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Abstract

In this thesis, we consider four classes of optimization models. One class is LAD
Generalized Lasso models. We develop a descent algorithm for LAD-Lasso and a
new active zero set descent algorithm for LAD Generalized Lasso under nonsmooth
optimality conditions; The second class is constrained LAD Lasso models. We ex-
tend the descent algorithm to tackle the constraints as well. Application in Mean
Absolute Deviation Lasso portfolio selection is studied. The third class is selection
of penalty parameter for compressive sensing. We carry out tests using several cri-
teria for selection of the penalty parameter. The fourth class is optimization under
Asymmetric Laplace Distributions, namely robust mixture linear regression model
and portfolio selection.

We first consider LAD Generalized Lasso models. Under dynamic nonsmooth
optimality conditions, we develop a descent algorithm by selecting fastest descent
directions for LAD-Lasso regression. Then we derive a new active zero set descent
algorithm for LAD Generalized Lasso regression. The algorithm updates the zero
set and basis search directions recursively until optimality conditions are satisfied.
It is also shown that the proposed algorithm converges in finitely many steps.

We then consider Constrained LAD Lasso models. We develop a descent algorith-
m by updating descent directions selected from basis directional set for nonsmooth
optimization problems for MAD-Lasso portfolio selection strategy, extensive real da-

ta analysis are provided to evaluate the out-of-sample performances.
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We next consider selection of penalty parameter. For compressive sensing based
signal recovery model, we apply regularized Least Squares for sparse reconstruction
since it can reconstruct speech signal from a noisy observation, and proposed a two-
level optimization strategy to incorporate the quality design attributes in the sparse
solution in compressive speech enhancement by hyper-parameterizing the tuning pa-
rameter. The first level involves the compression of the big data and the second
level optimizes the tuning parameter by using different optimization criteria (such as
Gini index, the Akaike Information Criterion (AIC) and Bayesian Information Cri-
terion (BIC)). The set of solutions can then be measured against the desired design
attributes to achieve the best trade-off between suppression and distortion.

Finally, we study two models under Asymmetric Laplace Distributions. We first
present an efficient two-level latent EM algorithm for parameter estimation of mix-
ture linear regression models, with group label as the first level latent variable and
laplace intermediate variable as the second level latent variable. Explicit updating
formula of each iteration are derived and computational complexity can thus be re-
duced significantly. Then we consider robust portfolio selection model, and derived
the Expectation-Maximization (EM) algorithm for parameter estimation of Asym-
metric Laplace distribution, efficient frontier analysis is provided to evaluate the

performance.
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Chapter 1

Introduction

In this thesis, we study four related topics about regression and portfolio optimiza-
tion. The first one is LAD Generalized Lasso models, which arise in a wide range of
applications, such as image processing, econometrics, engineering and bioinformat-
ics. We study properties of this kind of models and we develop a descent method
for the simple LAD-Lasso problem. Similarly, we develop an active zero set descent
algorithm for the LAD Generalized Lasso problem.

The second one is Constrained LAD Lasso models. Under nonsmooth optimality
conditions, we derived a descent algorithm for Constrained LAD Lasso problem.
Then we investigate the MAD-Lasso strategy by combining MAD portfolio selection
model with Lasso penalty, and applied the proposed descent algorithm for finding
optimal portfolios. This model can induce sparsity and robustness for portfolio
selection, meanwhile the proposed algorithm speed up the calculation process.

The third one is the selection of penalty parameter, and we propose a two-level
optimization strategy to incorporate the affective design attributes in the sparse
solution in compressive speech enhancement by hyper-parameterizing the penalty
parameter. Also, we systematically analyze measures such as GINI, AIC and BIC
for finding optimal parameters.

Finally, we investigate two models under Asymmetric Laplace distributions which



possess tail-heaviness, skewness and peakedness. Then we derive EM algorithms for
robust mixture linear regression models and portfolio selection models, complement-

ed with real data analysis to evaluate the performance of our models.

1.1 LAD Generalized Lasso models

At an era of information explosion, the extraction of useful information from massive
datasets becomes an important issue. The process often involves selecting a subset
of variables to explain certain observations and phenomena. It can be posed as
a regression problem. Since the number of variables are not known in advance, a
large dataset is often deployed in the selection process in order not to miss the key
variables. In this way, the regression problem becomes a sparse fitting problem.

Motivated by the non-negative garrote procedure of Breiman in [14], Tibshirani
added sparsity into regression problems in [109] and constructed the Least Absolute
Shrinkage and Selection Operator (Lasso) penalty. By adding a bound to the ab-
solute sum of coefficients, Lasso could shrink some coefficients to zeroes and retain
significant variables to maintain model interpretability. As a convex penalty, Lasso
is solvable and flexible. Hastie et al. systematically summarized a series of Lasso
problems in [46], and displayed that Lasso could be extended to generalized linear
models and multivariate analysis. The comprehensive advantages made Lasso pop-
ular and active in engineering, finance, marketing, bioinformatics and other related
fields.

In practical applications, cases with heavy-tailed errors contain outliers are ubiq-
uitous and would deteriorate estimation accuracy significantly. As an alternative to
ordinary least square regression, Least Absolute Deviation (LAD) regression main-
tains robustness against fat tailed errors or extreme outliers due to its connection

with L; norm and double exponential distribution. There are several approaches



combining LAD regression with certain penalty terms for variable selection problem-
S.

Recently, many researchers concerned about LAD regression with variable selec-
tion problem. For example, Zeebari united the LAD regression with ridge penalty,
and alleviated the multi-collinearity between variables in [130]. Wang et al. proposed
a consistent tuning parameter selection technique for LAD-Lasso, and extensively s-
tudied the relative asymptotic properties in [113]. In [39], Gao studied the high
dimensional LAD-Lasso problem systematically, and confirmed the corresponding
asymptotic properties. In [5], Arslan introduced the weighted LAD-Lasso by adap-
tively adding up a weighting process to mitigate the influence of outliers against both
explanatory variables and response variable. In [120], Xu introduced a two-stage
method for tuning parameter selection and obtained the oracle property. Various
LAD-Lasso related studies have been conducted and the corresponding theoretical
properties are well constructed.

Since LAD-Lasso is more robust and could be easily extended to other situation-
s, efficient solution to this problem become imperative and necessary. Generally,
LAD-Lasso could be transformed to classical linear programming problem so that
they could be computed easily. As an alternative to simplex method, Koender pro-
posed the interior point method with a preprocessing step in [93]. Watson and Yiu
[118] dealt with the error-in-variable /; norm regression using Levenberg-Marquardt
method, and robust solutions are obtained accordingly. Yiu et al. [127] applied
l;-norm to beamforming design and proposed an algorithm with a set of adaptive
grids to speed up the calculation process. However, existing algorithms for solving
LAD-Lasso is restrictive and rely heavily on the linear programming solvers. We
study and propose a more efficient method by selecting a sequence of fastest descent
directions based on dynamic optimality condition.

Robust regression analysis with L; norm is ubiquitous in many fields of math-

3



ematics and engineering that finds a vast amount of applications in econometrics,
genetics, meteorology, engineering, and molecular biology, see for example, [10, 36,
51, 60, 90, 95, 122|. To allow sparse structure in the solution, a variety of penal-
ty functions are adopted in the literature, including Lasso [109], Adaptive Lasso
[136], Fused Lasso [110], MCP [131], and SCAD [33]. Lasso-type penalties are pop-
ular in practice for their flexibility and simplicity. Moreover, Lasso can be used
in the majorization step as approximation to the original penalty function in the
majorization-minimization procedure, see [53].

To allow sparsity in the solution, Tibshirani and Taylor [111] imposes structural
constraints on the coefficients in a linear regression and studies the following Gener-
alized Lasso problem,

argmin |[Y — X0/ + \| RO, (1.1)
OeRP

where X € R™? is the design matrix, ¥ € R" is the response variable, R € R9*P
is a specified penalty matrix, # € RP is the coefficient vector we are concerned.
Though there are various existing work on Generalized Lasso models using sum of
squares objective function. It is widely accepted that Least Absolute Deviation
(LAD) regression is robust and resistant to heavy tailed outliers in the response.

Combining LAD with Generalized Lasso gives LAD Generalized Lasso problem,

argmin |Y — X0/, + A\|R0|;. (1.2)
OeRP

When R = I,,, (1.2) reduces to the traditional LAD-Lasso problem, see [39, 113, 116,
101] for details.

LAD Generalized Lasso has wide applications and encompasses LAD Fused Lasso
and robust change point detection problems as special cases. Gao and Huang [40]
employed LAD Fused Lasso to human genomic DNA copy number data with spatial

dependence and sparsity of CNV; Tang [108] investigated LAD Fused Lasso model



with censored data. Change point problem has also received considerable amount of
attention in the literature, to name a few, Li and Sieling [75] proposed an algorithm
using multi-scale segmentation method based on FDR-control; Ng et al. [88] im-
plemented local quadratic approximation strategy with exploitation on the banded
structure of Hessian to simplify the computation; Li and Wang [76] investigated LAD
change point model based on LAD adaptive Lasso method.

