(lnC)r (ﬂv)g ﬁ),

r’r’ r r’r’
which indicates that the solution component c is radially symmetric, that is c¢(X,7) = c(r,t).
Moreover,
v(rt) = —(In¢), = — <. (4.12)
c
Noting that u and c are radially symmetric, the counterpart of the original model (1.2) cor-
responding to the transformed system (4.2)-(4.3) reads as follows:

=t Sy — (1), = 451 )

Cr = ECyr + ed—;lc, —uc,

M(O,I"):I/to(l"), C(O,I’):CQ(V), (4.13)
M|r:a7b:ﬁ7 _C?r r:a:‘jl’ _C?r r:b:vz’ ife >0
u],:mb =1, ife=0.

\

where (4.12) has been used to determine the boundary conditions for c.

Proposition 4.1. Assume co > 0 and (ug,Incy) € H> x H>. Suppose that the assumptions in
Theorem 4.2 hold with vo = —(Incg),. Let 0 < T < co. Then (4.13) with € € [0, &r] admits a
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unique solution (uf,ct) € C([0,T); H* x H?) such that

0 4
[ = || 1= (0.7:Clap]) < ce'/*,

I8 _COHL""(O,T;C[a,b]) <cel/4, (4.14)
Moreover, for the function 8 (€) defined (4.7) it holds that
e€ — 2l 0. 7:Clar5.5—5)) < Ce'/487/2 (4.15)
and the following estimate is equivalent to (4.11)
liminf e — ¢ llz=(0,r:clas)) > 0- (4.16)

At the end of this section, we briefly introduce the main idea and arrangement of the
following sections. We emphasize that although the system (4.2)-(4.3) with d > 2 is in a
similar form to its counterpart with d = 1 for which the boundary layer problem has been
studied in Chapter 2 based on a uniform-in-¢ estimates of solutions (u%,v¢) with € > 0,
the methods used there can not be applied to study the present problem since when d > 2
the system (4.2)-(4.3) with € > 0 lacks an energy-like structure to provide a preliminary
estimate (or a Lyapunov function) of €-independence. The challenge in our analysis will

thus consist in deriving the gl/4

-convergence rate in (4.8) and (4.9) without any uniform-in-
€ priori estimates on solutions (u%,v¥). Inspired by the works [9, 85], this will be achieved
in Section 4.3 by regarding (uf,v¢) with small € > 0 as perturbations of (u°,v°) and then

0 y&— vo) by employing the standard energy methods and

estimating their difference (1 — u
a preliminary lemma (see Lemma 4.4) on ODEs. The proof of Theorem 4.1 is quite standard

and will be given in next section.

4.2 Proof of Theorem 4.1

This section is to prove Theorem 4.1 based on the following lemmas where a priori estimates
of solution (u°,1°)

rewriting (4.2)-(4.3) with € = 0 as follows:

= (), (),
0
r

( u, )( 70) (I/t(),VQ)( ) (417)
)=

u(a,t) =u(b,t) = .

are derived by employing the standard energy methods. We set off by
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Lemma 4.1. Suppose the assumptions in Theorem 4.1 hold and it > 0. Then there exists a
positive constant Cy independent of t such that

/brd_l[(uolnuo —u®)(¢) — (@lni — i) —1nb7(”0(t) —i)ldr

1 b
+—/ +// a-1( drdr<C0
2 Ja

t
1F4=D2(0 — (1) 12, +/ 140120 (1) |2hdt < G (4.19)
0

(4.18)

and

Proof. Taking the L? inner products of the first and second equation of (4.17) with

1 (In u® —1In i) and r4=10 respectively, we then add the results and use integration by

parts to get

d b

E/ P’ —u) — (@na — @) —na(u® — @)dr
a
1d d—1/.0\2 / a1 O)

+2dt/ WoYdr+ ol

which gives rise to (4.18) upon integration over (0,¢). We proceed to prove (4.19) by denot-

ing it = u® — . Then from (4.17) we deduce that i satisfies

il = (r" i)+ o (r* i), + o (r" =), (4.20)

Multiplying (4.20) by r*~1ii and the second equation of (4.17) by @r¢~!v, respectively, and
adding the results gives

1d
2dt

b
— [ aladr (421)
a

(=072 2, =002, ) 4 (D2 2,

1 “1/2~ L, . _
< SISl D

with ||i|| .~ estimated as follows

a(r,0)| = [u(r1) — il =

r b 1/2 b (,0\2 1/2
/ u(,)dr < (/ uodr) </ (”ro) dr) )
a a a u

Substituting the above estimate into (4.21) and then integrating the result over (0,7) we have

1 |
Slra=0/2 <>||L Sl R0 B [V de

<,

(d—1)/2.072
I PR TS
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which combined with the fact that

b
HMOHL""(OJ;L‘) <Co sup [ rF W nu® —u®) (1) — (@lni — @) — Ina(u®(t) — a))dr
tel0,f]/a

and (4.18) implies (4.19). The proof is completed.

We proceed to derive higher regularity properties for the solution.

Lemma 4.2. Let the assumptions in Theorem 4.1 hold and it > 0. Then there are constants
Cy independent of t such that

=0, 72+ 179D 2, (1) 172

! d—1.0 2 d—1)/2 2 (422)
+ [ @O + 1R ) de < 6

Proof. We multiply the second equation of (4.17) with 7~! and differentiate the result-
ing equation with respect to r, then from (4.20) we obtain

(PN = (), = 4 - (4 ta), — a(rhY0), (4.23)
Taking the L? inner product of (4.23) with 2(r4~19), to get

H( T +2a] O

_2/ d-1g,(4-1,9), 2/ (00, (4 130), dr (4.24)
=L +D.

We rewrite I as follows:

11—2d/ () (410, 2/ (F ) (10, dr = My 4+ Mo,
with

M, = %(H(rdlvo)r\liz/2+2|!rdlﬁ!|iz =10,/ V2 = V2 )
and

b b
My =<2 [ (@) ) dr =2 [ ), e < Collr R

where (4.23), the Poincaré inequality and (4.39) have been used. The estimate for I; follows
from (4.52), Sobolev embedding inequality and (4.39):

h< 2H( rh0), HLZ_'__H””L‘”H( 1), HLz+—HurHLzH( )
(4.25)

<2H( P07+ Collr D a7 (12O 4 (0,17 -
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Substituting the above estimates for /] and I, into (4.24) then applying Gronwall’s inequality
to the results and using Lemma 4.1 to conclude that

t
169000+ ) e < o (320

We proceed to estimate ||r~1)/2i,(¢)||;2 by multiplying (4.20) with 2r¢~ ', in L? and de-
rive

||rd 1/2~r||L +2[r D2 7,

b
=2 / 0),dydr+2a / (F19), iy dr (4.27)

a

=L+ 1.
By similar arguments as deriving (4.25), we deduce that
(d— (d— (d— d—
I < Hr 2|7 + Coll =D 2a | 2 (20 + (017
Cauchy-Schwarz inequality leads to
1
I < IV 7+ Goll (0, 22

Inserting the above estimates for /5 and I into (4.27), we derive

d -
PO 2 | A0
<Collr =12, |2, (|10, 4 | (K 1V0), | 12,) (4.28)

+Coll (r1V0)r I 2.

Then applying Gronwall’s inequality and (4.26) to (4.28), one arrives at
t
Hr(d_l)/zﬁr(t)uiz‘f'/o ||”(d_1)/2b~lt||i2df < Co,

which, in conjunction with (4.26) completes the proof.
O

Lemma 4.3. Suppose that the assumptions in Theorem 4.1 hold and it > 0. Then there
constants Cy independent of t such that

A0y (1) )72 4 10 (01172

! (4.29)
+ /0 (1792, 12, +al| (1 =V0), |12 ) dT < Co

and

)0+ [ (10 a4 1 )T < G 430)
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Proof. Differentiating (4.20) with respect to ¢ then multiplying the results with 2r¢~ 7,
we derive upon integration by parts

d .\ (d-1)2~ (d-1)/25 P oy -
EHI" i ||L +2||r rtHLz =-2 ,urtdr—Zu (r*" V)l
a

=15 —|—I6.

(4.31)

Applying (4.52) to #@; and @ gives

~ 0 d—1)/2 ~ ~ -
Is <Colldi | =191 22 14 10| 12 + ] 1] = 112 22 4D i | 12
d—1)/2~ 11/2 d—1)/2 ~ 3/2 d—l 2.0
<Collr =1 24, || 12| A4 g, | 22| P4 D/20)

(d—1)/2 (d—1)/2

R Lt P21 1241121 P 1

L (det)/2 _h/2- _ nys
< I 2|7+ Collr D2 | Z DO L A

where the second equation of (4.17) has been used. We use again the second equation of

(4.17) and Cauchy-Schwarz inequality to get
1 - _
Is < §||rd 1) /2 HL2+2u2Hrd 1) /2 ||2

Substituting the above estimates for Is-Ig into (4.31), then we integrate the results over (0,7)

and use Lemma 4.1 along with Lemma 4.2 to conclude that
174127, (1)|2, +/ 174172, %,d7 < C. (4.32)

Differentiating (4.23) with respect to 7 and multiplying the resulting equation with 2(r4~1v),,
we get

d, ., 4 o
L LG P [ L [ G e P 2

b
:2/ (), (410, 2/ “10),, (419, (4.33)

=+ 1.

The estimate for /7 follows from Cauchy-Schwarz inequality and (4.39)

1 < S0 72 + Co(llr D 2| + |11 2 | 7).

\SARN]

To bound I3 we first estimate [{ || (4~ 'ii,) rHisz by the first equation of (4.17) as follows:

d— i d—1~ d—
L6 a e < [ 1w+ Co [ ade- 164 e g,

(4.34)
LGyl / 1410, | %d < Co,
0
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where Lemma 4.1 and Lemma 4.2 have been used. (4.34) along with (4.39) and (4.19)
implies that

t t
/Ouarruizdréco/ow( P |5 4 D 20,2, dT < G, (4.35)

where constants Cy depend on a, b. Then noting that (r¢~1#v°),, = (¥=10) i +2(r4=1W0) .41, +
(r=149)d,, one deduces that

d 0 d— ii 0
Is < 2H( WOl + 2 2! )72
u _ - _
<)l + Collarl 7ol (= H0) 2
a2 1102+ e 2l ) 72 A+ N 72 1V0172)

We feed (4.33) on the above estimates for I7-Ig then apply Gronwall’s inequality, Lemma
4.1 - Lemma 4.2 and (4.32) and (4.35) to the result to find

t
| (rd_lvo)rr(t)Hiz + L?/O H(rd_lvo)rrHisz < . (4.36)
By similar arguments as deriving (4.34) one gets

16 an) (Ol <" (1) |+ Collan ) 221~ Wl

(4.37)
+Co? || (= 10), (1)1 72 < Co,

where Lemma 4.1 - Lemma 4.2 have been used. We differentiate (4.23) with respect to r
and conclude that

1
L6 ) e
t t t
< /0 119 | 2ad e+ Co /0 1r4=/2,| 2, d e + i / 1410, | 2t

t
+Co [ (il + el F:)de 1) g e

SC()a

(4.38)

where we have used Lemma 4.1 - Lemma 4.2 and (4.35)-(4.36). Finally collecting (4.32),
(4.34), (4.36)-(4.38) we derive the desired estimates and complete the proof.
|

We are now in the position to prove Theorem 4.1 by the above Lemma 4.1 - Lemma 4.3.

Proof of Theorem 4.1. The first part of Theorem 4.1 follows from Lemma 4.1- Lemma
4.3. Indeed, we note for g(r,t) € L*(a,b) with fixed ¢ > 0, it follows that

b (1) [ < g0l < @I g0 @39)
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Thus by Lemma 4.1 and (4.39), one derives
t
V@72 < Coll A0 @) 17 < Co, )]} +/0 li[|71d T < Co, (4.40)

where the constants Cy depend on a,b and n and we have used the Poincaré inequality
112, < Col|@||2,. Similarly, it follows from (4.40), Lemma 4.2 and (4.39) that

t
V0@ 17 + Nl 17 +/O (@]l (=072 + Nl 72) d e < Co, (4.41)
where the constant Cy depends on a,b,n and we have also used the following fact:

[ P (G e PR A D e

<a” 2(d— Z)H(rdeVO)rHEZ_i_a* (dfl)(d )b2d 2) HVOHL

Thus, by applying (4.39) to (4.30) then using (4.41), we deduce the desired a priori estimate
(4.4), which along with the fixed point theorem implies the existence of solution (x°,°) in
C(]0,%0); H*> x H?). We next prove (4.5). Integrating (4.28) over (0,c) with respect to ¢,
then using (4.18), (4.19) and (4.22) we have

“d
A AR
SCOHr(d—l)/zl/“t‘r||i2(07oo;L2) (Hr(d_l)/z"0||%w(o,ooiz) n ||(rd_lvo)r||iw(o,w;y)>

‘l’COH(rdilvo)r”iZ(Opo;LZ) < Co,
which, along with (4.19) implies that ||~(¢~1)/ 212,“%2 € W11(0,00). Hence, it follows that

lim ||, |2 =0,

which, along with the Gagliardo-Nirenberg inequality || (u® — ) (¢) (|7 < Co|| (u® — ) (¢)|| ;2| (u® —

i)r(t)]|;2 and (4.19) gives (4.5). The Part (i) of Theorem 4.1 is thus proved.

We proceed to prove the Part (i1). When iz = 0, for 0 < 7' < o0 one can easily deduce the
a priori estimates (4.6) by the standard energy method that bootstraps the regularity of the
solution (u°,v°) from L? to H>. We omit this procedure for simplicity and refer readers to
[44] for detail. Then the existence of solution (uo, vO) follows from (4.6) and the fixed point

theorem. The proof is finished.
O

4.3 Proof of Theorem 4.2 and Proposition 4.1

Let (uf,v¢) and (u°, ") be the solutions of (4.2)-(4.3) corresponding to € > 0 and &€ = 0

respectively. Then the initial-boundary problem for their differences 4 := uf — u°, w :=
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vE —10 satisfy:

0.0 (4.42)

Sﬁ(rd_lve),—Ze(wv +1%w, +v%0)
d

—€ r_zl(WﬂLVO), (r,1) € (a,b) x (0,00)
(h,w)(r,0) = (0,0),

( Alr=ab =0, W]y=a =71 — V(a,1), wr—p =72 —12(b,1).

To prove Theorem 4.2 we shall invoke an elementary result (see Lemma 4.4) on an
ordinary differential equation (ODE) and a series of lemmas on a priori estimates for the
solutions of (4.42). In particular, the L?-estimate for solution (/,w) and higher regularity
estimate for the solution component /2 will be established in Lemma 4.5 - Lemma 4.8, and
Lemma 4.9 will give a weighted L?-estimate for the derivative of w.

We proceed with the following Lemma 4.4, which gives an upper bound for solution of
an ODE involving a small parameter y. It extends a result in [9, 85] for k = 2 to any integer
k > 2. To this end, we modify the proof of [9, 85].

Lemma 4.4. Let k > 2 be an integer and 0 < T < oo. Let Cy be a positive constant in-
dependent of T and fi(t), f2(t) > 0 be two continuous functions on [0,T]. Consider the
ODE

E(0) < TR+ HOVE + G0+ +H ), (4.43)

y(0) =0.

If we set

1 1
}/Ozmin{[4(k—1)]_l<OTfl(t)dt>  [8TG(k—1)?] ( filt dt) } (4.44)

k—1
with G := Cy (efOTfZ(t)dt) . Then for every y € (0,%)], the solution of (4.43) satisfies for
t € [0,¢] that

£) < elo L0dr in )3 3 12(k—1 ! t)dt 4.45
y(t) <e -min :ma (k— )7/0 fi(t) . (4.45)

Proof. LetU(t) = y(t)e_ﬁ; £(t)d7 Then (4.43) can be rewritten as

t
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from which, we deduce that

SV <70+ GUO(1+U(0) w6

U(0) = 0.

For later use, we define

2
G:min{G, m, 16(k—1)*y’G </0Tf1(t)dt) } (4.47)

k
Now dividing both sides of (4.46) by (1 + \/g ) , it follows that

2 k—2
t) <A+ GU~(t) (1+U(1))

iU
(1+\/§U<;)> <1+\fu ) <1+\/§U(t))k_2

Then noting o < G due to definition (4.47), we deduce from the above inequality that

s
(1+\/>U )k

which integrated over (0,¢) with ¢ € (0, 7] yields,

vfit)+o

k—1 S k=1 = — 0
(” 5U(t>> (4.48)
(e}
Ve
— t)dt
where we have used the fact 6T < (\/_) thanks to the definition of 0. We shall prove that

: ﬁ (4.49)

of which the proof is split into three cases by the values of ©.
Case 1, when ¢ = G, it follows from the definition of % in (4.44) that

T T
?’/0 fl(f)dISYO/O fi(e)dt

<

e

-lkl»—‘
bl

|
[E—
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Case 2, when 0 = we have by using (4.44) again

1
4T2(k—1)°G’

O
/8
4 k-1

1
Y/ filt dt<}’o/ filt _STG( 1y

2
Case 3, when ¢ = 16(k — 1)?9°G <f0T fi(t) dt) , one immediately get

T 1
?’/0 fi(t)dt = 1

Hence combining the above Case 1 - Case 3, we conclude that (4.49) holds true and it
follows from (4.49) and (4.48) that

k—1
(1 +\/§U(I)> <4, t€]|0,T]
Ul(r) 53\/%’ t€[0,T]

which, along with (4.47) and the definition of U(¢), yields the desired estimate (4.45). The
proof is finished. O

%

bl
—_

thus

In the sequel, for convenience we denote
E(t) = [r D) |72 + - D Pw(@) |72 + el 2w (1) 172,
F(e) = 1@z + VOl + I Ol + W Ol + 191 + 72 +1. - (4.50)
The following lemma gives the L?-estimate for the solution (&, w) of problem (4.42).

Lemma 4.5. Let 0 <t < oo. Then there exists a constant Cy independent of € and t, such
that

d _ 3 (d—
g Ir ORI+ D Pl F) + 1D a0

+ 260w (1) + 2(d = Dl P @0
<Coe*F (1) + CoF (t)E(t) + CoE*(t) + CoE> () + 2&[r' 'w,w]|2.

Proof. Testing the first equation of (4.42) with 2~/ in L? and using integration by
parts, we get

d . (d-1)2,2 (d=1)/25 112 b b 41,0 0
14022, + 2] h,|yL2:—2/ r hwh,dr—z/ M (0w 4 )k dr
a a

=N+ 1.
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To estimate J;, we first note that for fixed # > 0 if f(r,¢) € H! satisfying f(r,1)|,—qp = 0 it
follows that f(r,t)? =2 [ ff.dr < 2||£(t)|| 2]l - (¢)| 12, which leads to

LF Ol < V2ILOILS AL and [1f0)]l= < Coll £l 2, (4.52)

thanks to the Poincaré inequality || f(¢)|;2 < Col|f-(t)||;2. The estimate of J; then follows
from (4.52) and (4.39):
3 1
I <Collr IR0y 2 AR B 1D
1
< g 22, 4 Coll D 4D

On the other hand, Sobolev embedding inequality and Cauchy-Schwarz inequality entail
that

1 _ _ _
T2 = gl 2 2 ol 2w 2+ Coll 42 .

Finally collecting the above estimates for J; and J,, we conclude that

%Hr(dl)/zh(t)\\iz T %Hr(dl)/zhr(z‘)ﬂiz < CoF (1)E (1) 4+ CoE(1). (4.53)

We proceed by taking the L? inner product of the second equation of (4.42) with 2r¢~ 1w to

get

d
El\rd D217+ 2e)lr 2w, |7+ 2(d = Delr 2w 2

=2e[r" w,w]|b —4e /b = ww, + ) wdr
a
+ 2/b (rdflhr + e(rdflv(r))r)wdr
a
—2¢ /b (210w, + 2, WO - (d — 1) 300 wdr
a
=2e[r Y wow] |24 3+ Iy + .
First Sobolev embedding inequality and (4.39) yield

J3 <de||wl|= |V 2w ||| D2

(d-1)/2

wl| 2
+4|VD| = |7 w72
<Coe (|Ir=D 2w, || o + (|97 0w 2) [ 1970 2w, | 2|40 2w 12

+CoelV |2 1P 2wl .

It follows from Cauchy-Schwarz inequality and (4.39) that

(I _
Ja < §I|r(" V20|72 + Coll =V 2wl 72+ Cog? VI



4.3 Proof of Theorem 4.2 and Proposition 4.1 81

Moreover Sobolev embedding inequality, Cauchy-Schwarz inequality and (4.39) lead to

Js <ellr 0w 72+ Coe |Vl 1 2wl 7

2|0 202, 1 Coe? V0|4 + Co? (V0|2

Collecting the above estimates for J3-J5 and recalling that 0 < € < 1, we end up with

d
w12 +28Hr Pwi()172+2(d = Dellr w7
<2¢[r'" wowlla + ||rd V2h,(1) 172 + CogF (1) + CoF (1)E (1) + CoE (1),

which, adding to (4.53) gives the desired estimate and finishes the proof.

We turn to estimate the derivative of w and the boundary term in (4.51).

Lemma 4.6. Let 0 <t < oo. Then there exist constants Cy independent of € and t, such that

d 1
el 2w, 0) 22) + 5 14D P ()|
<Coe?F (1) + CoF (1)E(t) + CoE> (1) (4.54)
1A (1) |72 + 2€ [ wpw
and
2e[r® tw,w] |24 2e[r? w2
<Coe'/*F(t) + CoF (1)E(t) + CoE*(t) (4.55)
1 1
+ §||r(d_])/2wt(t) “iz + gHr(af—l)/zhr(t) Hiz

Proof. Taking the L? inner product of the second equation of (4.42) with 2r¢~!w,, then

using integration by parts we have

d _
el 2 (1) |2, 42w 1) 2

b b
=2e[r tw,w] |2 — 48/ = Yow,widr — 48/ r w90, 00 wydr
a a
b
+ 2/ [rdflhr +e(rW), —e(d— 1) 3w —g(d - 1)rd73v0] wedr
a
:28[rd_1wrw,] |Z +Js+J7+J3.
We first apply Sobolev embedding inequality and (4.39) to deduce that

Jo <Coelwll g 7= 2wl =D |

(d-1)/2

1 _ _ _
< 1D 22 2, Cog? (= 2 |2, D 2 [ 2,
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and that
1 _ _ _
J7 < gHr(d D217+ Cog? (IV 17 102w 2+ IVl 1A 2wl 22+ 01150
Moreover Cauchy-Schwarz inequality entails that
9 _ _ _
g < Sl o 2+ [ |2, 4 Cog (0130 + 17 2w ).
Then (4.54) follows from the above estimates on Jg-Jg. It remains to prove (4.55). By the

definition of w and Gagliardo-Nirenberg interpolation inequality, one deduces that

2e[r  w,w]|} <Collwil| = (|91 + [92] + V0| =)

1 1
3 3 _ _ 0
<Coe([lwrllf2 lwrrll f2 4 [well 2 ) ([91 [ 4 [92] 4 [[V7] [ 1)
<Ce? lwrrll72 +Co(1+1/8)ellwrl72
+Co(e" 2+ &) ([71] + [92] + [V 1),

(4.56)

where { is a small constant to be determined. By a similar argument as deriving (4.56) and
the second equation of (4.2) with € = 0, we further get

2e[r " wowe] [ <EE¥ wirllfz + Co(1+1/8)ellwel| 72 +Cole"? + ) v 17

(4.57)
<CEX wirll72 +Co(1+1/8)ellwill> + Cole"* + ) ||| F-

To bound the term HWrrHiz in the above two inequalities, we use the second equation of
(4.42) and Sobolev embedding inequality and derive

&2 [lwrrl172 < Cr(E21P 2wl 2 V01172 + €11 2wl 2 =D | 7,
+ {1 2w | 4 €D 2w | 7+ DR 7
2 (d=1)/2, 12 o 201 d=1)/2, 112 11,0112
+ [P 2 + PP || 01

+ &)1 w17+ €2Vl E + 20017,

(4.58)

where we have used the notation C; to distinguish it from the constant Cy in (4.56)-(4.57).
Finally feeding (4.56) and (4.57) on (4.58) then adding the results, we obtain (4.55) by
taking small ¢ so that C1{ < % and by using 0 < € < 1. The proof is completed.

O

We next apply Lemma 4.4 to the combination of Lemma 4.5 and Lemma 4.6 to obtain

the following result.

Lemma 4.7. Let 0 < T < oo and € € (0,€r] with er defined in Theorem 4.2. Then there

exists a constant C independent of €, depending on T such that

2 2
”hHLw(o,T;LZ) + HWHL""(O,T;LZ) (4.59)

B—

2 2 2
+8HW’||L°°(0,T;L2) + ||h’”L2(0,T;L2) + ||Wf||L2(0,T;L2) < Cez.
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Proof. We first add (4.54) and (4.55) to (4.51) and find

d 1 1
SE@)+ 71D 0)12 4200 — Vel w0+ 5 17 P (0]

1 (4.60)
<Coe2F (1) 4 CoF (1)E(t) + CoE?(t) + CoE> (1),

where 0 < € < 1 has been used. Then we apply lemma 4.4 to (4.60) by taking k=3, y= gl/2
and f1(¢t) = f2(t) = CoF (t) to conclude for € € (0, er] that

2 2 2
HhHLm(()j;LZ) + ||W||Lw(()7T;L2) ""SHWFHLW((LT;U)

0

where (4.39) has been used. Then we integrate (4.60) over (0,T) and applying (4.61) to the
result to deduce that

4.61)

2 2 2 2 2 3

HhHLw(o,T;LZ) + HW”Lw(oyT;LZ) + eerHLw(o,T;y) + Hhr”LZ(O,T;LZ) + HWIHLZ(QT;LZ) < Cez,
where the constant C which depends on T and [y F(r)dt is finite thanks to Theorem 4.1.
The proof is completed. (|

Higher regularity estimate for the solution component / is given in the following lemma.

Lemma 4.8. Suppose 0 < T < oo and € € (0, er]. Then there exists a constant C independent
of €,depending on T such that

Hhr”i‘”(O,T;LZ) + ||ht||iw(o7T;L2) + Hhrt”i2(0’T;L2) < ce'/?. (4.62)

Proof. We first take the L? inner product of the first equation of (4.42) with 2r?~14, and
use integration by parts to get

d _ _
S0 2 2, 42D 2

b
=— 2/ r = (hw + P + WO by dr (4.63)
a

< S 1P 72 4 ol 172 w72+ a1 w72 + 117 10172).

| =

Then differentiating the first equation of (4.42) with respect to t and multiplying the resulting
equation with 2r=1p, in [2, we derive

d _ _
EHr(d tht”%z +2||r(d thrt”iz

b b
=— 2/ rd_lh,wh,tdr—Z/ ré1 (hwt +u?w+u0wt +h,v0 +hv9)hﬂdr
a a

=K +K,.
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The estimate for K; follows from (4.52) and (4.39):

K1 <Collr @1/ 2hy| 222412012 w2

1 _ _
<Z||V(d D2 hy|[72 + Collr“= D2 h | w7
Moreover, Sobolev embedding inequality and (4.39) entail that

1 _ _
Ko < 1r4= 02 24 Co (=72 2 w2 + 1 1w )

0 0 (d-1)/2
+co(uu e 22 0 =72 3+ 2 2

Then collecting the above estimates for K-K;, one derives

d
D 2 s ||rd D2h,.13,
sco<||w||Lz+||v°||H1>||rd D21,112, 4 Collwe 13|74 D72, |12, (4.64)

+ ol 7 lwellZ2 + N IF 112072) + Collla 7 + 1 2 IV ) Il

where we have used inequalities ||u? HH1 < CO(HMOHIzp + H“()H?p HvOHiﬂ) and |[v? HH1 < C()HL!OHIZ,JZ,
thanks to the first and second equations of (4.42) with € = 0. Finally by adding (4.64) to
(4.63) and applying Gronwall’s inequality to the result, then using (4.59) we obtain (4.62).
The proof is completed. H

We turn to establish a weighted L?-estimate (enlightened by [30]) on the derivative of
solution component w.

Lemma 4.9. For 0 < T < oo and € € (0,€r], there exists a constant C independent of &,
depending on T such that

H(r_a)(r_b)wruiw(()j;y) +8H(r_a)(r_b)wrrHiZ(O’T;Lz) < C£1/2‘

Proof. Taking the L? inner product of the second equation of (4.42) with —2(r —a)?(r —
b)?>w,, and using integration by parts to get

d
L= a)(r=b)wi |12 + 2| (r = @) (r = b)w |72

:—ZS/b(r—a)z(r—b)zw [ : (r* =19 —d_l(w—f—vo)]dr
p rr rd*l r/r r2

b
+4s/ (r— a2(r — b)2wyr (W 0w, +v90)dr
a

b b (4.65)
—4/ (2r—a—b)(r—a)(r—b)wrw,dr—2/ (r—a)z(r—b)zwrrhrdr

b d—1
—28/ (r—a)z(r—b)zw,r<—wr—2wwr)dr
a r
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We next estimate K3-K7. Indeed Cauchy-Schwarz inequality, Sobolev embedding inequality
and (4.39) yield

1
K3 +Ky SgEH(r—a)(r—b)wrrH%z
0112 2 012 2 012 2 04
+Coe (V7[5 + Wl 2 + [V [ w72 + 1V g well 2 + 17 110)
and
1
Ks+ K7 Sgs\l(r—a)(r—b)wrr!\iz +Collwi 72

+Co(1+e+elwl +elwllf2) 1 (r— a) (r— b)w, 7.

For the term Kg, we use integration by parts and the first equation of (4.42) to get
b b
Ks :4/ (2r—a—>b)(r—a)(r—b)w,hdr+ 2/ (r—a)*(r —b)*w,h.dr
b
:4/ (2r—a—>b)(r—a)(r—>b)w,h.dr
d—1
+2/ r—a)*(r—bPw, (b — =, )dr
—2/ r—a)*(r—b)*w,(hw+u’w),.dr

—1
(hw + 1w+ ) | dr

—2/ r—a)-(r— )w,[(hv)
:=R{+ Ry +R3+Ry.