LAD Generalized Lasso can be transformed to a linear programming problem eas-
ily. Sparsity of the solution depends on the number of active constraints in the equiv-
alent linear programming problem. Therefore, identification of sparsity is equivalent
to the identification of active constraints. It should be noted that the state-of-the-art
interior point algorithm can only approach the active constraints approximately by
iterative procedure. If only finitely-many iterations are done, closeness to the active
constraints must be determined by some user-chosen threshold value that is very
arbitrary. Interior point method is employed by Koenker [63] with a preprocessing
step for quantile regression. There are a number of alternatives to the interior point
method. Wang et al. [115] established an efficient algorithm for LAD-Lasso problem
that can solve the entire regularization path in one pass. Wang et al. [116] posed
augmented Lagrangian method for fused lasso under general convex loss. Shi et al.
[101] constructed a descent method by iteratively selecting fastest descent directions
for LAD-Lasso problems under nonsmooth optimality conditions. However, none of
these methods guarantees the convergence of the algorithm in finitely-many steps.

The main contribution is to propose a new active zero set descent algorithm that
can stop in finitely-many steps, where the stopping conditions do not involve any
user-chosen threshold value or tolerance level. The proposed algorithm check certain
dynamic nonsmooth optimality conditions in each iteration and updates the active
zero set and basis search directions. This makes our approach different from many
other numerical approximation methods such as interior point method that requires a

5



user-chosen threshold value to determine if an absolute value in the objective function
is zero. On the contrary, the interior point method cannot be terminated in finitely-
many steps. This is because it approximates the original problem using nonlinear
“logarithmic barrier”. As a result, Newton-like iteration is required. Moreover, the
size logarithmic barrier needs to be decrease gradually in another iteration. This
entails a nested iteration that do Newton update in the inner loop and decrease

logarithmic barrier in the outer loop.

1.2 Constrained LAD Lasso models

The mean-variance framework of Markowitz [87] is the cornerstone for modern port-
folio selection theory. Under this framework, in order to balance the risk and return,
the portfolio variance is minimized at a given level expected return. This entails the
estimation of the mean vector p and covariance matrix 3. However, as shown in
[15, 27, 37, 58], if the sample mean and sample covariance are taken as the estimation
of p, 3 the out-of-sample performance of the asset allocation is not satisfactory in
practice. In the context of regression analysis, it is well known that least absolute
deviance (LAD) is more robust and resistant to outliers in the response compared to
the usual least square (LS) regression, see [39, 113, 114]. The statistical properties of
the constrained Lasso estimates are studied in [38, 56]. As an analogy, it is natural
to believe that in the portfolio selection problem, the out-of-sample performance of a
portfolio can be improved if the portfolio variance is replaced by the mean absolute
value. Indeed, Konno [67] propose a mean absolute deviation (MAD) based robust
portfolio selection method without involving mean vector and covariance matrix ex-
plicitly.

Sparsity is also desirable in portfolio selection because it reduces the management

cost. However, this cannot be achieved by applying the method of [67] directly.



Though the Lasso penalty of Tibshirani [109] is introduced in the context of variable
selection, it finds extensive applications in portfolio selection. For example, Brodie
[16] develops a sparse and stable portfolio selection strategy by incorporating the
idea of Lasso regularization. It is shown that the out-of-sample performance of the
Lasso regularized method is consistently better than naive equal-weight portfolio in
terms of Sharpe ratio. Further studies of regularized Markowitz’s theory include, to
name a few, [20, 34, 35, 123, 124]. However, all these methods are developed under
the traditional mean-variance framework. The purpose of this paper is to incorporate
Lasso penalty into MAD based portfolio selection method.

In this section, we illustrate that the proposed MAD-Lasso method can be re-
formulated as a constrained LAD problem with linearly equality constraints. In the
absence of constraints, Shi [101] develop a steepest descent algorithm for the LAD-
Lasso problem. In the present paper, we further generalize the ideas of “nonsmooth
optimality conditions” and “basis directional set” to allow equality constraints. In-
terior point method is a competitor of the proposed algorithm. Notice that the
constrained LAD problem can be transformed into a linear programming problem
and therefore can be solved by the interior point method provided in the Matlab
interface. However, interior point requires nested iteration that increase the tuning
parameter in the outer-loop and do optimization to an approximated problem in
the inner-loop. Since the solution is never exact if only finitely-many iterations are
done, one needs to specify a thresholding value to determine if a component in the
approximated solution equals zero. The choice of such thresholding value can be
very arbitrary. On the contrary, thresholding value is not required by the proposed

algorithm.



1.3 Selection of penalty parameter

The ever growing demand for mobile electronic devices, e.g., smart phones, has made
voice interfaces ubiquitous. Given the mobility of these electronic devices, the input
speech signal will suffer from the various environmental noise. Clearly, delivering a
clean speech signal in the communication system is an important aspect of the prod-
uct requirement. The objective of speech enhancement is to estimate the desired
speech signal from the noisy observation, which consists of both speech and noise
signals. The two key performance measures for speech enhancement are usually
measured in terms of noise suppression and speech distortion [126, 82]. Interestingly,
these two measures can be viewed as engineering design and quality design require-
ments, respectively [57, 73, 24]. In terms of engineering design, the enhancement
must yield the highest signal to noise ratio (SNR) possible, which translates to noise
suppression capability. In order to satisfy its quality design, the enhancement process
must also maintain the perceptual features, i.e., minimizes speech quality degrada-
tion. Indeed, it is a challenge to optimize the overall noisy speech as the engineering
and quality requirements [57] are at times conflicting as maximizing SNR tend to
result in speech degradation [83], resulting in a natural trade-off.

Given its volume, speech signal is considered to be a big data. Additionally,
speech is highly non-stationarity across the time and frequency domains. The vary-
ing nature of speech adds to the challenge as the data is not just ’big’ but also
changing as a function of time and frequency. There is a wealth of literature exam-
ining the characteristics of speech to reveal its patterns and trends, which are useful
in applications such as speech recognition, speech enhancement and computational
auditory scene analysis. Of late, one important characteristics of speech is its sparsi-
ty. Speech sparsity has gained popularity as it may hold the key to making the ’big’

speech data, ’small’. Whilst speech is fairly compact and dense in the time domain,



speech signals are in fact sparse in the time-frequency representations [91, 41]. This
is because speech is highly non-stationary and there will be lapses of time-frequency
periods where the speech power is negligible compared to the average power. On av-
erage, a speech signal consists of approximately ten to fifteen phonemes per second
and each of these phonemes has a varying spectral rate [43].

The notion of sparsity has led to sparse reconstruction methods such as com-
pressed sensing (CS) [29, 19]. CS theory states that sparse signals with a small
set of linear measurements can be reconstructed with an overwhelming probability
[17, 18]. Potentially, CS has the capability to compress big data such as speech
signal. In speech enhancement, CS exploits the sparsity of speech and non-sparse
nature of environmental noise in its reconstruction. Low et al. [84] demonstrated
the use of CS as a speech enhancer by relying upon the strength of CS to maintain
only the sparse components (speech) and its weakness in preserving the non-sparse
components (noise). Various CS based methods with favorable results have been
reported [84, 103, 119], demonstrating its efficacy for speech enhancement applica-
tions. A very popular technique for sparse signal reconstruction is the regularized
¢1-norm least squares [61]. This is because ¢; regularized least squares yields a spars-
er solution since the solution tends to have fewer nonzero coefficients compared to
the ¢5 based Tikhonov regularization [61]. One important parameter in solving the
regularized sparse solution is the tuning parameter or the penalty constant, A\. The
regularization parameter, A holds significance as a heavier weighting would penalize
the Tikhonov regularization. In other words, the tuning parameter holds the key in
determining how sparse a solution is reconstructed.

Whilst a sparse solution indicates the existence of a sparse component such as
speech, there is no measure incorporated in the CS reconstruction to optimize on the
overall speech quality. The idea is to establish the relationships between sparsity and
quality. Since the tuning parameter has influence over the sparsity of the solution,

9



then a quality measure should be factored in to link the two. This is akin to factor-
ing aspects of consumers perceive quality by using a quality measure in the overall
product design [81]. We proposes to formulate the solution in compressive speech
enhancement by hyper-parameterizing the tuning parameter. The tuning parame-
ter is then optimized by using different optimization criteria (such as Gini index,
the Akaike information criterion (AIC) and Bayesian information criterion (BIC)) to
achieve the sparsest set of solutions. The set of solutions is then evaluated against
the perceptual evaluation speech quality (PESQ) as a quality measure [96], which
can be used in a wide range of operating conditions depending on the requirements.
The development of such a process can then be used to describe a systematic ap-
proach to the analysis of consumer reactions to candidate designs, which ultimately

provides a definition of better products and increases the product appeal [9].

1.4 Two models under Asymmetric Laplace Dis-
tributions

In this section, we consider two models under Asymmetric Laplace Distribution (ALD).
The first model is mixture linear regression model with Asymmetric Laplace error,
the second model is portfolio selection model under Asymmetric Laplace Distribution
framework.

We first consider mixture linear regression models with error term follows mix-
ture Asymmetric Laplace distributions. Let X be a n x p design matrix and Y be
a response variable. The relationship between Y and X is often modelled via lin-
ear regression. With the framework of mixture linear regression, we assume that
with probability mp, k = 1,--- | K, (X}, Y;) comes from the k-th component if latent
variable W = k:

Y =X"06, 4+ o, k=1,--- K, K =2, (13)
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where the mixing proportion 7 = (7, - , 7 )’ satisfies m > 0, and Ziil e = 1, O
is the unknown p x 1 vector of the 1007% regression quantiles for the k-th component
with 0 < 7 < 1, and g > 0 is the corresponding unknown scalars. The random error
terms ¢;s are assumed to be independent of X, and it is commonly assumed that
the 1007% quantile of ¢, is zero with variances one. When 7 = 1/2, it reduces to the
Least Absolute Derivation (LAD) regression.

For a given random sample {Y;, X;}7, from model (1.3), when K = 1, the 7-
th QR is defined as any vector B € R? minimizing the target function Q(8) =
S p-(Yi— X B), where p,(t) = t(r —I(t < 0)) is the so-called check function, and
I(+) is the usual indicator function [62, 63]. Many algorithms have been developed

in the literature to tackle the minimization problem ,é = arg mﬁin Q(B), such as the

interior point algorithm [65], the MM algorithm [52], and references therein. It is easy
to show that minimizing Q(3) is equivalent to maximizing the likelihood function
of a linear regression model with random errors following the Asymmetric Laplace
Distribution, see [42, 64, 128], among many others. Since ALD can be represented
as a normal-variance-mean mixture with an exponential mixing distribution, which
makes it easy to implement the EM algorithm for unknown parameter estimation, see
[133]. Wang and Xiang [117] proposed a two-layer EM algorithm for ALD mixture
regression models for composite quantile regression, which provide another form of
likelihood function for composite quantile regression. The objective function for

quantile regression of model (1.3) is generally

~

B = argmin p-(Y; — X[ ), (1.4)

the robustness property of the QR procedure, and the natural connection between QR
estimation and maximum likelihood estimation for the regression coefficients given
the asymmetric laplace distributed random error when K = 1 as in [133], motivate

us to consider the possible extension of the algorithm to the mixture model setup as
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in (1.3). For model (1.3), Yao et al. [121] proposed a robust estimation procedure
for mixture linear regression models based on ¢ distribution by extending [89]’s work,
while [102] investigated a robust estimation procedure for mixture linear regression
models based on Laplace distribution. The research deals with the same questions as
in [121] or [102], but with the QR technique, or the ALD, instead of the less commonly
used t-distribution or the special case of the standard Laplace distribution, used for
achieving robustness. That is, we propose a new robust mixture regression model
via ALD for (1.3), and investigate its estimates based on EM algorithm. The natural
connection between the QR procedure and the MLE based on ALD error made the
proposed procedures more appealing.

The MLE works well under Gaussian error case. However, MLE is sensitive to
outliers or heavy tailed errors. Yao et al. [121] conducted mixture t regression
models to overcome the heavy tail error cases; Song et al. [102] noticed the special
connection of Laplace distribution and quantile regression, a Laplace error based
linear regression is proposed to solve this problem. We consider mixture Laplace
errors for quantile regression with different skewness level, a robust EM procedure is
conducted to verify the robustness of our algorithm.

Then we focus on portfolio selection models under Asymmetric Laplace Distri-
bution (ALD) framework. Portfolio selection aims at either maximizing the return
or minimizing the risk. In 1952, Markowitz [87] suggests to select the portfolio by
minimizing the standard deviation at a given expected return under the assumption
that asset returns are normally distributed. This means that standard deviation is
chosen as the risk measure. Markowitz’s work laid down the cornerstone for modern
portfolio selection theory framework.

Risk measures and probability distributions are two important constituents of the
portfolio selection theory. Traditional Markowitz’s model [87] is established based
on normality assumption and standard deviation is chosen as the risk measure.

12



One disadvantage of taking standard deviation (StD) as a risk measure is that the
loss in the extreme cases tends to be underestimated. To overcome such a difficulty,
the idea of Value at Risk (VaR) is also widely used in practice. Artzner et al. [6]
suggests that desirable risk measure should be “coherent”. However, VaR does not
fulfill the subadditivity condition as required by the definition of “coherence”. Yiu
[125] proposed an optimal portfolio selection under Value-at-Risk. On the other
hand, Expected Shortfall (ES) is coherent as a popular risk measure for portfolio
selection that aims at averaging the tail uncertainties.

It is well-known that financial data cannot be described satisfactorily by normal
distribution. The normality assumption is restrictive and is generally violated due
to financial market uncertainties and managers’ risk aversion. As Behr and Ptter
[11] pointed out, alternatives for multivariate normal distribution are necessary for
portfolio selection. A desirable alternative model should be able to explain tail
heaviness, skewness, and excess kurtosis. Various heavy tailed distributions have
been applied to portfolio selection problems. Among these, Mandelbrot [3] concluded
that the daily rate of return of stock price data exhibit heavy tailed distributions;
Hu and Kercheval [49] apply multivariate skewed ¢ and student ¢ distribution for
efficient frontier analysis; Generalized hyperbolic distribution is extensively studied
in [11, 30, 47, 48, 106, 107], with special cases including hyperbolic distribution
[13, 31], Variance Gamma distribution [100], Normal Inverse Gaussian distribution
8], etc.

Recently, Asymmetric Laplace distribution has received various attention in the
literature, to name a few, [7, 66, 70, 71, 94]. Compared to Normal distribution, the
Asymmetric Laplace distribution describes asymmetry, steep peak, and tail heaviness
better. Portfolio selection models are extensively studied under Asymmetric Laplace
framework. Zhu [134], Kozubowski and Podgrski [71] apply Asymmetric Laplace

distribution to financial data. By assuming that the asset data is generated from
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autoregressive moving average (ARMA) time series models with Asymmetric Laplace
noise, Zhu [134] establish the asymptotic inference theory under very mild conditions
and present methods of computing conditional Value at Risk (CVaR). Zhao et al.
[132] further propose a so-called mean-CVaR-skewness portfolio selection strategy
under Asymmetric Laplace distribution, this model can be further transformed to
quadratic programming problem with explicit solutions.

In this subsection, we extended Hu [49]’s work to Asymmetric Laplace framework.
We first derived the equivalence of mean-VaR/ES/Std-skewness-kurtosis models, and
show that these models can be reduced to quadratic programming problem. S-
ince Zhao [132] utilized moment estimation for parameter estimation of Asymmetric
Laplace distribution which is less efficient compare to maximum likelihood estima-
tion. Taken into consideration of the normal mean-variance mixture of Asymmetric
Laplace distribution, followed by Expectation-Maximization algorithm for multivari-
ate Laplace distribution in Arslan [4], we derived the EM algorithm for Asymmetric
Laplace Distributions that outperforms moment estimation in [132]. The advantage
of the proposed EM algorithm is to alleviate the complicated calculation of Bessel
function. This improves many existing methods of estimating Asymmetric Laplace
distributions, for example, Hrlimann [55], Kollo and Srivastava [66], Visk [112]. Ex-
tensive simulation studies and efficient frontier analysis are complemented to confirm
that our algorithm performs better than moment estimation for parameter estima-

tion.

1.5 Contributions of the thesis

The contributions of this thesis can be divided into four parts:

1. LAD Generalized Lasso regression.

In Chapter 2, we first focus on LAD-Lasso regression, we derived the optimality
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condition for optimal solutions, and developed a descent algorithm such that
the nonsmooth optimization problem can be optimized directly. Then we con-
struct the active zero set descent algorithm for LAD Generalized Lasso. Under
dynamic nonsmooth optimality conditions, based on zero set and basis direc-
tional set, we update the descent directions and optimal step length recursively
without user-chosen threshold value. Simulation studies and real data analysis

are provided to confirm that our algorithms perform well.

. Constrained LAD Lasso for portfolio optimization.

In Chapter 3, we established the MAD-Lasso portfolio selection strategy, refor-
mulated as Constrained LAD Lasso with linearly equality constraints. We de-
velop a descent algorithm by updating descent directions from basis directional

set and optimal step length iteratively for solutions of MAD-Lasso model.

. Penalty parameter selection for compressive sensing.

In Chapter 4, we first propose a two-level optimization strategy to incorpo-
rate the affective design attributes in the sparse solution in compressive speech
enhancement by hyper-parameterizing the tuning parameter, and provide se-

lection criteria for tuning parameter selection.

. Two models under Asymmetric Laplace Distributions.

In Chapter 5, we first propose a two-level latent EM algorithm for parameter
estimation of mixture linear regression models by assuming that the error term
follows mixture laplace distribution. Then we consider portfolio selection under
Asymmetric Laplace Distribution (ALD) framework, and derived the EM algo-
rithm for parameter estimation, we also prove that minimize VaR, ES and StD
under ALD framework can be simplified to quadratic programming with ex-

plicit solutions. Extensive simulation studies and real data analysis confirmed
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that our proposed methodology works well.