We proceed to estimate R1-Ry4. First it follows from Cauchy-Schwarz inequality that
Ry +Ry <2||(r—a)(r—b)wyl[72 +Colllhr |72 + |11 ).

Moveover, we use Cauchy-Schwarz inequality and apply (4.52) to & and (r —a)(r —b)w to

derive

Ry <2(||hl|= + [l =)l (r = @) (r = b)w, |2
+ 2|1kl 2+ el 2) 1| (= @) (r = D)well2 || (r = @) (r — b)wl| =
<Co([lhrll 2 + 1| )| (r = @) (r = BYw 72
+Co[lhrll 2 + el )N (r = @) (r = BYw | 2 [[(r = @) (r = bYWl 2
<Co(([lhrll 2 + 1|1 + DIl (r = @) (r = BYwel| 72 + Colll Al 72 + I 7o) 1wl 7

The estimate for R4 follows from the Sobolev embedding inequality, (4.52) and Cauchy-

Schwarz inequality:

Ry <Col|(r — a) (r = b)w, |l 2 (1wl 2 + Wil 2 + 100 1)
<[I(r—a)(r = b)w,lIz2 + Colllhellz2 Iwll 2 + 1l I IwllZe + A7 V).
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We thus conclude from the above estimates for R-R, that

Ko <Co(llell 2 + 1’| g1 + DI (r = @) (r = b)w |72
2 2 2 2 02 2 2 012
+Col[lAr Iz + M1l + A2 W1z A+ e g w1z + 1l 2 v ) -

Substituting the above estimates for K3-K7 into (4.65), then applying Gronwall’s inequality,
Lemma 4.7- Lemma 4.8 and Theorem 4.1 to the result, we obtain the desired estimate and
complete the proof.

OJ

By a similar argument as the proof of Theorem 2.2, one can prove Theorem 4.2 based
on the results derived in Lemma 4.7 - Lemma 4.9. For the sake of self-containedness and
reader’s convenience we briefly sketch the proof.

Proof of Theorem 4.2. By Lemma 4.7 - Lemma 4.8 and Sobolev embedding inequality,
we deduce that

1/4
1 = 10| = 0,7:Crap)) < Collu® = 10| o oy < CEMA,

5(r—a)*(r—b)? holds for § < 244 and r € (a,b),

which proves (4.8). Clearly 8% < <o a)
thus it follows from Lemma 4.9 that

b—6 4 b—§5
3 [ g i< o [ =l Gbhitaar<ce®, refo

which, along with Lemma 4.7 and Gagliardo-Nirenberg inequality entails that

V¢ =0l 0.7:Clars.6-8)) Co(IWll=(0. 1206 5—8))
1/2 1/2
+ ||W||L°° 0.7:L2(a+8 ,b—5)) HWrHLw 0.T:L2(a+8,b— 6)))

<Cl(e gl/4 gl/8 g1/85- 1/2)

<cel/As—12,
provided 6 < 1.

Hence we derive (4.9) and we next prove the equivalence between (4.10) and (4.11).

Assume [°u?(a,7)d7 # 0 for some to € [0,T]. Then integrating the second equation (4.2)

over (0,%) along with compatible condition v; = vo(a) gives

fo
V(a,10) = 7y -l—/ ul(a,7)dr. (4.66)
0
We thus have

Kminf |[v¢ — vl 1=(0.7:Clap)) = liminf |51 —v°(a,19)| > 0.
e—0 o e—0
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Similar arguments lead to (4.10) when assuming that [,° u%(b, T) dt # 0 for some to € [0,T].
We thus proved that (4.11) implies (4.10). The proof of (4.10) = (4.11) will follow from
the argument of contradiction. Indeed, if we assume that (4.10) holds and the opposite of
(4.11) holds, that is

t t
/u(,’(a,r)dr:o and /u9(b,r)dr=o, forallz € [0,T),
0 0

which, along with (4.66) leads to w|,—,» = (V¢ —V°)|,—g.p = 0 and wy|,—g p = [(VE —V°)|,—ap)r =
0. Thus the terms 2&[r~'w,w]|2, 2&[r*'w,w,]|% in (4.51) and (4.54) vanish and by similar
arguments as deriving (4.61), we conclude that

Hh”iw(oj;LZ) + HWH%M((),T;LZ) +£||Wr||i°°(0,T;L2) < Ce.
Applying Sobolev embedding inequality gives rise to
lim Ve =l 2=(0.7:Clap)) < Co lim ([[wll =0, r:22) + Wrll L=(0,7:22)) = 0

which contradicts with (4.10), thus (4.10) implies (4.11) and they are equivalent. The proof
is completed. U

The proof for Proposition 4.1 is partially similar to the proof of [29, Proposition 2.8.],
we shall mainly detail the proof (4.15) and (4.16) (which are newly derived estimates com-

pared to [29]), and omit the similar part for brevity.

Proof of Proposition 4.1. By the argument used in the proof of [29, Proposition 2.8.],

we derive from the second equation of (4.13) that
£ ! € £\2 € d—1 €
c®(r,t) = co(r)exp —ut+e(V) =i —e——v|dry,
0 r

(1) = co(r)exp {— /Ot uodf} 7

with v& = —i—z. By a similar argument used in proof of [29, Proposition 2.8.], one derives

(4.67)

(4.14) from (4.67). We proceed to prove (4.15). First, by the assumption vog = —(Incy), of
Proposition 4.1 we deduce that

co(r) = cola)e e 0% = co(b)e I, (4.68)

which implies that co(a) # 0, co(b) # 0 since otherwise it follows from (4.68) that co(r) =0
for r € [a,b], which contradicts with the assumption Inco € H 3. Thus it follows from (4.68)

co(r) >0, r € [a,b).
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From (4.68), (4.67) and (4.14) we conclude there exists ¥ > 0 depending on 7 such that

E(rt) >y, E(nt) >y for (rt) € [a,b] x [0,T)] (4.69)
and for € small enough. On the other hand, by the transformation v = —% we derive
& — = (v& =Vt +10(cf — ), (4.70)

which, in conjunction with (4.9) and (4.14) that
Ic€ = (0.7 :clar8.5-8) <IVE = VOll=0.7:Clats 56 (I z=(0.7:(as)) +CE*)
+C81/4HCOHLW(O.,T;[a,b})
<cel/ts-112,

where 6 < 1 have been used thanks to 6(€) — 0 as € — 0. We thus derived (4.15). It remains
to prove that (4.16) is equivalent to (4.11). First, it follows from (4.14) and (4.70) that

o 0 0 .. 0
liminfl|cf — ;|| z=(0.7:clap)) =€ ll2=(0.7:Cpasp Hminf [V =7l (0 7:cla b))
e—0 e—0 (4 71)
. 0 ’
2Cl1ggf|]v£ =V | 2=(0,7:Cla,))-

Dividing (4.70) by ¢ then applying a similar argument as in (4.71), along with (4.69) and
(4.14), one deduces that

.. e 0 o e 0
llggfllv -V HL""(O,T;C[a.,b]) Zllggf||cr—Cr||LW(o,T;C[a,b})7

which, in conjunction with (4.71) indicates the equivalence between (4.16) and (4.10). Then
we conclude that (4.16) is equivalent to (4.11) by using Theorem 4.2. The proof is complet-
ed.

O



Chapter 5

Stability of Boundary Layers in a Half
Plane

In the previous chapter, we have studied the multi-dimensional boundary layer problem of
system (1.4) on its radial solutions, which is intrinsically still a one-dimensional problem
though some additional challenges in analysis have been encountered compared to the one-
dimensional case. Nevertheless, the result on radial solutions derived in Chapter 4 indicates
that the boundary layer singularity indeed exists for system (1.4) in multi-dimensions. This
chapter will proceed to investigate the boundary layer problem of (1.4) in two dimensions,
which pertains to more realistic situations (cf. [78]).

Due to the special structure of (1.4), there are several essential differences between one
and multi-dimensions as to be mentioned below. From the Cole-Hopf transformation (1.3),

the curl for V must be intrinsically free:
Vxv=0 (5.1)

which implies that V|¥|> = 2¥- V¥. Then the second equation of (1.4) becomes ¥, + 2V -
Vv — Vu = €AV, which is surprisingly analogous to the incompressible Navier-Stokes (IN-
S) equations (1.5) (see Chapter 1) by putting w = vV and p = —u. As aformentioned in
Section 1.2 (see Chapter 1), it is well-known that the inviscid limit of the INS equation-
s will generate boundary layers if the physical boundary conditions (1.6) are prescribed.
However, the convergence of solutions of the INS equations to its limiting Euler equa-
tions (namely (1.5) with € = 0), in two or higher dimensions as € vanishes still remains
unjustified due to the appearance of (degenerate) Prandtl’s boundary layer equations (see
[71]) whose well-posedness in Sobolev spaces is open except for analytic or monotonic
data [1, 15, 20, 53, 65]. As such, due to the analogy between (1.4) and the INS equation-
s, a natural concern is whether the KS system (1.4) with Dirichlet boundary conditions in
multi-dimensions will generate similar Prandtl’s boundary layers making the vanishing lim-
it problem as € — 0 unverifiable? This question does not exist in one dimension but must
be first elucidated in higher dimensions (see more details in the end of this section) before

taking the next step. Moreover the system (1.4) is invariant under the scaling for any A > 0:
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uy (X,t) = A2u(A%,A%), v, (%,t) = A¥(A%,A%t) which indicates that the critical space di-
mension of (1.4) in the framework of Sobolev spaces is N = 2, and N = 3 is supercritical
while N =1 is subcritical, same as the Navier-Stokes equations (see [13]). But analysis of
(1.4) is somewhat more difficult than the INS equations due to the lack of the divergence-
free condition which is critical for the existence of large solutions to the INS equations in
two dimensions (e.g. see [17, 58]). Indeed, although large-data solutions of (1.4) in one
dimension have been obtained, none of the large-data solutions has been obtained in the
multi-dimensions so far even for the critical space dimension N = 2 (cf.[69, 82]). This is
the second difference from the one-dimensional case. Thirdly, in order to preserve the curl-
free condition (5.1) so that the results of (1.4) can be transferred to the original Keller-Segel
system (1.2), the condition (5.1) has to be taken into account when prescribing boundary
conditions. However no such concern is needed in one dimension.

Bearing these structural differences between one and multi-dimensions, in this chapter,
we shall exploit the inviscid limit and boundary layers for the system (1.4) with Dirichlet
boundary conditions in two dimensions. For simplicity, we consider the problem in the half
plane Q@ = {¥ = (x,y) € R? | y > 0} and hence dQ = {(x,y) € R?| y = 0}. For illustration,

we rewrite (1.4) as follows

up— V- (uv) =Au, (x,y,1) € R xRy X (0,00)
Vi 4+ V(e[V]> —u) = eAv, (5.2)
(u,\_f)(x,y,O) = (M(),\_/"())(X,y)-

In the sequel, let ¥ = (v{,v2) and hence V x ¥ = d,v» — dyv;. Taking the curl on both sides
of the second equation of (5.2), one can get d;(V x V) = €A(V x V). This indicates that
to preserve the curl-free condition V x ¥ = 0 which is an intrinsic requirement from (1.3),
except that the initial condition is required to satisfy V x V5 = 0, we also need the condition
V xV]gq = (dva — dyv1)|yq = 0 for € > 0. Thanks to this curl free condition, the physical
boundary conditions of solution components v; and v, are dependent and can be prescribed

as:

{u|y:0 =ii(x,1), (VX ¥)|y=0 =0, va|y—0 = #(x,1), ife>0, 53)

uly—o = i(x,1), ife=0.

where i(x,¢) and v(x,7) are functions of x and 7 representing the boundary conditions.

We shall study the stability of boundary layers of system (5.2)-(5.3) in the present chap-
ter. By the BL theory [71, 75], we anticipate that the solution (u®,v®) (where V¢ = (v{,v$))
of (5.2), (5.3) with small € > 0O consists of two parts: the outer layer profile and inner
(boundary) layer profile. Furthermore the inner layer profile for u® will be absent since

the boundary conditions for u between € > 0 and € = 0 are consistent (i.e. u® converges
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uniformly in €). The approximation for (u®,v¢) ought to be:

uf (x,y,1) = u®(x,y,1) + O(e'/?),

vE(x,y,1) = v0(x,y,1) + <v?’0(x,% 1), vgo(x, \;5 )) +0(e'/?),

where the outer layer profile (u°,7%) = (u%,»?,19) is the solution of (5.2), (5.3) with € = 0;

the inner layer profile (vlf 08 0) rapidly adjusts from a value away from the boundary layer

to another value on the boundary. Actually the inner layer profile vl’ = 0 as well, since

formally it follows from the above expansion and the curl-free condition (5.1) that

’V?(X,y,l‘) _V(l)(x,y,t)l :’/ 8S(V?(X,S,t) _v(l)(x7sat>)dS’
—‘/ 0 (V (x,8,) — VS (x,5,1)) ds

<e' [ |8 e, n.0ldn +0(e" ),

where [ |8xv§’0(x,n,t)|dn is uniformly bounded in €. Therefore, the profile (uf,v¥¢) is
expected to be

=E _ 50 BO( Y 1/2
VE(x,y,t) =V (x,y,t)-l—(O, vy (x,\/g,t)>+0(8 ).

Due to the similarity between the second equation of (5.2) and the INS equations, justifying

(5.4)

(5.4) seems to be a great challenge at first glance since we suspect if vg’o satisfies a degen-
erate Prandtl type equation (as INS equations do) whose well-posedness with general initial
data in Sobolev space still remains as a grand open question in spite of numerous attempt-
s (cf. [21, 27, 73, 74, 84, 86]), where the Prandtl equation lacks diffusive dissipation in
x-direction to control the nonlinear convection term in x-direction. However, thanks to the
special structure of (5.2), the nonlinear trouble convection term SVMZ in (5.2) vanishes as
€ — 0 and the resulting limit equation v; + Vu = 0 is fundamentally different from the Euler
equation - limit equation of INS. Indeed a formal analysis will show that the boundary layer
equation of (5.2) for vl;’o is not of Prandtl’s type in two dimensions (see (5.10) in section
5.2). This key observation promises us a possibility to justifying (5.4). For brevity, instead
of (5.4) we shall prove in Theorem 5.2 a similar result with convergence rate for v replaced
by 0(81/ #), followed with a remark stating the sufficient conditions on initial and boundary
data to rigorously prove (5.4).

The organization of this chapter is as follows. In Section 5.1, the initial-boundary prob-
lems for outer and inner layer profiles will be exhibited. We shall give the main results on
the boundary layer problem (5.2)-(5.3) and the ideas for their proofs in Section 5.2. Section
5.3 and Section 5.4 are devoted to the regularity estimates for the outer/inner profiles and

the remainders, respectively. With these regularity estimates in hand, we shall prove the
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main results, Theorem 5.1 and Theorem 5.3 in Section 5.5. Finally, Section 5.6 is a formal
derivation for the outer and inner layer profiles of Section 5.1.