1.6 Organizations of the thesis

The thesis is structured as follows.

e In Chapter 1, we introduce existing background knowledge of four topics: LAD
Generalized Lasso models, Constrained LAD Lasso models, penalty parame-
ter selection for compressive sensing, two models under Asymmetric Laplace

Distribution. Then we summarized the main contributions of the thesis.

e In Chapter 2, we focus on LAD Generalized Lasso models. We first develop a
descent method by choosing the fastest decent direction for LAD-Lasso model,
then we present a new active zero set descent algorithm for LAD Generalized
Lasso by updating the descent directions and optimal step length recursively
based on zero set and basis directional set without user-chosen threshold value,

convergence analysis are conducted.

e In Chapter 3, we consider Constrained LAD Lasso models, and conduct a
descent algorithm by iteratively updating descent directions and optimal step

length, then we apply the algorithm to MAD-Lasso portfolio selection strategy.

e In Chapter 4, we derive a Two-Level tuning parameter selection strategy for

compressive sensing based signal processing model.

e In Chapter 5, we study two models under Asymmetric Laplace Distribution-
s. We first conduct mixture linear regression model and derived a two-level
Expectation-Maximization algorithm for model fitting, then we investigate ro-

bust portfolio selection models under Asymmetric Laplace framework.
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e In Chapter 6, we summarize our main results in this thesis and provide several

further possible research directions.
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Chapter 2

LAD Generalized Lasso Models

In this chapter, we focus on LAD Generalized Lasso models. Based on nonsmooth
optimality conditions and directional derivatives, we derive a descent method for
LAD-Lasso model and a new active zero set descent algorithm for LAD Generalized
Lasso model. Compared to interior point method, we verify that our algorithms are
much more time efficient than state-of-the-art linear programming solver: interior

point method.

2.1 A descent method for LAD-Lasso model

Consider linear regression problem

Y =Xp+e, (2.1)
where X is the n x p design matrix with row vectors X; € RP,4 = 1,--- ,n, and
Y = (y1,--- ,yn)7 is the response vector, § = (f1,--- ,5,)7 is the parameter vector

we are concerned.

Generally, the LAD-Lasso regression is to minimize the /; norm loss function

min > [y — Xif|
=1
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subject to the constraint

p
Z ‘61’ <g,
=1

where ¢ is a positive constant.

This problem can be transformed into the following optimization problem:
n p
min " Jy; — XiBl + 7 Y. B,
fia j=1
or the matrix representation

min [¥ = X8l + 7]l 22)

Note that the terms in (2.2) are nonsmooth. A typical way to tackle this problem is

to transform it into a linear programming problem. Denote
|Y = XBlh = ui + o1, Bl = ug + va, (2.3)

where w1, vy, ug, 2 = 0 and uy, v1 € R™, ug, v € RP are defined as

u; = max (Y - Xﬁ,O),

v; = max ( — (Y — XB),O),

us = max(s,0),

vy = max(—p,0).
Hence

Y - XB=u —v,[=uy— vy,

and (2.2) is equivalent to the following minimization problem:

min  0- 08 +uy + vy + y(uz + v9)
st. XB+u—v =Y,

B —u + v = 0p,

Uy, vy = Op, ug, v3 = 0,.
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Denote
X I -7 0, O Y
A — n n , b — ’
(]p Opxcn Opxn _[p Ip) <Op>

the optimization problem becomes

min c'x

st. Ax =0, (2.4)

Uy, V1 = On,U27U2 = 0]97
where & = (87, u], o], ul, o])T, ¢ = (0, 1, 1,41, 71).
Thus, (2.4) is a canonical linear programming problem and interior point method

can be applied to solve it. This is currently the state-of-art technique for tackling the
LAD-Lasso problem. However, when n and p become large, the computational time

still grows significantly and becomes very expensive. Problem (2.2) can be written

as a canonical form by introducing the symbols as follows:

Y X
y* = X = ,
(0p> <7 : Ip)

where 0, is p x 1 vector, I, is p-dimensional identity matrix. Then, Problem (2.2)

becomes
mﬁin [Y* — X*5]1. (2.5)
For simplicity of notation, we omit the superscript = and consider the canonical form

min [ — X 5. (2.6)

2.1.1 Computational methodology

Introducing the objective function f(/3), the optimization problem (2.6) is standard-

ized as

min f(5) = 311X — vl = 3, £i(8). (2.7)

BeRP
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where
XiB—vi, itXiB—y >0,
[i(B) =1XiB—uyil =% —Xif+wy, EfX;B—y <O,
0, i X8 —y; = 0.

To develop an efficient method for solving Problem (2.6), the optimality conditions
are needed. The derivative of f; with respect to 3 is given by

o | —X;, if XiB—y; <0.

At the point when X;8 — y; = 0, it’s not differentiable. However, its directional

derivative exists. For a direction d € R", the directional derivative of f; along d is

defined as

- Xi(B+ M) =yl — | X — il | X;d|
Vg fi = lim = .
! A—0+ Ald]| Id|

Similarly, for the direction —d, directional derivative of f; along —d is defined as

. |Xi(5 - /\d) - ?Jz’ - |Xi5 - yz‘ |Xz‘d|
—-Ji = l == .
Va-fi = lim, Nd| ]

Hence, for the absolute linear function, we have
Vafi =V fi.
Furthermore, if X;8 — y; # 0, then f; is smooth and we have
Vi fi = =V fi.

Denote X;5 — y; = u;, we rewrite the objective function as

f(B) = A(B) + C(B),

where A(3) relate to the smooth part of V4 f(5),

n

A(B) = Zn:X(Uz > 0)(XiB —yi) + ZX(UZ <0)(=XiB+yi) =a’B+0b,

1=1 i=1
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in which

(v) = 1, if v is true,
X\ = 0, otherwise,

and C(p) relate to the nonsmooth part of V4 f(5).
Denote the zero set in each iteration by Qx = {ki, -+, k;,}, which is the set of all

the indices ¢ such that u; = 0. Then

Z |Xi5 - yi"

iEQk

Z 0)]X:8 — yz\—Eleﬁ Yk:

Since f(f) is the sum of n convex functions, it is convex and its local minimizer
is also the global minimizer. The optimality condition of the minimizer is that any
directional derivatives are greater than or equal to zero. That is, * is the optimal

solution of (2.7) if and only if
Vaf(B*) = VaA(B") + VaC(") = 0,Vd e R". (2.8)

However, it is not easy to verify this condition during computation since d is arbitrary.
We should derive an equivalent condition such that it can be verified easily. Consider

the function C'(f) such that
Xkl/g :yk17z = ]-a , M.

Denote



and suppose that the rank of X, is m, we can find its generalized inverse matrix as V,
such that X,V, = I,,, where I, is the m x m identity matrix and V, = (Vi,--- , V,,,).
Consider the null space {V € RP| X,V = 0}. There exist p—m linear independent

vectors V;,j = m+1,--- ,p, which are the basis of the null space. Hence, we have
Xa‘/j =0,Vj=m+1,--,p

Therefore, {V; : i = 1,--- ,p} form a basis of R? and the following orthonormality
holds:
1, when i = j;

Xk’l‘/}:{(L Whenz';éj, z=1,---,m,j=1,-~-,p, (29)

Then we can obtain the directional derivatives of f along the vectors {V; : j =

1,---,p}. Ifie{l,--- ,m}, we have

2 X Vil 1

V,+C(B) = — = =1 ,m,
K Vil Vil
V,-C(B) = == ’ = =1, ,m.
K | = Vi Vil
Ifie{m+1, -, p}, we have
21 | X, Vil

V‘/ZC</8): =0,2=m+1,--,p

Vil

Consequently, we have

Vi F8) = Vyr A(B) + o = @V DV =L

Vi F8) = Ty A) + = (it DYV i = L. (210

An equivalent optimal condition of (2.8) is given by the following theorem.
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Theorem 2.1. 3* is the optimal solution if and only if the directional derivatives

satisfy

Vvi+f(ﬁ*)>0, i=1,---,m.
Vo f(B) 20, i=1-m. (2.11)
Vv, f(6*)=0, i=m+1---,p.

Proof. Note that (2.11) is a special case of (2.8), the necessary condition is obvious.

Therefore, we only prove the sufficient condition, that is, we prove that if (2.11) are

satisfied, then (2.8) holds.

For any direction d, since {V; : i = 1,--- ,p} is a basis of RP, there exists a vector
A, such that
p
= > AV (2.12)
i=1
Without loss of generality, we can set \; = 0,Vi = 1,--- | p, because if \; < 0, we

have \;V; = (—\;) - V,". Then V,* is replaced by V7, and \; is replaced by —\; > 0.
Hence, by adjusting the order adequately, (2.12) can be reorganized as

d = Z)\V++ 2 )\V+Z)\V

i=mi+1 i=m+1

where \; = 0,Vi = 1,---, p. It follows from (2.10) that

||

S X (S AV S AV S )
d]

VaC(8%)

S X Vi |+ 2 e XXk V|
]|
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Hence, by (2.10), we have

Vaf(B*) = (Z)\aTV++ Z NaTVi™ + Z )\aTV+Z)\>/|d|
i=mi+1 i=m+1
— ( Ai(@"Vit 4+ 1) + Z Ai(a"Vi + 1) Z AaTV> /Hdll
i=mi1+1 i=m+1
- ( Vi F(B%) - Vil + Z Vy-f(5 ||V||> /Hdll
=1 1=m1+1
> 0.

Thus for any direction d, the directional derivative is greater than or equals to zero.

Hence, (2.8) holds and * is the optimal solution.  []

Remark 2.1. If the rank of X, isl, and | < m, we can find | rows such that they
are rank 1. Then, the generalized inverse matriz V, = (Vy,--- , V) can be computed.
Since Theorem 2.1 does not hold by replacing m by l, extend Theorem 2.1 to multi-

collinear cases need further exploration.

If the condition (2.11) is not satisfied, then there exists a direction d such that
the cost function value decreases along with this direction. If the i-th condition is

not satisfied, that is,

Vy+f(8) = 0and V- f(8) =0

can not be satisfied at the same time, then V" or V;™ is the descent direction. For
an iterative point S, denote the zero set by Q4. The function can be rewritten as

F(B) = a®TB+ > X8 =yl + 0. (2.13)

iEQk

We need to find a descent direction such that (2.13) decreases along it whenever the

condition (2.11) is not satisfied.
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Lemma 2.1. Suppose that dy,--- ,d,, are the descent directions and are also linear
independent, then for any w; = 0, and at least one i such that w; > 0, w;d; is

also the descent direction.

Proof. By the definition of directional derivative, the directional derivative of d; and
w;d; (w; > 0) are the same. Hence, w;d; is also the descent direction. Hence, we can
assume that )" w; = 1,w; = 0.

Suppose that

Vaf(B) = lim f(B +tdi) — f(B)

=q; < 0.
st ltdi] i

Since f is linear along with d; when t > 0 is small, there exists €; > 0 such that

f(B +tdi) ~ f(P) + tau|di, ¢ € 0,e].
Let € = min{ey, -+ ,&,}. When t € (0,¢], we have

f(ﬁ +t3n, widi) — f(B)

2252 wids]
_ f(ZZL Wi+ 135, widi) — 2 wif(B)
€232 wids]
_ f(Z?; w; (B + tdi)) — 2 wif (B)
8255 wids]
- St wi(f(B+tdy) — f(B))
N 6257 widi]
_ L win|dif
8255 wids]

Hence,

t> widy) — t>0" aw;|d; " awgl|d;
= t—0+ 1t 25, widi| -0t ]| D30 widy | 252, widsi]
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Since dy,--- ,d,, are linear independent and {w;|i = 1,---,m} are not all zero,

I35 wid;| is not equal to zero. Note that a; < 0, w; > 0 and |d;|| > 0, we have

ey aswidal]

ST < 0. Hence, >, w;d; is a descent direction. [
i=1 "t

Lemma 2.1 indicate that linear combination of descent directions is still a descent
direction, thus the following descent direction search is feasible.

Since there exists at least one i € {1,---,m} such that condition (2.11) is not
satisfied. Denote the set of all such indices k; by €, where (2.11) is not satisfied for

V" or V;”. Then, we can choose the descent direction d in the space spanned by
(ViikieQtu{Vici=m+1,--- p}.

To speed up the search, we check the descent directional derivatives va for va f,
and choose the indices where they descent most. That is, we choose a subset A;
of ), which is a proportional a of the indices in 2}, such that the corresponding
descent directional derivatives vvf f or Vv; f is less than the other 1 — a of the

directional derivatives. Denote
Qor = U \Ay,
we choose the descent direction d in the space spanned by
{(Vitkie MMJu{Viii=m+1,--- p}

such that

d= Z AiVi+ i AiVi.

k€N i=m-+1

It can be verified that
de = O,VZ € QOk'
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Hence, the descent direction should keep the set (2o, unchanged, we set the descent

direction d® as the optimal solution of

max —a®h
heRP
st. X;h=0,Yie Qo (2.14)
Ih| = 1.

It means that the solution h is chosen as the vector nearest to the deepest descent
direction —a®, and still keep the set Qg unchanged at the same time. The optimal

solution of Problem (2.14) is
d=—a® — X[ (Xor X31) ™" Xox - (—a™), (2.15)

where X, (Xox XJ,.) ™' Xox(—a®) is the projected direction of —a® in the subspace
{h: X;h =0,i€Qq}, and

Xk,
Xok = ok R e Qo
X

1

The sparsity indicate that m « p and m « n, thus computational complexity of d
is very low during iterations. Hence, the descent direction d*) can be chosen as the

normalized vector of d

d® = dj|d, (2.16)

and the zero set is updated as €, = Qq.
The cost function value will decrease along the descent direction d®, when the

step length is small. The next iteration point will be generated by

BED = B0 4 A\ed® Ny, > 0,
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where Ay is the step length, which should be maximized such that the cost function

value is reduced in largest magnitude. For this, we define a new problem as

)

where

g(A) = F(B5) = f(B® + Ad¥)), A=0.

Since f is convex, g(\) is also convex, we can choose A, as the optimal solution of

the problem m/\in g(\). This problem is equivalent to the problem as follows:

max A
A=0
st. Vo f(B® + Md®) =0 (2.17)

Vd(k),f(ﬂ(k) + )\d(k)) = 0.
For this problem, we have the following observation.

Theorem 2.2. There exists an optimal solution \*) > 0 and at least one i in
{1,---,n} such that X;(B® + AX®d®)) =y that is, i is in the zero set at the point
BE) 4 \R) k),

Proof. If A = 0, d® is a descent direction at 5, that is,

Vd(k)f(ﬂ(k)) < 0.

Since g(\) is convex, a%_(/\)\) is monotonically increasing.
Note that
og(A) o 9B + A+ ANdW) — g(BY + Ad®)
—— = lim
oA AX—0 AN

[d® |V g F(BE + Ad®)),
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then, the directional derivative
Vo F(B® + Ad®))

is monotonically increasing with respect to A.

Note that each term is absolute linear function, f(5%*) 4+ Ad®)) is piecewise linear
and V0 f(B%) + Ad®) is piecewise constant. For each point where V ) f(5%) +
Ad®) increases, there exists at least one index ¢ such that u; changes from negative
to positive or from positive to negative. All these indices 7 is in {1,--- ,n}, which is
finite. Suppose that

Jm Ve f (8% + Ad®) <0,

we have

lim V0 £ (8% + Ad®) = Voo (Y + Nd®) <0,
where ) is a sufficiently large value. Therefore,
FB® + XNd®) < f(BR) + Vg F(BP + Nd®)) — —c0.

This contracts to the fact that f > 0, which is impossible. Thus we must have

Jim Ve F(B® + Xd®)) > 0.
Since Vg f(B*) + Xd®)) is piecewise linear, we can find a point \ such that
V0 f(B*) + Nd®) becomes positive or zero in the first time. That is,

Vi f(B® +Xd®) <0, X < X,

Vi f(B® + Xd®) = 0,1 = X.

Hence, %) + Nd® is the minimum point of f(3*) 4+ A\d®)).
Note that Vyu f(B® + Ad®) is discontinuous at )\, there exists at least one
index ¢ in {1,--- ,n} such that
X;(B% + Nd®) = 0.
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]

Hence, we can find the optimum step length in each iteration.
We denote \; as the optimum step length along the direction d*). By using the
step length A, the cost function becomes
f(ﬁ(kﬂ)) _ (a(k+1))Tﬁ(k+1) + Z |X,ﬂ(k+1)| + b(kH),
1€Q+1
and the k-th iteration terminated and moved to the (k + 1)-th iteration. For this
update, the indices in A; have been removed from the zero set ;. It follows from

Theorem 2.2 that some indices move to the zero set. We denote all these indices by

A, then a new zero set at (k + 1)-th iteration is generated as
Qk+1 = Qk U AQ.

Hence, we find a new iterate as B¢+ = g*) 4 X\, d®) | and the zero set is updated
as Q+1. We continue the iteration until the optimal conditions (2.11) are satisfied.

In summary, the algorithm is as follows:

Algorithm 1

Initialization: Choose an initial point 8%, compute the corresponding set g, and
compute the cost function f(8). Set k = 0.

Step 1: (Terminate)

Generate the matrix V' for the zero set €. If conditions (2.11) is satisfied, then stop
and return the optimal solution and value. Otherwise, go to Step 2.

Step 2: (Descent Direction)

Find the « fastest descent directions as A;, where o denotes the percentage of selected
descent directions that decrease faster than the other 1 — « directions. Set (g, =

Q\A1, and compute the descent direction d*) using (2.16).

Step 3: (Optimal Step Length) Find the best step length Ay by (2.31).

Step 4: (Iteration) Update 3*+1 = p*) 1 \,d*). Find A, and update the zero
set as Q11 = Qor U Ag. Then we compute the cost function f(S*+Y) let k =k + 1
and go to Step 1.
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2.1.2 Simulation studies

In this section, Algorithm 1 is implemented to solve the LAD-Lasso problem, where
parameter « controls the percentage of directions selected from the descent direction
set. Experiments show that too small or too large o values may result in unsteadiness
or time inefficiency, e.g., a = 0.01,0.20. Here « is set as 0.05 to reach a balance
between stability and time consumption.