5.1 Equations for Outer/Inner Layer Profiles

In this section, we are devoted to deriving the equations for outer and inner layer profiles
by applying formal asymptotic analysis to solutions (u®,V¥) of (5.2), (5.3) with small € > 0.
Note that the thickness of boundary layer has been formally justified as 0(81/ %) in appendix
of [29] and thus for (5.2), (5.3) by similar arguments used there. Hence based on the WK-
B theory (see e.g. [29], [26, Chapter 4], [22, 72]), solutions (u®,V?) have the following
expansions in € for j € N:

E(x,y,0) = Y &2 (uh (xy,0) + i (x,m, 1))
=0

- (5.5)
V)= Y e (M ) + 7 @),
=0
where the boundary layer coordinate is defined as:
=22, ye(0,) (5.6)
n - 81/27 y ) . .

Each term in (5.5) is assumed to be smooth and the boundary-layer profiles (15/,75/) enjoy

the following basic hypothesis (see also [26, Chapter 4], [22], [72]):
(H*) uPJ and ¥B/ decay to zero exponentially as 1 — co.

In order to obtain the equations for outer and inner layer profiles in (5.5), the analysis will
be split into three steps. First the initial and boundary values follow from the substitution
of (5.5) into the third equality of (5.2) and (5.3). Then we deduce the equations for layer
profiles by inserting (5.5) into the first and second equations of (5.2) successively. Applying
these procedures and using the asymptotic matching method (detail is given in Section 4.6)
we deduce that the leading-order outer layer profile («/,#:0)(x,y,t) satisfies the following
initial-boundary value problem:

( u,I’O —V. (uI’OUI’O) —i—Aul’O, (x,y,t) ERxR; x (0,T)
17,1’0 = VuI’O,
(u0,50) (x,v,0) = (ug, Vo) (x, ).

\ ul¥(x,0,1) = ii(x,1).

(5.7)

Note that (5.7) is exactly the system (5.2), (5.3) with € = 0, whose solution is denoted as
(u®,3%)(x,y,1). Then we conclude that
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thanks to the uniqueness of solutions. The leading-order inner layer profile #5°(x,n,1)
satisfies

#Ox,m,0) =0
and vf’o (x,m,1), the first component of ¥39(x,n,1), solves

a0 =0, (emn) ERXRyx (0,T)
V50 (x,1,0) =0, (59)
8,7\/?’0()6,070 = 07

which gives rise to vlf’o(x, n,t) =0, by the uniqueness of solutions.
The second component of ¥2(x, n,¢) fulfills

8tv +a(x, ) = 82\/2 , (o) eRxRL x(0,T)
va0(x,m,0) =0, (5.10)
V30(x,0,1) = #(x,1) =5 (x,0,1)

and the first-order inner layer profile %! (x,n,t) is determined by vl;’o (x,m,1) via
P (m0) = aten) [ V800 L0 de. (5.11)
n

Moreover, the first-order outer layer profile (x>!,%"'!)(x,y,t) is the solution of

(W =V @) V- T+ A (x,y,t) e RX Ry x (0,T),
‘7’[171 :Vul,l,
(uleVI’l)(x?y?O) = (070)7
W (x,0,1) = —ai(x, 1) / V(e 1, 8)dn.
0

(5.12)

\

For the first-order inner layer profile ¥%! (x, n,¢), its first component vf’l (x,m,t) satisfies

atva — aqu’l = 8%\/?’1, (.X, TIJ) ceRx R+ X (O’ T)
v?’l(x,n,()) —0, (5.13)
anvf7l<x7 0’ t) = 8x\7(x,t) - ayvll’o(x’(),t),

and its second component vg’l (x,m,1) solves

atvg’l-i—ﬁ(x,t) 82 (véo(th)—i—vz 817\1 —|—/ D(x g,

V3! (x,,0) = (x,n) €R xRy 5.14)

VI (x,0,1) = =51 (x,0,1).
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The second-order inner layer profile u?2(x, n,t) is given as

WB2(x,m,1) = di(x, 1) /n B (1, Cr) g - /n i /:cb<x,s,r>dsdc, (5.15)

where

D(x,1,1) =" (x,0,6) + 15 Iy + OO (x,0, )5

(5.16)
+ I (15 (6,0,0) +157) + NI (x,0,1) I
Finally, vf’z(x, n,t) the first component of ¥%?(x, 7,¢) solves the following problem:
a,vf’z =—0 [2\/2 (x,0 t)v2 —I—vgo BO] + ol 8%\1?’2,
WA xm,0)=0,  (r,n) eRxR: (5.17)

vy (x,0,1) = = Ay (x,0,1).

The derivation of (5.7)-(5.17) will be detailed in Section 4.6 and their well-posedness will
be readily discussed below. One can go further to deduce the initial boundary value prob-
lems for (u!/ V7)), (uB’j“,vf’] H,vg’J ) with j > 2 by the asymptotic analysis, however the
higher-order terms (5.9) - (5.17) are sufficient to conclude our results.

5.2 Results on Stability of Boundary Layers

For later use, we first introduce the following compatibility conditions:

i(x,0) =up(x,0),
0,ii(x,0) =[V - (uoVp) + Aug)(x,0),
92ii(x,0) =V - [9;ii(x,0)¥(x,0)] + V - [t Vo] + Ad,ii(x,0),
33i(x,0) =V - [92i(x,0)¥(x,0)] 42V - [9ii(x,0) Vo]

+V - [ugVa,i(x,0)] + Ad2i(x,0),
dti(x,0) =V - [93i(x,0)¥y(x,0)] + 3V - [3%id(x,0) Vi (x,0)]

(A7) _ _ 2 e
+3V - [0,ii(x,0)V,ia(x,0)] + V - [ug VI ii(x,0) V],
v(x,0) =vo2(x,0),
9,v(x,0) =dyup(x,0),
979 (x,0) =0y[V - (ug¥o) + Aug) (x,0),
379 (x,0) =0,V - (V - (ug¥o) + Aug )] (x,0) 4 V - (ug¥o) (x,0)
L +A[V - (upVp) + Aup)(x,0),

where the first five and the last four equalities are respectively the compatibility conditions
of problem (5.2), (5.3) with € = 0 (up to order 4) and problem (5.10) (up to order 3). The
definition of the compatibility conditions (for initial-boundary problem (3.18)) has been stat-
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ed below (3.18) in section 3.3 and the little lengthy compatibility conditions (A*) here are to
guarantee the well-posedness of out/inner layer solutions (see (5.7)-(5.17)) in the required
Sobolev space (see Lemma 5.1- Lemma 5.5 in section 5.3) and ultimately to prove the main

result, Theorem 5.2.

To prove the stability of boundary layers, we need the following regularity on solutions
of (5.2)-(5.3) with € = 0.

Theorem 5.1. Assume that the initial and boundary data satisfy

ug, Vo € H9, uy >0,V xvy=0; 8,"[1, 8,"\7 er’ (O,OO;Hxloizk), 0<k<5

loc

and the first five equalities of (A*) hold. Then there exists 0 < T < oo such that the prob-
lem (5.2), (5.3) has a unique solution (u°,v°)(x,y,t) with € = 0 on [0,T] satisfying V x
70(x,v,1) = 0 and

o’ e L2(0,T;H'O"%), k=0,1,2,3,4,5;
o0 e 120, T;H'2%), k=1,2,3,4,5;
v0e L=(0,T;H).
The proof of Theorem 5.1 is quite standard and we omit it for brevity and refer the reader
to [42, Theorem 1.1] for details, where the local well-posedness of (5.2) with Q = RY (d >2)

is proved.
We are now in a position to state the main results of this chapter.

Theorem 5.2. Suppose that the initial and boundary data
o, Vo € H?, ug >0,V x v =0; 9k, dfv € L2,.(0,00;HI*2) 0<k <5

satisfy the compatibility conditions (A*). Let (u®,%°)(x,y,t) be the solution of (5.2), (5.3)
with € =0 and let T > 0 be less than the maximal existence time of (u°,v?). Let e > 0 be the
constant defined in Lemma 5.8, which is decreasing in T. Then for any € € (0, &r], problem
(5.2), (5.3) admits a unique solution (uf,v€) € C([0,T];H* x H?) on [0,T] satisfying V x
vE(x,y,t) =0 and

||u£(x,y,t) - uo(xayat)HL""((LT;L"") < CSI/Z?

. 5 B,0 y
Hve(xayvt) o VO(X,y,t) - (0,V2 ) (X, _7t) HL°°(0,T;L°°) < C81/47

NG

(5.18)

where the constant C is independent of € and

m-0? , -
MRS, [@(5—9(x,0,5)— d(x,0,5))|d{ ds.
(5.19)

B,
&)

NELIES /OI/OM \/ﬁe
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Remark 5.1. The convergence rate for v in (5.18) can be enhanced to 0(81/ 2) by first
including the higher-order profiles (u'?,v"?), (8?3, vf’3 , vg’z) in the approximation (U%,V9)
(see Section 5.5), then applying the similar procedures as proving (5.18) based on a stronger

assumption on initial-boundary data: u®,v° € H'', ok, 9}v € L2 (0,00, HI>2F).

Remark 5.2. The regularity of (u€,v€) € C([0,T|; H* x H?) in Theorem 5.2 is much lower
than that of the given initial data (uy,vo) € H®, since the conditions (A*) only provide the 0-
th order compatibility condition for problem (5.2), (5.3) with € > 0. By assuming further that
the initial-boundary data satisfy the compatibility conditions of (5.2), (5.3) (with € > 0) up
to order 4, the regularity space of (u€,v€) can be improved to C([0,T);H® x H®), however

the regularity derived in Theorem 5.2 is sufficient to conclude the main result (5.18).

The corresponding initial-boundary value problem of the original chemotaxis model
(1.2) reads as

7

uy =V -[Vu—uV(lnc)], (x,y,t) e Rx R4 x (0,7),

¢; = €Ac —uc,

(u,¢)(x,,0) = (up,co)(x,y), (5.20)

uly—o = a(x,t), [Ve-i+v(x,1)c]ly—0 =0, if e >0,
ku|y:o:ﬁ(x,t), ife=0,

where 7 is the unit outward normal of RZ = {(x,y) € R?|y > 0}. Then as a consequence of
Theorem 5.2, we get the following results for the problem (5.20).

Theorem 5.3. Suppose (ug,Incy) € H® x H'O with ug, co > 0. Let the assumptions in Theo-
rem 5.2 hold with vy = —VC—EO. Then (5.20) admits a unique solution (uf,ct) € C([0,T]; H? x
H?) for € € (0,&r] and (u°,c°) € C([0,T]; H® x H'®) for € = 0 such that

||u£(x,y,t) - uo(x7y7t)||L°°(O,T;L°°) < C£1/2’

(5.21)
HC£<X,y,t) o Co(x7y7t)HL°°(0,T;L°°) < C81/4

and

0 0 B,0 y
||VC€(x,y,[)—VC (X,y,l)+C (x7y=t)(07 V2 (xa_

\/g,t))||Lw(o7T;Lw)§Cel/4, (5.22)

where the constant C is independent of €.
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5.3 Regularity of Outer/Inner Layer Profiles

To assert the well-posedness on solutions of (5.10)-(5.17), we first introduce some prelimi-

nary results. In particular, to solve (5.10) and (5.14) we introduce the following system

91(x7n,t)+ﬁ(xat>9(xan7t) = 8%9(x7n7t)+p(x7n7t)7 (XJTJ) eR XR+ XR+
0(x,n,0) =0,

(5.23)
The corresponding regularity result on the solution of (5.23) is as follows.

Proposition 5.1. Let 0 < T < oo and m € N. Suppose p satisfies for all | € N that
Ik 2 L py2m—2ky?2
(n)'d'p € L°(0,T;H,™" “Ly), k=0,1,---,m
and i(x,t) satisfies
ki e L2(0,T;H>" 12 k=0,1,---,m.

Assume further that p and i satisfy the compatibility conditions up to order (m — 1) for the
problem (5.23). Then (5.23) admits a unique solution 0 (x,n,t) on [0,T] such that for any
leN

()'9}6 € L=(0,T; HY™ **Hy) N L*(0, T Hy" *Hy), k=0,1,---,m.

We omit the proof of Proposition 5.1 since it is standard and refer the reader to [16, page
380-388] for detail.
To study (5.12) we shall employ the following initial-boundary problem

(1 =AR+V - (i) +V () +f,  (x01) ERXRL xRy
W = Vh+3,
(s . (5.24)
(h,W)(X,y,O) = (hO,WO)(X,y),
\h|y=0 :()7

whose well-posedness is as follows.

Proposition 5.2. Let 0 < T < o and m € N.,.. Suppose that (hy,Wwo) € H*"~! x H*"~! and

8tkf€L2(O,T;H2m_2_2k), 8tk§€L2(O,T;H2m_1_2k) fork=0,1,--- ,m—1,
kfi e L0, T:H*™ 1725 9kf, e L2(0,T;H*" %) fork=0,1,--- ,m—1.

Assume further that (hy,wo) and f, g, ﬁ, > satisfy the compatibility conditions up to order
(m—1) for problem (5.24). Then (5.24) admits a unique solution (h,w)(x,y,t) on [0,T] such
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that

Ofh e L2(0,T;H*" %), fork=0,1,--- ,m;
okwe L2(0,T;H*™ 172 fork=1,---,m
weL(0,T;H™" ).

The proof of Proposition 5.2 is similar to that of Proposition 3.1, thus we omit it for
brevity.
Finally, for the regularity on solutions of (5.13) and (5.17), we introduce the following
system
v (x,m,t) = 8%1//(x,n,t) +r(x,n,t), (x,n,7) ERxR xR
y(x,1m,0) =0, (5.25)
Iy (x,0,1) = s(x,1).

For system (5.25), we have the following result.

Proposition 5.3. Let 0 < T < o and take the integer m > 3. Assume that r(x,n,t) fulfills
foralll € N that

'r () ar € OTHIL): () 3Pre 0.T:H! L)
and s(x,t) satisfies
s, Ops € L*(0,T;H™); d%s € L*(0,T;H"2).

Assume further that r and s satisfy the compatibility conditions up to order 1 for the initial-
boundary problem (5.25). Then there exists a unique solution y(x,n,t) of (5.25) on [0,T]
such that for any | € N,

(m)'w, (n)'agw, (n)' gy € L7(0,T;HY L) NL*(0, T Hy'Hy);
(M) oy, ()0} € L=(0,T;H *Ly) NL*(0,T:H)' *Hy).

Proof. With0 < j<mand!/ € N, we first apply 8,{ (j-th order differentiation) to (5.25),

then multiply the resulting equation with 2(n)? 9w in L%n and use integration by parts to

derive

d
S olwlin +2llm) ol vl

:_41// V=21 (9 0L y) (9] )dxdn+2// V(4 r) (9 w)dxdn

+2 [ (@0qw(,0,0) (2w, 0,1))dx (5.26)
1 . . )
<)oy +CoP+ DIl )yl +11)'drlZ

42 / Z(ags(x,;))(a;w(x,o,;))dx
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with
2 [ @iste)(@wr 0,)dx <2 [ |adsten)| 10w g
<Co [ _josten)l0fwt.n.0)
<1 aianwlZ, + 5 1) vl +Coll sl

where the Sobolev embedding inequality has been used. Summing (5.26) from j = 0 to
Jj = m and applying Gronwall’s inequality, one deduces that

H<Tl>l‘l’|’i?Hﬂ% + H(’?)lan WH%}TH)’C“L% <C. (5.27)

We proceed to derive higher regularity estimates for y. Similar to the above procedure in
deriving (5.26), we apply 9y to (5.25) and multiply the resulting equation with 2(1)? {9, v

in L)zm to have

d 15 2 15 2
) oo w2, +2lm) ooy,
1 . . .
<3 lm)'olaylZ, +CoP+ Vln)'ofonwi, +Colln)'airlE,  (528)

) / " (s(x,1))(3I A w(x,0,0))dx,
with

o , 1 .
2/_ (9s(x,1)) (9] Iy (x,0,1))dx SEH(n)’&;an&thi%n

1 . .
+ §H<7‘l>19)¥8ﬂlf|lign +Col| 957z

On the other hand, after applying d; to (5.25) one finds that d;y solves a similar system as
(5.25) with r(x,n,t), s(x,t) and the initial condition replaced by d;r(x,n,?), d;s(x,t) and
2w (x,m,0) =r(x,n,0), respectively. Thus it follows from (5.26) that

d . ,

oo, +2m)iadwl,

<I1(n)'aonow I, +Coli>+ V)lm)' ooy, (5.29)
+[1(n) 3o, +Coll Al

We add (5.29) to (5.28) and then sum the results from j =0 to j = m to get
d
Y Wl + 1) w2 ) + 1) AW g2 + 1) O AWy 2

<Co(ll(n)' B W12z + 1)1V )
Gl Mz + 1K 2+ 5T+ sy,
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which, along with Gronwall’s inequality, leads to

1) O W2 s + 1) B2

(5.30)
By an analogous argument as deriving (5.30) one can deduce for all / € N that
(M) a2 ynzyo + 1MV OPWI2 ey
o o (5.31)

+ H<n>18t2‘//H1242TH;n72L127 + \|<77>l3n3tzllf|!ier);nsz% <C.

Combining (5.27), (5.30) and (5.31), we get the desired estimates and complete the proof.
O
With the above results in hand, we establish the well-posedness of (5.10)-(5.17).

Lemma 5.1. Suppose the assumptions in Theorem 5.2 hold. Let (u°,v°)(x,y,t) be the so-

lution obtained in Theorem 5.1 and let T > 0 be less than the maximal existence time of
(u®,70). Then

=02 | 2o
(B +a(-s)) [@(7—19(x,0,5)—d09(x,0,5))]dCds

(5.32)

ACTIES i ———
Vo (X, M,1) = e
2 0 )0 \/T(t —5)
is the unique solution of (5.10) on [0, T| satisfying for all | € N that

(m)'ofv5° € L0, T HE 2 H)) N L*(0,T; HE 2 H2), k=0,1,2,3,4. (5.33)
Furthermore, it follows from the equations (5.10) and (5.11) that

MmNV e L=(0,T;HeHY),  (n)'aps” € L*(0, T; HYH) (5.34)

and that

(mofu®' e L(0,T:H{ *Hy)NL*(0,T:H{ *H,;), k=0,1,2,3,4.

Proof. Observing that for fixed x € R, (5.10) can be converted to the one dimensional
heat equation with independent variables (,77) € (0,7) x R, which has been solved explic-
itly by a formula similar to (5.32) using the reflection method with odd extension in Lemma
3.2. Thus we omit the derivation of (5.32) for brevity and refer the reader to Lemma 3.2
for details. We proceed to prove (5.33). Let ¢(n) be a smooth function defined on [0, o)

satisfying
0(0) =1, o(n)=0forn >1. (5.35)
Denote
706, m,1) =5 (6,1, 1) — (9(x,1) = 9(x,0,1)) (7).
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Then one deduces from (5.10) and (5.8) that

A0 4 (e, )20 = 9280 4 p, (x,,1) ERX R, x (0,T)
720(x,n,0) =0, (5.36)

729(x,0,1) =0,

where p (x,1,1) = (¥(x,1) =3 (x,0,1)) 8,%(p(n) — 0, (9(x,1) =3 (x,0,1) ) @(1) — i (x,1) (¥(x,1) —
19(x,0,2)) @(n). The compatibility condition #(x,0) = v (x,0) has been used to determine
the initial data of ﬁ§70 in (5.36). We next prove that p satisfies the assumptions in Propo-
sition 5.1 with m = 4. First note that for f(x,y,t) € H**! with fixed t > 0 and k > 0 the
following holds

k o .
170013 < Y. [ 100r(x,0.0)Pdx
j=07==

k oo
S / axjf X,y,t zmdx
L [ ol 5

k oo
<GoY, [ 19 tenlfyds
j=07=

§C0||f(x7y7t)||?—]k+17

where the Sobolev embedding inequality has been used. Then it follows from Theorem 5.1
and (5.37) that

”alkvg(xvoaOHL%H;O_Zk < Hatkvg”L%-H“*% < C7 k= 172737475 (538)
and that
1806,0.0) 12 < [l 30 < C.
Hence from the above estimates we deduce for [ € Nand k =0,1,2,3,4 that

H <n>latkp HL?}HE’ZI‘L%
< (198512 g5 2+ 19995,0,0) 2 2 ) 0202

k+1 = k+1.0 l
+ (H&, + V”L%H;O*%k“) + ]9/ Vz(%OJ)HL%HXlO%(kH)) [<{m) (P”L,27 (5.39)
k
- . i
'+ZWWN%@w+W%&%QM@ﬁwW@jﬂqﬁﬂmmmVW@
j=0

<C,

where ||8,k_] it]] oo 920y < C has been used thanks to the assumptions on dFii in Theorem
7Hx

5.2 and [77, Lemma 1.2]. Moreover, it is easy to verify that p and i satisfy the compatibility
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conditions up to order 3 for problem (5.36) under assumption (A*). We apply Proposition
5.1 with m = 4 to (5.36) to conclude that

(m)!9}v50 € L=(0, T HS "2 H)) LA (0, T; HE 2 H3), k=0,1,2,3,4

which along with the definition of ‘7123,0 and (5.38) gives rise to (5.33). The estimate for ub!
follows directly from (5.11), (5.33) and the assumptions on d%ii(x,?). It remains to prove
(5.34). Indeed, by (5.10) and (5.33) we deduce for all / € N that

1.BO _ 1.B0 /5 BO
1{n)"vs HL;?HXGH% §C0(||”HL°T°HX6||<77> vy HL"T"H)?H,'] +[I{m) Iy |L;°HQH,17) (5.40)
<C.
Similar argument leads to ||(n)’ 8,v§’0|| LpHH) < C. The proof is completed.
U

Lemma 5.2. Let the assumptions in Theorem 5.2 hold. Let (u°,v°)(x,y,t) and vf’o(x, n,t)
be as obtained in Theorem 5.1 and Lemma 5.1 respectively. Then (5.12) admits a unique
solutions (u"',v''1) (x,y,t) on [0,T] such that

ol € L2(0,T;H %), k=0,1,2,3,4;
o e 12(0,T;H™%%), k=1,2,3,4; (5.41)
e 1=0,T;H").

Proof. Let ¢ be as defined in (5.35). We denote
- _ “ B0
A (xt) = () + @0)ice) [ V300,
Then it follows from (5.12) that

(9 = V- () + V- () + a4 .

—»I,l ~I.1 —
vt :VM’ +g7

(5.42)
(@', 71 (x,,0) = (0,0),
i@ (x,0,1) =0,
where
dent) == VIpWateo) [ 5. pdn)
and

Fey) =90 [atx.0) [ V5°Gn.0dn] = alpOatea) [ 8% n.r)dn)
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To apply Proposition 5.2 with m = 4 to (5.42) we next verify that ¥°, u°, f and g satisfy
the assumptions. By the Cauchy-Schwarz inequality and Lemma 5.1 we deduce for j =
0,1,2,3,4 that

© 1/2
H/ 0/v N | oy zfs(/o (m)2dn ) M)A s up <€ (543
Thus it follows for k =0, 1,2, 3 that
197 £ 22 -2

<coz||a"“ Tl g p-sora| [ 95 %an s 2l 0l

k_ .+. —
G Y 3 D] 120 197 -2
i+j*0

+coz||a il oz [ 905 an| s il ol <.

| angan||zpp il

Similarly, for k =0,1,2,3, one gets
10Kl 32 < C.

It is easy to verify that f, g, u® and ¥ satisfy the compatibility conditions up to order
3 for problem (5.42) under assumption (A*). By the above estimates for g, f and Theorem
5.1, we apply Proposition 5.2 with m = 4 to (5.42) to conclude that

okt e L2(0,T;H* %), k=0,1,2,3,4;
o ¥ € L2(0,T:H ™), k=1,2,3,4; vl e L=(0,T;H"),

which, along with the definition of i1 and (5.43), leads to (5.41) and completes the proof.
O

Lemma 5.3. Suppose the assumptions in Theorem 5.2 hold true. Let (u°,v°)(x,y,t) and
ubl(x,n,t) be as derived in Theorem 5.1 and Lemma 5.1 respectively. Then there exists a
unique solution v1 (x n,t) of (5.13) on [0,T] such that for any | € N

i ) o™, () gt € L7(0, T3 HILG) N EA(0, T3 Hi Hy )

(5.44)
() opopy!, (Mo € L(0, T HILE ) N L (0, T; H Hy).
Furthermore, it follows from (5.13) that
(M e L2(0, s HEHE),  (m)' o € L7(0,T; H3HY). (5.45)

Proof. Letr(x,n,t) = dwP!(x,n,t) and s(x,t) = d,9(x,1) — d,»?(x,0,7). We next verify
that r(x,n,) and s(x,7) satisfy the assumptions in Proposition 5.3 with m = 5. In fact, for
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[ € N one deduces from Lemma 5.1 that

1) iz sz + 1Y arl g sz + 1) 0Pz

l 1 / )1 132 1
<IKm) w2 gz + 11m) ™ 2 oz + 1) 07 I 2 g

<C.
Moreover, (5.37) and Theorem 5.1 entail that
2
sl 22 225 + 198l 2 155 + 1978 | 2 3

_ 0 . 0
<ol 2 s + IVill 27 + 11971 12 g + 19Vl 2.7

2= 2.0
19290 26 + 1725 < C.

It is easy to verify that the compatibility conditions up to order 1 for problem (5.13) is
fulfilled by r and s under assumption (A*). By the above estimates on r(x,n,) and s(x,7),
we can apply Proposition 5.3 to (5.13) and derive (5.44). Moreover, (5.45) follows from
(5.13) and (5.44) by a similar argument as deriving (5.40). The proof is completed.

O

Lemma 5.4. Suppose the assumptions in Theorem 5.2 hold. Let (u®,v°)(x,y,t), (vg’o, uB N (x,n,1)
and (ub' V1) (x,y,t) be as derived in Theorem 5.1, Lemma 5.1 and Lemma 5.2 respectively.
Then (5. 14) admits a unique solution v2 Y(x,n,1) on [0,T] satisfying for all | € N that

B,1 oo - _
(m)'ofvy! € L=(0,T; HY > Hy) N L*(0,T;HY **Hy), k=0,1,2,3. (5.46)
Moreover, it follows from (5.14) and (5.15) that
MmNV e L0, TsHIHY), (m)'aps' € L°(0,T; H2HS) (5.47)
and that
(m)'ofuP? e L=(0,T:H *Hy)NL*(0,T:H *H,), k=0,1,2,3. (5.48)

Proof. Let ¢ be as defined in (5.35). Denote

e m,0) = vE e m, ) + e(mvE! (x,0,1).

From (5.14) one deduces that

oy +a(x,)vy! = a2y +p,
1 (x,n,0) =0, (5.49)
~B 1()c 0,£)=0
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where
p(x,n,1) =9vy' (x,0,0)@(n) +a(x,0)vy" (x,0,0)p(n) —v5' (x,0,1) 93 9(n)
~2(8(x,0,) + 509 B0+ / O(x, £,1)dL
n
with ®(x,n,¢) defined in (5.16). For k =0,1,2,3 and / € N one has

m)'ofp =[(m) @(m)afF 15! (x,0,0) + () @(m)of (a(x, vy (x,0,1))
— (M) p(m)dfvy' (x,0,1)]

—2(n)! 9V (x,0,1) +v5™) 2] + [(m)! /; o @(x,n,1)dn]

=R — R, +Rs.

We proceed to estimate Ry, R, and R3. First it follows from (5.37) and Lemma 5.2 that

kL1 k 1.1
19,v; (xaoat)HL%H?ka <19/,

L%—Hg_Zk S Ca k= 1’27374 (550)
and that
1,1 /1
v (xaoat)HL%H_? < vy HL2TH7 <C

Thus by (5.50) and a similar argument as deriving (5.39) one gets ||R1 ||, 2 ;6-2¢,2 < C. More-
Thx n
over, it follows from the Sobolev embedding inequality that
k

i 0 I~k—j~ . B0
e M Y [l T
J:

i B,0 1 ~yk—j B.0
10783 -2 NS00 20,)

<C,

where we have used the following inequality

l l
G, 0)806m0) iz <Co Y 193F ez, Y 1948112,
i=0 j=0

l I
; ; (5.51)
<G Y. 195 flmz, X 1932,
i=0 =0

<Coll ANl gr2pz gl ez

for fixed t > 0. By (5.37), Theorem 5.1, Lemma 5.1 and a similar argument as estimating
|R2|| 2 6-2¢,2 one derives for all / € Nand k = 0,1,2,3 that
T x n

H<Ti>l+23qu’\|L%Hg—2kL% <C. (5.52)
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On the other hand, the Cauchy-Schwarz inequality entails for fixed 7 € [0, T] that

2

IRl gy < [ () 1000 E )

< [Conan ([0 i)

< [C)2an- [ 2t 10" 20kl e
<Gll(n)"*29f

H,?_ZkL% )

which along with (5.52) gives rise to
||R3||L%H§”2"L% <C.

Collecting the above estimates for Ry, R, and R3 we deduce forall/ € Nand k=0, 1,2, 3 that
1(n)!dkp ”L% HE4L2 < C. Itis easy to verify that p and i fulfill the compatibility conditions
up to order 2 for problem (5.49) under assumption (A*). Then we apply Proposition 5.1
with m = 3 to (5.49) to conclude that

(m)!ofvy ! € L=(0, T HS 2 H)) L (0, T; HE*H2), k=0,1,2,3

which, in conjunction with the definition of \7123’1 and (5.50), implies (5.46). Then (5.48)
follows directly from (5.15) and (5.52). Finally, by a similar argument used in deriving
(5.40), one deduces (5.47) from (5.46), (5.14) and (5.52). The proof is finished.

O

Lemma 5.5. Suppose the assumptions in Theorem 5.2 hold true. Let (u®,v°)(x,,1), v§70(x, n,t),

(ul: 1) (x,y,¢) and uB?(x,n,t) be as derived in Theorem 5.1, Lemma 5.1 - Lemma 5.4 re-
spectively. Then (5.17) admits a unique solution v?’z(x,n,t) on [0,T] such that for any
leN,

B2 B2 B2 oo ] . )
()VE2, ()l a2, ()02 € L(0, T B} L) N I2(0,T: HYH)):

! (5.53)
() ooy, (M) O] € L(0, T HLLE ) NL*(0,T; HYH}).
Moreover, it follows from (5.17) that
MW e L2(0, T HIH2), (m)'op}? € L*(0,T:HZ)). (5.54)

Proof. Let r(x,n,t) = —d:[23(x,0,6)va* +v5 080 4 9.uB2 and s(x,1) = —dvi (x,0,1).