We compare our proposed method with Interior Point method and Gurobi based
on Matlab platform, where the default solver of function linprog is Interior Point
method.

To solve LAD-Lasso problem, a key consideration is the tuning parameter se-
lection. In [114], Wang focused on the high dimensional penalized least absolute
deviation problem, and a tuning parameter selection procedure is given. Denote x;
as the i-th column vector of design matrix X, we first scaled the dataset such that
|zi|? = n,i =1,---,p, and choose A\ = /2nlog p, which is rate consistent. Similar
to Gao and Huang [39], we consider four simulation examples with data generated
by

Y=XG+¢e, e~ N(0,1),

where design matrix X follows multivariate Gaussian distribution with zero mean
vector and covariance matrix X, the elements of ¥ is given by (X);; = 0.5/"=71 such
that the correlation between @; and x; is 0.5/, For simplicity, the true coefficient
[ is given by

pg=(22,2220,--,0),

where the first five elements equal to 2 and the remaining p — 5 elements are zeroes,
thus there are 5 nonzero components.
We consider four cases of p as 10,50, 100, 500, respectively. For each p, the value

of n increases from 500 (100 for p = 10 case) to 10000 gradually. For each p and
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n, the data X and Y are simulated 100 times. Interior point method, the proposed
method and Gurobi are applied to these problems for comparison. The running time
of these methods are depicted in Figure 2.1. It can be seen that the proposed method
is more efficient than the other methods, especially when n increases. That is, the
larger n/p is, the more efficient the proposed method becomes. We choose 5 = 0, as
the initial value, since there are 5 nonzero entries for each p, experiments show that
m < 10 for all the iterations, thus the computational complexity is relatively small.

Several representative simulation results are listed in Table 2.1-2.4, where Run-
ning Time denotes the average time taken; MSE evaluates the average prediction
error; Degree of Freedom (Zou [137]) refers to the number of nonzero components
of the estimator; Correctly Fitted Ratio indicates accurate estimation of nonzero
component locations relative to the total simulation. Results show that MSE, De-
gree of Freedom and Correctly Fitted Ratio are same for all methods, which indicate
that they have converged to the same optimal solution. Thus, our proposed method

achieves both time efficiency and estimation accuracy.

— Interior Point| “ i— Interior Point,
°T'|- - Proposed 1 - - Proposed
5|.L=+ Gurobi 12 |-+ Gurobi

p=100 p=500

— Interior Point
251|- = Proposed
-+ Gurobi

a0 — Interior Point|
- = Proposed
120 f-|=+ Gurobi

R -
s e e

aaaaaaaaa

Figure 2.1: p=10,50,100,500 n—time plot
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TIME MSE
n p ‘ Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
100 10 | 0.0456 0.0103 0.8684 0.0680 0.0680 0.0680
500 10 | 0.0928 0.0355 0.8877 0.0110 0.0110 0.0110
1000 10 | 0.1845 0.0722 0.9540 0.0055 0.0055 0.0055
2000 10 | 0.4740 0.1771 1.2126 0.0027 0.0027 0.0027
5000 10 | 2.2176 0.7675 1.7595 0.0010 0.0010 0.0010
10000 10 | 6.5670 2.3630 3.8824 0.0005 0.0005 0.0005
Degree of Freedom Correctly Fitted Ratio
n p | Interior Point Proposed Gurobi ‘ Interior Point  Proposed  Gurobi
100 10 | 5.19 5.19 5.19 0.83 0.83 0.83
500 10 | 5.29 5.29 5.29 0.77 0.77 0.77
1000 10 | 5.31 5.31 5.31 0.74 0.74 0.74
2000 10 | 5.23 5.23 5.23 0.79 0.79 0.79
5000 10 | 5.25 5.25 5.25 0.76 0.76 0.76
10000 10 | 5.18 5.18 5.18 0.83 0.83 0.83
Table 2.1: Simulation results of p = 10.
TIME MSE
n p ‘ Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
100 50 | 0.0990 0.0182 1.0301 0.1044 0.1044 0.1044
1000 50 | 0.7803 0.1039 1.0755 0.0065 0.0065 0.0065
2000 50 | 2.0035 0.2363 1.2457 0.0033 0.0033 0.0033
5000 50 | 6.7602 1.0177 2.3907 0.0014 0.0014 0.0014
10000 50 | 15.2296 3.2660 4.8684 0.0007 0.0007 0.0007
Degree of Freedom Correctly Fitted Ratio
n p ‘ Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
100 50 | 5.21 5.21 5.21 0.80 0.80 0.80
1000 50 | 5.23 5.23 5.23 0.80 0.80 0.80
2000 50 | 5.35 5.35 5.35 0.69 0.69 0.69
5000 50 | 5.20 5.20 5.20 0.81 0.81 0.81
10000 50 | 5.25 5.25 5.25 0.81 0.81 0.81
Table 2.2: Simulation results of p = 50.
TIME MSE
n p ‘ Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
500 100 | 1.3169 0.0770 1.2476 0.0161 0.0161 0.0161
1000 100 | 2.5999 0.1487 1.4152 0.0081 0.0081 0.0081
2000 100 | 5.2977 0.3179 1.8193 0.0036 0.0036 0.0036
5000 100 | 12.5036 1.0418 2.8586 0.0015 0.0015 0.0015
10000 100 | 29.2864 3.1812 6.2155 0.0008 0.0008 0.0008
Degree of Freedom Correctly Fitted Ratio
n p ‘ Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
500 100 | 5.33 5.33 5.33 0.75 0.75 0.75
1000 100 | 5.17 5.17 5.17 0.85 0.85 0.85
2000 100 | 5.29 5.29 5.29 0.74 0.74 0.74
5000 100 | 5.25 5.25 5.25 0.77 0.77 0.77
10000 100 | 5.39 5.39 5.39 0.67 0.67 0.67

Table 2.3: Simulation results of p = 100.
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TIME MSE

n P Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
1000 500 | 17.8460 0.5508 2.6924 0.0089 0.0089 0.0089
2000 500 | 32.9152 0.8235 3.4965 0.0047 0.0047 0.0047
5000 500 | 75.6648 1.8116 5.2965 0.0017 0.0017 0.0017
8000 500 | 118.5086 3.0154 8.4263 0.0011 0.0011 0.0011
10000 500 | 152.5622 4.3109 11.2252 0.0009 0.0009 0.0009

Degree of Freedom Correctly Fitted Ratio

n p Interior Point  Proposed  Gurobi ‘ Interior Point  Proposed  Gurobi
1000 500 | 5.26 5.26 5.26 0.77 0.77 0.77
2000 500 | 5.22 5.22 5.22 0.82 0.82 0.82
5000 500 | 5.23 5.23 5.23 0.77 0.77 0.77
8000 500 | 5.24 5.24 5.24 0.78 0.78 0.78
10000 500 | 5.31 5.31 5.31 0.72 0.72 0.72

Table 2.4: Simulation results of p = 500.

2.1.3 Real data analysis

Example 1: In the first example, we have selected 5 different real datasets for
numerical experiment. Again, we compare our method with the interior point method

and the Gurobi method. The datasets are as follows:

1. Prostate Cancer Data, which is studied by Stamey et al. [105] dealing with the

correlation of 9 predictors and prostate specific antigen (lpsa).

2. Boston Housing Data, which is derived from Harrison and Rubinfeld [45] fo-
cussing on the 14 predictors that affect medv (median value of owner-occupied

homes in $1000s).

3. Bardet Data, which is the simplified gene expression data presented by Scheetz
et al. [97], where design matrix X is a 120 x 100 matrix expanded from the
expression levels of 20 filtered genes. The objective is to discover the correlation
between 100 predictors and the expression level of gene TRIM32 that causes

Bardet-Biedl syndrome.

4. Diabetes Data, which is studied by Efron [32] containing 442 patients with 10

clinical measures: age, sex, body mass index (bmi), average blood pressure
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(map), and six blood serum measurements. The aim is to find the correlation

between response y and the above 10 predictors.

5. China Stock Data, which considered by Wang [113] exploring the relationship

of Return on Equity (ROE;;;) and other 9 predictors.

Since all three methods found the same result, we focus on the execution time. Table

2.5 shows the running results for the 5 datasets:

Name n p  Interior Point Proposed Gurobi
Prostate Cancer 97 8 0.0243 0.0067 0.6855
Boston Housing 506 13 0.0878 0.0382 0.7414

Bardet 120 100 0.1304 0.0514 0.6988

Diabetes 442 10 0.5127 0.0113 0.6989
China Stock 1946 9 0.2632 0.1163 1.3954

Table 2.5: Time comparison for real datasets

For the 5 datasets, time comparison of Interior Point (IP) method, our proposed

method and Gurobi are summarized in Table 2.5, again our proposed method is
faster than other methods.
Example 2: In the second example, we apply the proposed methodology to China
stock market data of AH premium as follows. China stock market participants are
mostly retail investors with mental gambler, most of them have little experience, this
leads to misvaluation and detachment from intrinsic value of companies. Hence it is
attractive to look at stock prices of Shanghai Exchange (A share) and Hong Kong
Exchange (H share). AH Premium is a great demonstration of this irrationality and
education level of investors.