To apply Proposition 5.3 to (5.17) we shall prove that r and s satisfy the assumptions of
Proposition 5.3 with m = 3. First, it is easy to verify that r and s fulfill the compatibility

conditions up to order 1 for problem (5.17) under assumption (A*). Moreover, for all [ € N
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we deduce from (5.38) and (5.51) that

I B0 B0
H<77>latrHL2TH3L% SCO(HVQHL%HSH@U v, HL;SH;*L%+||atV(2)HL%H5||<77>lV2 ||L°T°H;3L,27
B0 B0 :
+ v, “L}"HﬁH% () arvy HL%H;‘L% + ”<n>lat”B’2HL%H§L%)

<C.

Similarly, one derives

H<n>erLZTH)§L% + ”<n>laterL%Hle,27 <C.
On the other hand, it follows from (5.37) and Lemma 5.2 that

11 11 11
5122 13 + 19kl 2 3 + HarZSHL%H; <Vl 2 as 90 2 s + 197v5 VRV
<C.
Combining the above estimates for r(x,7,7) and s(x,7) we then apply Proposition 5.3 with
m = 3 to (5.17) and derive (5.53). By a similar argument as deriving (5.40), we get (5.54)

from (5.17) and the proof is completed.
OJ

5.4 Regularity Estimates on Remainders

To show the convergence results in (5.18), we first approximate solutions (u%,v¢) of (5.2),
(5.3) with € > 0 by a combination of outer and boundary layer profiles derived in the pre-
vious section, then estimate the remainders by the standard energy method and bootstrap

principle. In particular the approximation (U%,V%)(x,y,?) is defined as follows:

U (x,3.0) = (x ) &2 (e ) + €2 (v, 22 1)

NG
el Tet) e 0.0),

V(t) =)+ (0,80 (0] )+ )
2

1/2-»B71( y ) <B,< y ) )
+e/ VO x,——=,t|+elVv; (x,—=,t],0
VE !

and the remainder (U¢,V?)(x,y,?) is as follows
U(x,3,1) = € 2 (f = UM (xyy1), VE(oyt) = e 2 = V) (x,p,0),

where ¢ is defined in (5.35) and £ (y)u®?(x,0,1), evf’z <x, \%,t) in the definition of U¥,

V¢ are to homogenize the boundary values of U¢ and VE. The initial-boundary problem
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for the remainder follows directly from (5.2), (5.3) and initial and boundary conditions in
(5.9)-(5.17), and read as

(

UE = 2V - (USVE) + V- (USV9) + V- (VEU) + AUS +&7 /2,
Ve =~ PY(EP) - 26V(F - T4) 4 VU + eaV* 4 /25,

. (5.55)
(U, V)(x,0) = (0,0),
| (U, V5)(x,0,6) = (0,0), 9,V (x,0,1) =0,
where
fE=AUC+V - (UVY)—U®, 3E=eAVI+VU*—eV([V?) -V (5.56)

For the initial-boundary problem (5.55), we derive the following result.

Proposition 5.4. Suppose that the assumptions in Theorem 5.2 hold and that T > 0 is less
than the maximal existence time of (uo,\_fo). Let €7 be as defined in Lemma 5.8. Then for
any € € (0,&r], problem (5.55) admits a unique solution (U€,V€) € C([0,T];H? x H?) on
[0,T] satisfying

||U8||i°T<’L2 + ||‘78||]%;°L2 + ||VU8||12;;:L2 + 8||V‘78||1%;°L2 S Cgl/z (5~57)

and

EllU® Fego + 2NV E I gz + VO3 s < CE'V2, (5.58)

where the constant C is independent of €, depending on T.

We emphasize that the estimates (5.57) and (5.58) are crucial to prove the main result,
Theorem 5.2. Before proceeding, we introduce the additional difficulties encountered (com-
pared with one-dimensional case) and main ideas used in proving Proposition 5.4. When es-
timating the remainders (U¢,V¢) (see section 3.4), an L? uniform-in-¢ estimates of (uf,?)
is used in the one dimensional case (see Lemma 2.1 of Chapter 2), while system (5.2)-
(5.3) in multi-dimensions lacks an energy-like structure to provide such L?-estimates of
e-independence. The challenge in our analysis thus consists in deriving the estimates (5.57)
and (5.58) for (U€,V¢) without any uniform-in-€ priori estimates of solutions (¢, ¢). This
will be achieved by regarding (£, 7€) as small perturbations of (U?,V¢) and employing the
bootstrap method by choosing € small enough.

We next introduce some preliminaries for later use. For G (x,1,t) € H)’fHT’;* with k,m €
N and fixed ¢ > 0, we have from the change of variables that

CEIChv 0]

b

1_m
:81_7Ha;nG1(x7nat)HHj§L%‘ (5.59)
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Similar arguments in deriving (5.37) entail that

k oo
1G2(6,0,) 13 gz/ 107G (x,0,1)dx
=07

k
Y 5.60
<Y, [ 0Gatwn.0)|ydx (5.60)
j=07"=

:COHGZ(X7 Tl,f) |’?{£¢H71] )
provided G, (x,m,t) € H)’fH,ll for fixed ¢ > 0. Furthermore, if G3(x,n,?) € HfH,% one has

1G3(x,0,0) [ < ColGa(x, 1) |, < CollGa(x, 1,0 |z,

(5.61)
19:G3(x,0,) |z < Col| G (x, n,0)| 32
For G4(x,n,t) € an one deduces by the Sobolev embedding inequality that
Y _
|Ga(vZg 1) |5 = 1Ga 0Dl < Coll Gt .0l (5.62)

For hy(x,y,t) € H' with fixed ¢ > 0, it follows from the Gagliardo-Nirenberg interpolation
inequality that

1/2 1/2
Il < Co(llm |52 VA5 + (1A 2) (5.63)
and
1/2 1/2
lls < Collha 2571V |15, (5.64)
provided further /1 |y,—o = 0. For hy(x,y,t) € H* one gets
ol < Co(llha | 221V 2Ra |47 + (12l 2) (5.65)
L L
and
1/2 1/2
sl < Collal[571V2ha |57, (5.66)

provided /3 |,—o = 0.

The assumption 0 < € < 1 and the results of Theorem 5.1, Lemma 5.1- Lemma 5.5 will
be frequently used in the proof of Lemma 5.6- Lemma 5.9 without further clarification.

We shall prove Proposition 5.4 by the following series of lemmas where a priori es-
timates on the solutions (U¢,V?) is derived based on the L? regularity on external force

fE(x,y,t) and g€(x,y,t). The estimates on f¢ and g€ are as follows.

Lemma 5.6. Suppose that the assumptions in Theorem 5.2 hold. Let T > 0 be less than the
maximal existence time of (uo, \70). Then there exists a constant C independent of €, such
that

3/4. 3/4
HfEHL;"L}y <Ce / ; ||atf8||L°T°L§y <Ce /4,
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Proof. First it follows from the definition of U, V4, f%,(5.7) and (5.12) that

i :81/23)62143’1 +81/28y2u3’1 —}—SaxzuB’Z +88y2uB’2

— (p( )82 B’z(x 0 t)—SMB’z(x,O,t)aqu( )
o[ —¢ th)( 81/2\)11 1/231+£v115:2)]
h[—eo(y 2(x,0 t)(vz’ +vB’O Vzvé’l gl/2 Bl)}
[(ulo 1/2 11)( 1/2 Bl_|_8 )}—kea (u“v{l)
[(81/2 Bl—i—su )(Vl 81/2‘}{1 1/2 Bl—i—ev )}
[(u10+81/z ul ) ( B,0+81/2v123,1>} +88y(ul’1v§1)
[( 1/2,B.1 | ¢,B. )(vé’oqtvg’o—ke]/zvé’l—|—81/2v§’1)]
e'20,uP' — ed,uP? + e (y)duP?(x,0,1).

Moreover, from the transformation n = \/LE and (3.114), (3.116) we deduce that

81/28y2uB’1 :8_1/28%u371 = —8_1/2u170(x,0,t)8nv§’0 = —u(x,0,1)0, v129,0
£d2uP? = — &'l 0(x,0,1) 005" — €2 (u! (x,0,1) + uP 1) 950
—&'29,B1 (V10 (x,0,1) +v50) — ya,u 0 (x,0,1) 9,050
— ou0(x,0 t)v2 ,

which, substituted into the above expression for f¢ gives rise to

£€ =€k + £d2uP? — e (y)oFuP 2 (x,0,1) — €0} @ (y)uP(
+8x[—8(p(y)u3’2(x,0,t)(v1 1/2v11 1/2 Bl+£ vk )
+ [ = 800U (0.0 (5" +v30 ey el ]
+8x[(ul’o+81/2u171)( 172 Bl+8v )] + €0 (u“vl1 )+ €dy(u"! “)
+(9x[(81/2u3’1+8u ’ )(vllo 81/2\/11 gl/? Bl+8v )]
+ (ul’o(x,y,t) —ul(x,0,1) —yayul’o(x,(),t))8yvlz9 0
+ (A0 (x,y,1) — Ay (x,0,))v5 + €72 (w0 (x,y,1) — 0 (x,0,0)) vy (5.67)
+£1/2(u1’1(x y,t) — "' (x,0 t))8yv2 +81/2( (x ¥, )—vz (x,0 t))QyMB’l
—1—81/2[81410 Bl+au11 BO+aVIO Bl}
+ €0y [u11v§1+u ) (v2 ) )+u ) (vz’ +v§’0—l—81/2v§’1+81/2v123’1)]
— &' 29,uP" — £0,uP? + e (y) P2 (x,0,1)

11
:ZK
i=1

x,0,1)
]

where K; represents the entirety of the i-th line in the above expression. We first prove
1ol ez, < Ce3/* by estimating each K; (1 < i < 10). Indeed, (5.59), (5.60), (5.61) and
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(5.62) lead to

1,0 B0
1K3llizrz, <ell9les 20,00 Iz (1955 sz, + 1575 sz,

11 B,1
11053 202, + [10yv; ||L°T°L§y)

10 B0
+ e[|yl o llee™ (x, 0,0 gz (I3 Mgz + V2 sz,
11 B,
+ vy Nz + vy e
10 B0 11 B,1
§C83/4||”B’2||L;H3n(||vz lzzms + 12 Ngmz, + 12 lzms + v, ||L°T°H§,,)

<ce’*,

where 0 < € < 1 has been used. Similar argument further gives the estimates for K>, K| and
Kj as follows:

HKZHL;?L)%}, <ce’*|u®?

1,0 B,1
gz, (V5 zsa + 17 g, )

3/4 2 1,1 B2
+ e e (I iz + 1V e, )

<ced/
and
3/4), Bl 5/4), B2
1Kl r2, <€ [l lrzr2iz + € ) s r202
B2 B2
+ Cog <H” Negrzmy +llu™ HL‘;’L%H,%)
<ce¥
and

3/4|5,,B.1 5/4119,,,B.2
||K11HL°T°L§y <e¥/ [Oru™ HL"T"L%W+8 / O™ HL";L%,,

B2
+Coello) 29”1121
<ced/*,

By the Sobolev embedding inequality and (5.59) we have that

1Kl 22,

< (Jl9ur?

12117 1.1 1/2),8.1 B,2
s €100 gz, ) (2 gz, + e iz, )

1/2 B,1 B2
i515) (21005 sz, + 1005 1z

1,1 1,1 1,1 >l 1
e[V Niprg IV gz, + el iz VY

+ (HMLOHE’TG’L}"Y + 81/2Hu1’1

|L°;L,’@
0 1/2 1 3/4y.B,1 5/4.B2
<Co(lu" iz + &2l grn) (€717 Nizmara + &I ligmaiz )
1,1 =[1
+ Cogllu || g IV 2

<ce’/*,
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To bound K5, K9 and Kjg, we use (5.59), (5.62) the similar argument in estimating K4 and

derive
3/4 (150 1
1Ksllzzzz, <Coe™™ (17l ga + 1P iz + IV zmp )
B7 )
< (1 gy + 1652 11z )
<cedlt
and
3/4 0 B.1 1 B0
||K9||L°T°L)2€y <Cpe*/ (HMI zm3 v ||L°T°L§,1+||”I ||L°T°H3||V2 ||L°,;L§,,>
B,
+Cot lzz22,
<cedlt
and

1K0llzzr2,

§C083/4 [Hul,l

B,1 7,1 B,1 B,1
sl gz + (105 ez + V5 Digmag ) 1% sz
+Coe? (vao

<ce’/*,

B0 11 B,1 B2
vy lrzmzey + V3 Nz + vy HL°T°H3H3>H” 22}

We come to estimate Kg by applying the change of variables y = gl/2g, Taylor’s formula,
(5.59), Theorem 5.1 and Lemma 5.1 to arrive at

_ H 170(x;y7t)_MLO(X’O?t)_yayuho(x’()’t) n (9 B0
5 Vo
y

B0
<e)|oFu"Cllzrz 1Ny "Il sz,

(N >28nv “L‘”LZ

ooy )
LTny

<Coe®/*||u"

<ce’/*,

A similar arguments as estimating Ks also leads to

3/4 0 B0 0 B,1
HK7HL°;L§y <Coe/ (Hul’ HL"T°H4”<77>V2 HL";L,%,,JFH“I HL"T"H3”<TI>8TIVZ HL?L?m)

<ced

and

3/4 =10 B,1
||K8”L;°L§y <Coe® <||“ (n >an"2 ||L°°L2 + [V ||L°°H3||< )Onu” HL‘;L}")

<ce3/*,
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Substituting the above estimates for K; to Kj; into (5.67) we conclude that
€ 3/4
1/ e, < CE7™

It remains to prove [0, /€[ 12, < Ce3/*. To this end, we first note that with Banach spaces
X.Y,Zif ||fgllz < Collfllx|/glly holds for all f € X, g €Y, then it follows that

19:(f&)llz < llof lixlglly + Il f1xIorglly, (5.68)

provided that d; f € X and dyg € Y. Thus from the estimates on K3, (5.68) and Lemma 5.6-
Lemma 5.9, one deduces that

10 K| 212,

<C83/4||”32HL°°H2 (||<9tv ||L°°H3+Hat" ||L°°H2 +||8,v2 ||L°°H3+||atvz ||L°°H2 )

+ce34|0uP

- m(“"j ||L°T°H3+||V2 ||L°T°Hx2n+||vz ||L°T°H3+||V2 ||L;°HX2,,)

<ce¥/*.
Similarly it follows from (5.68) and the above estimates on K, K> and K3 to K7 that
3/4 .
19:Kill 12, < Ce A i=1,2,4,5,-,11

Combing the above estimates for d;K| to d;K;; with (5.67) we end up with ||d; f¢]| 12, <

Ce3/* and the proof is completed.
O

Lemma 5.7. Suppose the assumptions in Theorem 5.2 hold. Let O < T < oo be less than the
maximal existence time of (u°,v°). Then there exists a positive constant C independent of &,

depending on T such that
‘|§£|’L"T"L§y < Cg; |’at§£HL?L§y <Ce.
Proof. By the definition of g€ in (5.56) we write its first component g{ as follows:

gi =[ea” + &2 Av + &30 + 29207 + €200V + £ — e (y) I (x,0,1)]
— [2eV- 9,V + edp?)
::MI_M27

where the second equation of (5.7), (5.12) and the first equation of (5.13) have been used.
We proceed to estimate M and M. First (5.59) and (5.60) lead to

| M, ||L°°L2 <Co (8‘

3/2 1 7/411,B:1
2|97 = w2+ €74 2222

P u

5/41,,8; 2
||V ? ||L°T°H)gH,17)

9/4), B,
+&%/4 |V ||L°T°H§L%,+8 ||L;°L§H,%+8

<CEe.
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To bound M, we first estimate ||V L1z, by the Sobolev embedding inequality, (5.62) and
0 < & < 1 as follows

B,0 1/2 1
V|, <Co(lI7" lizaz, + &1 ga
1/2y.,B,1 1/21,,8,1 ,
+e/ [vi / v ||L°T°H§n+£||v1 HL?an) (5.69)
<C.
Similar arguments further yield
107 sz, 137 sz, 106071z < C. (5.70)

Thus by (5.69), (5.70) and (5.62) we obtain

- o B2
1Ma| 2, < Cog IVl 106V 2, + 1901 Ml zep2 ) < Ce.