Chinese stock market is relatively young and come into the market since 1990,
with two main stock markets: the Shanghai Stock Exchange and Shenzhen Stock

Exchange. The Chinese stock market has boomed during the last several decades.
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From Hang Seng index, the China stock market (A Share) and Hong Kong stock
market (H share) listed 60 AH premium stock market in Table 2.2. Both connections

allow China investors get access to Hong Kong and Hong Kong investors buy stocks

listed in China.

HSAHP Hang Seng China AH Premium Index HSAHP
160 160
140 140
120 120

100

100

80 80

Juk12
Jan-13
Juk13
Jan-14
Jul-14
Jan-15
Juk15
Jan-16
Jul-16
Jan-17
Juk17

Figure 2.2: Heng Seng AH premium index

The difference in close price tendency are illustrated in Figure 2.2. The index
takes value 100 yields equivalence between A share and H share, HSAHP above 100
indicate that A share is more expensive than H share and vice versa. There may
be several reasons for trading AH premium is specifically different. International
investors are deviate from the A share stocks, and made traditional convergence
trades impossible; Mainland investors and international investors may get different
information about China stock generally, and therefore they look at China stock
market with different viewpoints. Many mainland investors treat H share as a type
of western form of market since they can be traded freely with less control, whereas

the China stock market is strictly controlled by government; H share surged more
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heavily than A share trading in Hong Kong with modern investmental strategies and
techniques. On the other side, international investor doubted about Chinese firms
and the government control management.

The weight proportions of different industries are illustrated in Figure 2.3, it is
evident that the financial industries take up most percentage of the AH stock mar-
ket, around 68.01%. Other medium level significant industries including Energy,
Materials, Industrials, Consumer Goods, Consumer Services and Properties & Con-
struction, the summation occupy nearly 28.1% of the stock market. The rest low
level industries contain Telecommunications, Utilities, Information Technology and

Conglomerates, totally sum up to 2.09%. Hence there are 11 main industry types in

total.
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Figure 2.3: Heng Seng AH Index performance

Figure 2.3 introduced the main industry weightings in HSAHP market in detail,
with the corresponding industry weighting proportions. Financial industries contain
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the most proportion of HSAHP, Energy, Material, Industrials, Consumer Goods,

Properties & Construction are prominent industries in AH Premium, which shown

in Figure 2.3 for detailed description. Table 2.7 displayed the complete 2017 AH

premium index list from Hang Seng Index. Table 2.7 contain all the AH Premium

stock index until 2017.

Similar to Wang [113], we consider Hang Seng 2017 AH premium Index for A

Share and H Share respectively. Forecasting and prediction performances are based

on the following response and predictor variables.

e Response: Return on Equity (ROE;, ;) of year ¢ + 1 as the response variable;

e Predictors: Return on Equity (ROE;), Asset Turnover Ratio (ATO), Prof-

it Margin (PM), Debt to Asset Ratio or leverage (LEV), Sales Growth rate

(GROWTH), Price-to-Book ratio (PB), Accounts Receivable/Revenues (AR-

R), Inventories (INV) and Logarithm of Total Assets (ASSET) of year ¢.

We collect data from Bloomberg during 1/1/2012-12/31/2015, with the following A

stock CH Equity and H stock HK Equity indexes in Table 2.6.

CH Equity Index

600871 601727 601866 600685 600188 603993 601898 601857 601800 600115
601992 600688 601919 600362 601766 600027 600029 600011 601899 002202
600332 601633 601186 601111 601333 601600 601607 000157 000063 600028
600196 000002 002594 601088 000898 000338 600660 600585
HK Equity Index

1033 2727 2866 1171 3993 1898 1800 2009 1919 1766

1071 1055 2899 2208 2333 1186 2600 2607 1157 2196

1211 1088 2338

Table 2.6: AH Stock Index
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No. Company Name A Stock H Stock Industry A/H Price Ratio
1 Sinopec SSC 600871 1033 Energy 308.90
2 SH Electric 601727 2727 Industrials 246.87
3 COSCO Ship Dev 601866 2866 Industrials 244.71
4 DFZQ 600958 3958 Financials 233.30
5 COMEC 600685 0317 Industrials 224.14
6 MCC Properties 601618 1618 Construction 221.80
7 Yanzhou Coal 600188 1171 Energy 215.25
8 CMOC 603993 3993 Materials 197.47
9 China Coal 601898 1898 Energy 190.36
10 PetroChina 601857 0857 Energy 187.62
11 China Comm Cons 601800 1800 Properties & Construction  183.81
12 China East Air 600115 0670 Consumer Services 182.33
13 BBMG Properties 601992 2009 Construction 179.72
14 Shanghai Pechem 600688 0338 Materials 178.56
15 COSCO SHIP Hold 601919 1919 Industrials 174.00
16 Jiangxi Copper 600362 0358 Materials 168.75
17 CMSC 600999 6099 Financials 168.47
18 CRRC 601766 1766 Industrials 167.63
19 EB Securities 601788 6178 Financials 167.44
20 China Railway 601390 0390 Properties & Construction  165.35
21 Huadian Power 600027 1071 Utilities 161.10
22 China South Air 600029 1055 Consumer Services 156.78
23 Huaneng Power 600011 0902 Utilities 154.63
24 Zijin Mining 601899 2899 Materials 152.99
25 Goldwind 002202 2208 Industrials 152.97
26 CITIC Bank 601998 0998 Financials 152.25
27 Baiyunshan Ph 600332 0874 Consumer Goods 152.03
28 GreatWall Motor 601633 2333 Consumer Goods 150.60
29 HTSC 601688 6886 Financials 147.13
30 China Rail Cons 601186 1186 Properties & Construction  147.01
31 Air China 601111 0753 Consumer Services 145.35
32 Guangshen Rail 601333 0525 Consumer Services 143.51
33 CHALCO 601600 2600 Materials 141.66
34 Sh Pharma 601607 2607 Consumer Goods 139.97
35 Zoomlion 000157 1157 Industrials 139.70
36 Haitong Sec 600837 6837 Financials 138.53
37 ZTE 000063 0763 Information Technology 132.54
38 NCI 601336 1336 Financials 132.21
39 GF Sec 000776 1776 Financials 130.74
40 CEB Bank 601818 6818 Financials 129.55
41 China Life 601628 2628 Financials 129.45
42 Bankcomm 601328 3328 Financials 128.31
43 Minsheng Bank 600016 1988 Financials 127.01
44 CITIC Sec 600030 6030 Financials 126.98
45 CCB 601939 0939 Financials 120.36
46 Sinopec Corp 600028 0386 Energy 119.60
47 Fosun Pharma 600196 2196 Consumer Goods 118.31
48 Bank of China 601988 3988 Financials 118.19
49 ABC 601288 1288 Financials 117.99
50 China Vanke 000002 2202 Properties & Construction  117.69
51 ICBC 601398 1398 Financials 116.93
52 BYD Company 002594 1211 Consumer Goods 116.79
53 CM Bank 600036 3968 Financials 115.49
54 China Shenhua 601088 1088 Energy 115.24
55 Angang Steel 000898 0347 Materials 114.98
56 CPIC 601601 2601 Financials 114.97
57 Weichai Power 000338 2338 Industrials 108.06
58 Ping An 601318 2318 Financials 104.20
59 Fuyao Glass 600660 3606 Consumer Goods 101.27
60 Conch Cement 600585 0914 Properties & Construction  97.48

Table 2.7: The details about AH Stock Index
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Following Wang [114], we consider regression models with tuning parameters
A1 = +2nlogp, Ay = v/nlogp, A3 = —V"lzogp, A = —””éllogp, and consider the following

regression models:

e LS (Least Square): arg mﬁin | Y — X B2 with explicit solution 3 = (XTX) ' XTY.
e LAD (Least Absolute Deviation): arg mﬁin Y — XB]1.

e LS-Lasso: f3 = argmﬂin Y — XB|1> + X8

e LAD-Lasso: 3 = arg mﬁin 1Y — XB|1 + B

The LAD-Lasso model can be reformulated as linear programming, existing solvers
include Interior Point method (IP), Dual Simplex (DS), and our proposed algorithm
(Section 2.1) with detailed description in Shi et al. [101].