Hence from the above estimates for M, M, one derives ||g{|| rz12, < Ce. By (5.68), the
above estimates for My, M, and (5.70), we deduce that ||J;g{]| 1512, < Ce. It remains to
estimate g5 and d;g5. Indeed from the definition of g€ it follows that

g5 = [SAvg’o + 83/2Av£’1 + 8(9x2vg’0 + 83/28)62\11;’1 — 88yq)(y)uB’2(x,O,t)}
+ [28(v£’0(x,0,t) — vé’o(x y,1))dy VI;’O - 288yv§’0(£1/2vé’1 —|—81/2v§’1)]
—2e(V0 e/ L 2B B2y (910 el 2a00 1 e1/20080 1 e, B )
_2e(v) +VBo+81/2 L g2 By g0 4 129,00 4 1725, B )
:=Ms + My — Ms — Mg,

where the second equation of (5.7), (5.12) and on = F21 = 01n (3.126) have been used. First
by (5.59) and (5.60) we get

||M3”L°°L2 <Coe(||v"

B,OH a2
L7HzLy

B2
+1lvy"! ||L°;H3L%, w7z r2m)) < Ce
The boundness of M, follows from an analogous argument as estimating K¢ and (5.62):

5/4),B.0 !
M| 12, <Coe™*||v L°°L2H1(||VI ||L°°H2+||V2 lzz2,)

5/4

5/4
-|—C08/ ||V2 ||L°T°H3||< >V2 ||L°TOL)2cH1]7 <Ce

Similarly as estimating K4 we use the Cauchy-Schwarz inequality, (5.59) and (5.62) to de-
rive
,0 1
||M5||L°°L2 <Coe([|¥" zom2 + [ zom2 + ||V1 ||L°°H2 + ||V1 ||L°°H2 )

(I

<Ce.

||L°°L2 +||an"1 ||L°°L2 )

yV y
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Moreover, ||Mgl| 112, < Ce follows from a similar argument. Now collecting the above
estimates from M3 to Ms, we conclude that ||g5|| Lzrz, < Ce. Finally, by (5.68), the above
estimates from M3 to Mg we deduce that ||d; g5 || L512, < Ce. The proof is completed.

UJ

We next exhibit the L? estimates for U¢ and V.

Lemma 5.8. Suppose that the assumptions in Proposition 5.4 hold. Denote C; = max{Cy, Co}
with Co and Cq derived in (5.76) and (5.77), respectively. Denote C, = C3Te(3C1 +O)T ity
C; derived in (5.75). Set er = min{(2C>) =2, (12C1)~2,1}. Assume further that the solution
(UE,VE)(x,y,1) of (5.55) on [0,T] satisfies

IO 72 VN2 < 1. (5.71)
Then for any € € (0, &r] the following holds true:
- 1
2 2 1/2
1Oz + Ve e < Cog'2 < 5. (5.72)
Moreover; there exists a constant C independent of € such that

HVUSHi%Lz A% <ce'l? (5.73)

H%}LZ
T

Proof. First, it follows from a similar argument as deriving (5.69) that

U gz <€, | U |11, < C, ||at‘7a||L°T°L;; <C. (5.74)

Xy —

Thus we conclude from (5.74), (5.69), Lemma 5.6 and Lemma 5.7 that there exists a con-

stant C3 independent of €, depending on T satisfying:
2 va|2 . 2 €2 3/2
BV s, + 1V 5 ) €55 (I ey + 187y ) < GEV2 (579)

We proceed by taking the L? inner products of the first and second equations of (5.55) with
2U¢ and 2V respectively, then adding the results to obtain

& (105012 + V)12 ) +20V0 (1) + 2|9V ()|
:2/()°°/°° (—e"2Usve . vUe + VeV TE) dudy
+2/0°°/°° (—U£\7“-VU8—U“X7£-VU£+28 (V“-Vs) V-V€> dxdy
+2/0°°/°° (3—1/2f8U€+VU€-178+e—1/2§£-\78) dxdy

=h+L+1L.
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The estimate for /; follows from (5.63), (5.64) and the Cauchy-Schwarz inequality as:

1 <26 2||US | | V8| I VUS| 2+ 2632 |[VE| 2 VP2 12
<Coe 2| UE |2 IVUE L (IVE A2V VENL + V2l 2)
+Coe¥2(|[VE( 2 VVE || 2 + IVEIZ)IIVVE 2
<3 IVUCI+ eV s + oIV + oo, 7
+Co(2 U |2 1[VE 122 + €3/2|[VE | 2 + €2 VE| %) IV V8| 2

1 1 - -
<SIVUR|2: + Sl VP2 2, + 2o P2 2,

where we have used the estimates Cy(£2||U¢ ||i2 & ||i2 +&32||VE|| 2 +€2|VE ||i2) <3Ce¥? <
1€ and (82||U‘€||i2||\7“3||i2 + €) < 2 thanks to (5.71) and the assumption € € (0, er]. More-
over, by the Cauchy-Schwarz inequality and (5.75), we deduce that

1 2 o2 Bay2 2
12SzHVUSHLz+§8||VV8||L2+8||Va||L°°||U8||Lz
2 12 Ba e 2
+ 8[| U= IVElI 72 + 8V 2= IVEI2

1 1 _ -
SZHVUEHiz + ESHVVSHiz + G (U85 + IVEI72)-
It follows from Lemma 5.6 and Lemma 5.7 that

1 ~ —d — —
I3 <2 IVUS 2+ ColllU® 12 + IVEIZ) + & FE N2 + 18°122)

1 €2 2 €2 €2 1/2 C77)
< VU2 + Co(IUPIIz + IVEII2) + Cae 7=
Now collecting the above estimates for /;- I3 one gets that
d 2 Y, 2 2 Y, 2
SO+ IVEOIL2) +IVUE Ol + e VVED L (5.78)

<(2Co+Co+C3) (U ()72 + V(1) 72) + C3e'/2,

which, along with Gronwall’s inequality and € € (0,é&r] yields (5.72). Finally integrating
(5.78) over [0, T] and using (5.72) we derive (5.73). The proof is completed.
O

The H? regularity estimate on U¢ and V¢ is given in the following lemma.

Lemma 5.9. Let the assumptions in Lemma 5.8 hold true. Then there exists a constant C

independent of € such that

IVUE| o2 + el VVE 2 + QU 7 2
’ " ' (5.79)

+|yat\7€||,%ﬁ2+||va,U8||§%L2+s||va,\7€ <ce'’?,

H%}LZ
T
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Consequently, it follows from (5.55) that
2 211T7€12 31177€12 2
eV e + €1V N e + €2 IVE N 2 <ce'’?. (5.80)

Proof. Taking the L? inner products of the first and second equation of (5.55) with

20,U¢ and 20,V¢ respectively and using integration by parts, one derives after adding the
results

SV )+ IV 750 ) + 210050 + 20 a7 )l
) /O ) / (e PUEVE . VQUE + 2 TEPY - 3,7 )dxdy
+2/0°° /m (=UEVI.VoUE —UVE-Vo,UE +2e(V*-VEWV - 3,VE)dxdy
+2/0°° /w (e 12 fEQUE + VUE - 9,VE + e 1/258. 0,V E)dxdy
=l + 15+ .
By (5.63), (5.64) and Cauchy-Schwarz inequality we have

Iy 26" 2 |UF o[V [ VOU® |2+ 262 V¥ 24 [ VOV 2
<Coe"Ue L2 IVUE 357 (VS 2I9VEILE + 1722 ) [V OUe 2
+Coe¥2 (V22| VP 2+ V2132 ) 1V aVe |2
<3 IVaU* [ + ;e Va e,
+Co (IUFI2IVUS 2 + €21V VP2 1, + €2V

Moreover, a similar argument as estimating I and /3 yields:

Is S%HV@U‘EI@ + %eHV&tV/EHiz + 8\|U8Hiz\|‘7a\|%;;
+87°12, (vl I+ 71 )
g}tuva,yfn,%z+%e\|V9t‘7£Hiz
3 (I + 1791
and
I <14 VU 22+ Co (10°1% + 87412

-1 €112 —£1(12
e (175 ez, + 13122 )

<14|VU2 |2+ Co (U2 + 2,V 2.) +Cae .
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We proceed by differentiating the first equation of (5.55) with respect to ¢, then multiplying
the resulting equation with 20;U¢ in L? and using integration by parts to derive

IOV @)+ 2V AU (1)
¢l / ) / " (QUEVE +USATE) - Va,U dxdy
-2 / / o (UEV®) + 0,(U*V*)) - VO,U*dxdy
+2e—1/2/0 /_w&,fga,Ugdxdy

=l + 13+ Iy.

The estimate for /7 follows from (5.63), (5.64) and Cauchy-Schwarz inequality

3/2 1/2 1/2 1/2 =
Iy <Coe 2| VaUe |1, UE 5 (IVE 52 IVVE 147 + V2]l 2)
+cosl/2|rvatufuL IVUEI TS (18 VE N IVaVE ) + 119V E] | 2)

SgllvarUglle+§8||V<9zV£||Lz+Co€ (VENZIVVENL + IVEIz) 10U 7

+Coe(lU°2IVUE|IE + 1US 2 VU 12) 19 VeI

By (5.69), (5.74) and Cauchy-Schwarz inequality one derives
1 €2 €112 /€12 €2 €12
Iy < SIVAUZIlz +C(1 UL + 19 VEIlL2) + CUUIZ + IVEIIE)-

The Cauchy-Schwarz inequality leads to Iy < ||d,U*® ||i2 +e o, f¢ ||i2 We next differenti-
ate the second equation of (5.55) with respect to ¢, then take the L? inner product of 20,VE
with the resulting equation and use integration by parts to have

%Haﬁ%)u{z 26| VAVE (D)2, =de>2 /0 ) /_ i Ve QVE(V - 9,7 )dxdy
+2e/0°° /w O (VE - 7)(V - 3,7¢)dxdy
12 /O ) / " (VOUEATE + £ 1/20,8° - 0,V )dxdy
=ho+ 11+ 1z
First, (5.63) and the Cauchy-Schwarz inequality entail that
1o <G (V112 IV VL2 + V1L 10V 152 IV a7 5% + 1974 12) [V 3V
§%6||V8z‘7‘”:lliz+cog (IVEZAVVET + IVE 2 VY 2 + IVE 72 + IVEZ) 19 VEN 72,

where 0 < € < 1 has been used. Moreover, from (5.69) and (5.74) one gets

1 — — =
I < €[ VoVE|L +ColIVEIZ + 10V ).
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Finally, it follows from the Cauchy-Schwarz inequality that /1 < % |Vo,U® leﬂ +e10,g¢ Hiz +
0|9, VE Hiz Collecting the above estimates for I4-I, we arrive at

%(HVUEH}"; +e||VVEZ + 10U 12 + 19 VE][72)
+HQGUE |2 + |0 VE|Z, + | VOUE ()17, + €| VA, VE(®)||2
< C(elVEILIVVE7 + U VU8 72 (5-81)
+HUCIZ+VEN 7+ 1) x (10UC]72 + 19:VE][7. + 1)
+Ce' 2 e ([0 f5 172+ 19E°172)-

On the other hand, from (5.55), Lemma 5.6 and Lemma 5.7, we have
HalUg(x?y?O)H%} = 8_1 ||f£(x,y,0)||%2 < 8_1 ”fSH%j’;LZ < CSI/Z

and similarly H&,V/E(x,y,O)H%z = e 1|38 (x,y, O)H%2 < Ce. Thus we can apply Gronwall’s
inequality, Lemma 5.6- Lemma 5.8 to (5.81) and derive (5.79). The estimate (5.80) follows
immediately from the system (5.55) and (5.79). Indeed, by the second equation of (5.55)
and (5.65) one deduces for fixed ¢ € [0, T] that

21177€112 3 7E2 |IN7E12 2 €2 (1v7a)2 21177€112 7al2
7|Vl <Co(e” | VVEI L IVEIZ= + €7 IVVEI L IV Iz + eIVl L= IV VI
2 V€12 —1z€2
U g + 19V Ell72 + €7 118°172)
3 vEN2 (1N Y 2 vEN2 (1v7a]l2
<Co(e”IVVEILlVEN IV E g2 + € IVVEN VN
21177 7 /a2 2 /€12 —1z€)2
+EVE Vo IV U + Ve + & 18°M172)
<SENVE e+ Cole IVVEIL IVl + e IVVE IV 2
21177€112 a4 2 €12 —1z€2
+ e IVEIRIVVEN + U + 19V E 72 + €7 1185172)-

Subtracting %82]\‘78%2 from both side of the above inequality, then using (5.79), (5.72),
(5.69) and Lemma 5.7 one gets

82“‘7€Hi‘;’1—12 < C81/2,

where we have also used ||V\70’||2 < Ce~'/2, which follows from (5.59) and a similar

Ler?
argument in deriving (5.69). Moreover, one derives 8||U8||%00H2 + £3||‘7‘9||i21,{3 < Ce!/? vy
T T
a similar argument as estimating €2||V¢ Him 12+ The proof is completed.
T

We come to prove Proposition 5.4 by the results of Lemma 5.8 and Lemma 5.9.
Proof of Proposition 5.4. First, by the bootstrap principle, Lemma 5.8 and Lemma 5.9
we deduce (5.57) and (5.58). Thus (U¢,V¢) € C([0,T]; H> x H?). The uniqueness can be
proved by the method used in [83], we omit the details for brevity.
OJ
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5.5 Proof of Theorem 5.2 and Theorem 5.3

We next prove Theorem 5.2 and Theorem 5.3 by the results of Proposition 5.4.

Proof of Theorem 5.2. First, by the fact that (U¢,V¢) uniquely solves problem (5.55) one
deduces that (uf,7%) with u® = €'/2U% + U®, ¥¢ = €!/2V€ + V¥ is the unique solution of
(5.2), (5.3) with &€ € (0,er]. The regularity (uf,v¢) € C([0,T];H* x H?) follows from
(UE,VE), (U V?) € C([0,T];H? x H?). We next prove the curl-free property of ¥¢ by
applying operator “V x” to the second equation of (5.2) with € > 0 to find

(Vx V), = A(V X v¢),
(V x¥8)(x,y,0) = (5.82)

V x vely:() = 0,

where the assumption V x 5 = 0 and the boundary conditions (5.3) have been used. Con-
sequently, the uniqueness on solution of (5.82) entails that V x ¢ = 0. Moreover, (5.19)
follows from Lemma 5.1.

It remains to prove (5.18). By the Gagliardo-Nirenberg interpolation inequality, (5.57)
and (5.58) we get

o cenl/2 noel/2 -
Pz <ColIV2PE L2V, + 1P 322) .
<C(e % -ev5+e3) <Ce V4
Similarly it follows that
U8 |52 < GollV2US )2, [US))2%, < ce™ /3 e!/B < . (5.84)
T T

Then the definition of U¥¢, V¢, Sobolev embedding inequality, (5.62) and (5.83) lead to

= — ) y
||V£(X,y,l) —vO(x,y,t) - (07 Vg’o) ()C, ﬁ?l) HL"TC’L“’

1/2 1/2),B.1 1/2)).B,1
Co (&' V" || gz +€"/2|Iv] 2, € 2|1v; 2, (5.85)
+8Hv1’ sz, +&! 2|V -
<Ce'/*,
Similarly, by (5.84) and the definition of U® we have
||M8(X,y,t)—MO()C,y,Z‘)HL;:’Lw SCS]/Z- (586)
The combination of (5.85) and (5.86) gives (5.18) and completes the proof. ]

Proof of Theorem 5.3. Denote (uf,v¢) and (u°,7°) the solutions of problem (5.2), (5.3)
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obtained in Theorem 5.2 and Theorem 5.1, respectively. Let

t
¢ (enr) = aolwy)exp [ [-eV-5 -+ eli —uf](x,y. ) de},
0 (5.87)

A (x,y,1) = co(x,y) exp{ — /Ot u®(x,y,7) d’L’}.

It is easy to verify that (u€,c?)(x,y,t) and (u°,c%)(x,y,t) solve (5.20) with & € (0,€7] and
€ = 0 respectively by directly substituting (5.87) into the second equation of (5.20) a-
long with some elementary calculations and using the curl-free property V x v€(x,y,7) =0,
V x ¥0(x,y,t) = 0. We further deduce that (uf,c€) € C([0,T];H* x H?) and (u°,c°) €
C([0,T); H® x H'9) by the regularity estimates of (u¢,v¢), (u°,%°) in Theorem 5.2 and The-
orem 5.1. The uniqueness follows from the standard method used in [83]. Finally, one
derives (5.21) and (5.22) by (5.87), (5.18), (5.58) and following the arguments used in prov-
ing Theorem 3.2 of Chapter 3. We omit it for brevity.

O

5.6 Formal Derivation of Outer/Inner Layer Profiles

This section is devoted to the derivation of equations (5.7)-(5.17), by employing the asymp-
totic analysis, which has been used in Section 3.6 to derive layer profiles of one dimensional
case and in [29, Appendix] to determine thickness of the boundary layer. For brevity we
just sketch the procedure and refer the reader to Section 3.6 and [29, Appendix] for details.
Step 1. Initial and boundary conditions. Substituting (5.5) into the initial conditions in
(5.2) and following the arguments used in [29, Appendix], we have

u'(x,3,0) = up(x,y), u*(x,1,0) =0, 558
70(x,3,0) = Vo(x,y), ¥*0(x,1,0) =0 '
and for j > 1
1,j — B _
u’(x,y,0)=u"(x,n1,0) =0,
.( ¥,0) .( 1,0) (5.89)
7 (x,3,0) = ¥ (x,n,0) = 0.

For the boundary conditions, we insert (5.5) into (5.3) and use (5.6) to get for j € N that
= Z gl/? [ul’j(x,O,t) + uB’j(x,O,t)} ,
j=0
28]/2 th)—I—vz’j(th)}

0= Z /2 [0 (x,0,1) + €720 (x,0,1)] Z 1129, V57 (x,0,1) +v5 (x,0,1)].
j=0
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To fulfill the above boundary conditions for all small € > 0, it is required that

i(x,) = ul%(x,0,6) +ubO(x,0,1),
5(x,1) = v50(x,0,8) +5°(x,0,1),
0= 20 (x,0,1),
0.9 (x,1) = A (x,0,1) + 9™ (x,0,1)

(5.90)

and for j > 1 that

= u" (x,0,1) + u™ (x,0,1),
O:v (th)+v /(x,0,1), (5.91)
0= i (x,0,1) + Ipv2 T (x,0,0).

Step 2. Equations for «’/ and 15/, We first substitute (5.5) without the inner layer profiles

uBJ ¥8:J into the first equation of (5.2) to get the equations for outer layer profiles u/+/:

ZV LRG1I=Ry = Aul™J | for j € N. (5.92)

To find the equations for inner layer profiles «®/, by a similar argument used in Step 2 of

subsection 2.2.6, that is inserting (5.5) into the first equation of (5.2) and subtracting (5.92)

!

from the resulting equation then applying Taylor expansion to !/, ¥/, we end up with

Y €26/ (x,n,1) =0, (5.93)
j=—2

( G—Z - aTZIMB,O,
G =—u"0(x,0,0) 995 =30 (x,0,8)9qu0 — 9 (uB OV °) — 9FuP,
GO =P — 9, (x,0,1) + 1P O)P0 — 9, (1B OV0 (x,0,1)) — uB LA (x,0,1)
— (u I’O(x 0,t) —I—uB’O)an Bl_ (ul’l(x,O,t) —|—uB’l)8nv2 — ayul’o(x,O,t)vgo
— AP0 (x,0,8) +vE 1) — 9quP (V50 (x,0,8) +V5)
— 92uBY — 8%MB’2 —noyu” (x,O,t)anvg’O - nayvé’o(x, 0,1)Ipu?

82 B0 _

where G j=0for j > —2. From G_» =0 we get = 0, which integrated twice with

respect to 1 over (1,0) along with the assumption (H*), yields

uBO(x,n,1)=0, for (x,n,1) e RxR, x[0,T]. (5.94)
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Furthermore, it follows from (5.94), G_; = 0 and the first identity of (5.90) that
Ol = —u0(x,0,0)9pv5 " = —ai(x,1) Iy, (5.95)

which, upon integration over (1), 00) gives rise to
Onubt = —i(x,1)v5°, (5.96)
where assumption (H*) has been used. Applying a similar procedure as deriving (5.96) that
is, first inserting (5.94) into Go=0to get
1,0 B,1 11 B,1 B,0
P(x,0,8)Invy — (1 (x,0,8) +u” " )dp vy
(50,098 (" (e 0.) 4 o

OFuP? = — 3, (u!(x,0,0)v7°) —u
— 0 (x, O,t)vg’o — Ipu®! (vé’o(x,O,t) + vg"o) —ndul0(x, o,z)a,,vao,

then integrating the above equation with respect to 1 twice, we have

B2 — i(x,1) vag"(x,c,z)dz; —/: /:cb(x,s,z)dsdg, (5.98)

where
®(x,1,1) :=0x ("0 (x,0,0VZ0) + (! (x,0,1) + 1P OB + 9yl 0 (x, 0,1 )50

n anMB’l (v;o(x,o,l) +V§7O) . nayul,o(x,o,f)anvl;vo.

Step 3. Equations for 7/ and %/, Applying an analogous argument as Step 2 to the

second equation of (5.2), we derive

Vf’o —vu? =0,
=1
o= (5.99)

2 , , .
542 Y vk ) vyl AT =0, for j>2
k=0

and
(5.100)

Y e Fi(x,n,1) =0,

j>—1
where F/(x,n,t) = (F/,FJ)(x,n,t) with
fFl—l :0’
F zatv?’o — B0 — 8%\/?’0,
B,0 B0
)

Fll :8tv119’1 — P! — 8%\/?’1,
2 B2 1,0 B0 , B0 B0 1,0 B.,0

B0 B2
— uP? — 8x2v1 w— 8%\/1 -




124 Stability of Boundary Layers in a Half Plane

and

(F2_1 :_anuB,Oy
on :8tv§’0 — dy ubl — 8%\/3’0,
B =05 2004 (x,0,0) 4+ V590 120550 (x,0,1) +v5 ) 9y v

B2 32 Bl

which leads to Flj =0, sz =0 with j > —1 to guarantee that (5.100) holds true for all small
€ > 0. Finally, the initial boundary value problems (5.7)-(5.17) follow directly from the
results derived in Step 1- Step 3. Indeed, by (5.92) with j =0, (5.99), (5.88) and (5.90), we
derive (5.7). From (5.100) with j =0, (5.94), (5.88) and (5.90) one deduces (5.9). Similarly,
(5.10) is the combination of (5.96), (5.100) with j =0, (5.88) and (5.90). (5.12) comes from
(5.92) with j =1, (5.99), (5.89) and (5.91). Moreover (5.100), (5.89) and (5.91) with j =1
lead to (5.13). The combination of (5.97), (5.100) with j =1, (5.89), (5.91) and v?’o =0
yields (5.14). Lastly, (5.17) follows from (5.100) with j = 1, (5.89) and (5.91).



Chapter 6

Conclusions and Future Works

6.1 Conclusions

The zero-diffusion limit of a viscous hyperbolic system (1.4) transformed from a chemotaxis
model (1.2) is investigated in this thesis. The following conclusions are rigorously justified.

1. With spatial domain Q = (0, 1), the system (1.4) subject to Dirichlet boundary condi-
tions possesses boundary layers at each endpoint x = 0 and x = 1, whose thickness are
of order O(£!/2). Denote by (u?,v¢) and (u°,°) the solutions with £ > 0 and & = 0,
respectively. Outside the boundary layers, the solution component v¢ converges to 1°
as the chemical diffusion rate € goes to zero. However, the convergence does not hold
inside the boundary layers. Indeed, v¢ approaches to the boundary layer profiles v5-*
and v inside the boundary layer at endpoint x = 0 and x = 1, respectively. Hence,
v€ converges uniformly in (x,z) € [0,1] x [0,T] (for any 0 < T < ) to +* (outer lay-

BO b0

er profile) plus the inner layer profiles v as € — 0 based on the asymptotic

matching theory.

2. For the multi-dimensional case, the radial solution of (1.4) with Q@ = {¥ € RY| 0 <
a < |X| < b} also possesses boundary layers near |X| = a and |X| = b, when it subjects
to the Dirichlet boundary conditions.

3. WithQ={(x,y) € R? | y >0}, denote by (uf,7¢) = (u®,v¢,v5) and (u®,¥%) = (u°,{,19)
the solutions of (1.4) with € > 0 and € = 0, respectively; where u?, v and u satisfy
the Dirichlet boundary conditions and v{ satisfies the Neumann boundary condition.
Then for any 0 < T < Tpax (here Thax 1s the maximal existence time of (uo,\_z’o)),
the solution component v§ converges uniformly in (x,y,#) € Q x [0,7] to V9 plus the
boundary layer profile v123,0 as € — 0. Moreover, u® and v{ approach to u® and v(l),
respectively.

4. The above results on system (1.4) are converted back to the original chemotaxis mod-
el (1.2) and it is found that the chemical concentration (denoted by c¢ in (1.2)) has
no boundary layer but its gradient V¢ does, which indicates that although both cell
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density u and chemical concentration ¢ have no boundary layer as chemical diffusion
€ goes to zero, the chemotactic flux, namely the term uVc¢ = —uv, has a sharp transi-
tion near the boundary (i.e. the endothelial cells cross the blood vessel wall quickly).
Hence our results imply that the diffusion of chemical signal (i.e. vascular endothelial
growth factor) plays an essential role in the transition of cell mass from boundaries to
the field away from boundaries during the initiation of tumor angiogenesis.

6.2 Future Works

As a newly discovered phenomenon in chemotaxis (cf. [44]), the study of boundary layers

for chemotaxis models is still in its infant stage. Except the topics investigated in this thesis,

there are many other interesting problems left open and we just list part of them below,

which we plan to explore in the future.

1. In our result (see the above Conclusion 3) for Q = {(x,y) € R? | y > 0}, the conver-

gence merely holds for T with T < Ty, where Thax denotes the maximal existence
time of (u°,%"). Hence to guarantee this convergence holds for arbitrary 0 < T < o, it
is required that T,,x = oo. However, for system (1.2) (with € > 0) in multi-dimensions
with large initial data, only the local well-posedness is justified and its global well-
posedness is still an open problem in spite of numerous attempts (as mentioned in the
literature review). How to resolve this challenging problem is of great interest and we

shall exploit this open question in the future.

. For two dimensional case, we have only investigated the boundary layer problem

with spatial domain Q = {(x,y) € R? | y > 0}, whose geometric structure is relatively
simple. In the future, extending our result to more general spatial domains of R? and
even of R is worthwhile and challenging due to the complicated geometric structures

that may involve.

Our results indicate that the solution component v, denoting the chemical concentra-
tion possesses boundary layers as the chemical diffusion rate € — 0. It is natural to ask
whether the solution component ¥ wound possess boundary layer if we pass the cell d-
iffusion coefficient D to zero but fix € > 0. Actually, the boundary layer phenomenon
for cell density has already been found in [78], where an experiment was conducted
by using the sessile drop technique in suspensions of Bacillus subtilis, and the gener-
ation of aggregations in a thin layer near the air-water contact lines (the boundary of
the suspensions) was observed. Based on this experimental observations, to study the
boundary layer problem for chemotaxis-fluid models (Chemotaxis models coupled
with fluid evolution) in cell diffusion limit is particularly relevant and promising by
applying the analytic framework of this thesis. Moreover, this analytic framework can
also be applied to investigate boundary layer problem for other chemotaxis models as
the diffusion of the chemical or cells vanishes.
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4. When Q = (0,1) and Dirichlet boundary conditions are prescribed, our results in
Chapter 2 and Chapter 3 assert that the solution component v¢ of (2.1) does not ap-
proach to v0 near the boundary as € — 0. However, if Neumann-Dirichlet boundary
conditions are imposed (i.e. u and v subject to Neumann and Dirichlet boundary con-
ditions respectively), Wang and Zhao previously proved in [83] that v¢ converges to
W uniformly on the entire interval [0, 1], as € — 0. Enlightened by this distinction in
solution behaviors caused by preassigning different boundary conditions, it is promis-
ing to expect different outcomes by changing the boundary conditions when studying
other problems. In particular, the steady state of (1.2) with the second equation re-
placed by ¢; = €éAc — a.c + Bu (where o, B are positive constants) has been studied in
[51, 63] and it is proved that the stationary system with € /o large enough, only admits
constant stationary solutions that subject to Neumann boundary conditions (i.e. both
u and ¢ are imposed with Neumann boundary conditions). By replacing the Neumann
boundary conditions with other boundary conditions (for instance, the no-flux bound-
ary conditions [DVu — xVlinc]|-7i| 3o = 0), we shall explore in the future whether

non-constant stationary solutions would exist for system (1.2).
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