We consider two datasets: (1) Training data as A-Stock close price of Year 2012;
Test Data as A-Stock close price of Year 2013; (2) Training data as H-Stock close
price of Year 2012; Test Data as H-Stock close price of Year 2013, then we compare
time consumption of Interior Point (IP) and the proposed descent algorithm, we

evaluate the prediction performance through the following measures:

2. P2 _ 1 2ilyi—3:)?,
e R R =1 ST

e Degree of Freedom (DF): DF = number of nonzero elements of 8; (see Zou

[137]);

e Mean Absolute Percentage Error (MAPE): MAPE = Zthl ‘yty:gt

Consider dataset of A stock and H stock during 1/1/2012-12/31/2013. Model fitting

results are displayed in Table 2.8.
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Linear Regression LS-Lasso LAD-Lasso
LS LAD LS-aic LS-bic )\1 )\2 )\3 )\4
Train: A2012; Test: A2013
ROE 0.8167 0.7663 | 0.8167 0.8167 | 0.7423 0.7455 0.7861  0.7184
ATO 4.2406  6.8013 | 4.2406  4.2406 | 0.0000  0.0000 1.1567  2.1259
PM -0.0026  0.0896 | -0.0026 -0.0026 | -0.0000 -0.0000 -0.0000 0.0794
LEV 0.0229  -0.0400 | 0.0229  0.0229 | 0.0000 -0.0000 -0.0067 -0.0242
GRO | -0.0695 -0.0638 | -0.0695 -0.0695 | 0.0278 0.0270 -0.0147 -0.0120
PB 1.9227  0.8930 | 1.9227 1.9227 | 0.0000 0.0000 0.6817  1.0352
ARR | -0.0001 -0.0001 | -0.0001 -0.0001 | -0.0000 -0.0000 -0.0000 -0.0001
INV 0.0000  0.0000 | 0.0000  0.0000 | 0.0000 0.0000 0.0000 0.0000
ASS -0.4858  -0.2763 | -0.4858 -0.4858 | 0.0916  0.0962 0.0000 -0.0782
R? 0.8086  0.7825 | 0.8086  0.8086 | 0.7217 0.7229 0.7718  0.7820
TIME | 0.0130  0.0417 | 0.0741 0.0258 | 0.0452  0.0432  0.0435 0.0433
DF 7 8 7 7 3 3 5 7
MAPE | 2.2927  1.9268 | 2.2927 2.2927 | 1.8433 1.8616 2.0953  2.0126
Train: H2012; Test: H2013
ROE 0.7418  0.6732 | 0.8024 0.8024 | 0.8648 0.8879 0.8039  0.8034
ATO 4.1722  3.0442 | 0.0000 0.0000 | 0.0000  0.0000 0.0000 0.2281
PM -0.0467 -0.1664 | -0.1649 -0.1649 | -0.0161 -0.1087 -0.2603 -0.2529
LEV | -0.1676 -0.2501 | -0.2352 -0.2352 | -0.0564 -0.0875 -0.2795 -0.2712
GRO | -0.0910 -0.0408 | -0.0685 -0.0685 | -0.0538 -0.0401 -0.0629 -0.0634
PB 2.0473  2.8224 | 0.0000 0.0000 | 0.0000 0.0000 0.0000  0.0000
ARR | -0.0003 -0.0005 | -0.0004 -0.0004 | -0.0002 -0.0002 -0.0005 -0.0005
INV 0.0001  0.0002 | 0.0001  0.0001 | 0.0001 0.0001 0.0002 0.0002
ASS 0.1180 0.3766 | 0.8336  0.8336 | 0.3585 0.4903 1.1061 1.0665
R? 0.9061  0.8922 | 0.8913 0.8913 | 0.8434 0.8492 0.8858  0.8862
TIME | 0.0128 0.0365 | 0.0742 0.0278 | 0.0440 0.0426  0.0423  0.0420
DF 9 9 7 7 6 6 7 8
MAPE | 1.8443  2.1205 | 2.9188 2.9188 | 2.7584 2.7312 2.9039  2.8491
Table 2.8: AH Stock 2012-2013

Table 2.8 indicate that with A = \; = y/2nlogp for Year 2012-2013 data, we can
make a balance between MAPE and R2. For A stock, ROE, GROWTH and ASSET
are significant variables; For H stock, ROE, PM, LEV, GROWTH, ARR and ASSET
are significant variables. Of all these estimation methods, our proposed method can
achieve more accurate estimation results. Table 2.9 show that the simulation results

are generally better than other methods.
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Linear Regression LS-Lasso LAD-Lasso
LS LAD LS-aic LS-bic )\1 )\2 )\3 )\4
Train: A2014; Test: A2015
ROE 0.6950  0.8795 | 0.6950  0.6677 | 0.9077 0.9187 0.8644  0.8702
ATO 4.1606  -0.6577 | 4.1606  0.0000 | 0.0000  0.0000  0.0000 -0.0000
PM 0.0141  -0.2379 | 0.0141  0.0000 | -0.1703 -0.1704 -0.2064 -0.2211
LEV 0.0774  0.0782 | 0.0774 0.0484 | 0.0314 0.0278 0.0611  0.0869
GRO | -0.0443 -0.0629 | -0.0443 -0.0337 | -0.0465 -0.0457 -0.0595 -0.0615
PB 1.1454  1.6788 | 1.1454  0.0000 | 0.0000 0.0000 1.2704  1.4356
ARR | -0.0000 -0.0000 | -0.0000 -0.0000 | -0.0000 -0.0000 -0.0000 -0.0000
INV 0.0000  0.0000 | 0.0000  0.0000 | 0.0000 0.0000 0.0000 0.0000
ASS -0.5575  -0.4004 | -0.5575 0.0000 | 0.0000 -0.0000 -0.3107 -0.4160
R? 0.6629  0.5575 | 0.6629  0.5715 | 0.5405 0.5366 0.5817  0.5765
TIME | 0.0137  0.0357 | 0.0706 0.0272 | 0.0455 0.0425 0.0426  0.0413
DF 7 7 7 3 4 4 6 6
MAPE | 1.3236  1.5640 | 1.3236  1.8097 | 2.0931 2.0703 1.6854  1.5699
Train: H2014; Test: H2015
ROE 0.4640  0.4496 | 0.4737  0.4737 | 0.4106 0.4463 0.4632  0.4301
ATO 1.4082  3.0138 | 0.0000 0.0000 | 0.0000 0.0000 0.0000 0.0000
PM -0.0237  -0.0270 | -0.0527 -0.0527 | -0.0000 -0.0625 -0.0657 -0.0503
LEV 0.0022  -0.0367 | -0.0077 -0.0077 | -0.0144 -0.0659 -0.0158 -0.0613
GRO | 0.0428 0.0184 | 0.0472 0.0472 | 0.0347 0.0256 0.0278 0.0195
PB 3.0447  3.0404 | 3.0210 3.0210 | 0.0000 1.5327  1.9088  3.8030
ARR | -0.0001 -0.0001 | -0.0001 -0.0001 | -0.0000 -0.0001 -0.0000 -0.0000
INV 0.0000  0.0000 | 0.0001  0.0001 | 0.0000 0.0001  0.0000 0.0000
ASS -0.2658  -0.2096 | -0.1514 -0.1514 | 0.1397  0.2482  0.0000 -0.0534
R? 0.8007  0.7845 | 0.7984  0.7984 | 0.6618 0.7617 0.7690  0.7741
TIME | 0.0128 0.0398 | 0.0714 0.0296 | 0.0527  0.0492 0.0461  0.0422
DF 7 7 6 6 4 6 5 6
MAPE | 0.8307 0.8128 | 0.8258  0.8258 | 0.7402 0.6967 0.7544  0.8306
Table 2.9: AH Stock 2012-2013

Table 2.9 report results of Year 2014-2015. For A stock, ROE, PM, LEV,
GROWTH are significant variables for LAD-Lasso; For H stock, ROE, PM, LEV,
GROWTH, PB and ASSET are significant variables for prediction of ROE,, ;.

Table 2.8, 2.9 show that with proper tuning parameter, LAD-Lasso can achieve
a tradeoff between R? and MAPE, and suggest that ROE, PM, LEV, GRO, PB,

ASSET are significant variables that affect prediction and forecasting.
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2.2 New active zero set descent algorithm for LAD
Generalized Lasso

Consider LAD Generalized Lasso problem,

argmin |Y — X0|; + \|R0|, (2.18)

OeRP
where X € R™ P is the design matrix with row vectors X;,7 = 1,2,--- ,n,Y =
(y1, -+ ,yn) € R™ is the response vector, R € R?*P is the constraint matrix, 6 € R?

is the coefficient vector, and A > 0 is the tuning parameter.

Y* = (O)’X —()\R>,n =n+q. (2.19)

Problem (2.18) becomes

Denote

: ® Yk
arg min |Y* — X*0|.

For convenience, the superscript = in n, X, Y in (2.42) are dropped. Hopefully, there

is no confusion. Then, LAD Generalized Lasso problem becomes
in|Y — X0|; = i X0 — yil.
arg min | 0, = arg gelﬁrg; X0 — il

Denote U; = XZO — Y -
Optimality conditions and directional derivatives

Consider optimization problem

n

min f(0) = ggﬁg}; fi(0) = arg ggﬁlg; X0 — yil. (2.20)

Note that the absolute value function is convex, so does f(6). Hence, the local
minimizer of f(6) is the global minimizer, too. The optimality condition is that all
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directional derivatives are greater than or equal to zero. For a function g(6), the

directional derivative of g along a direction d is defined as

Dag(®) - tim 205D ~9(®)

2.21
t—0+ t)|d| ( )

Below, we highlight the main difference between the directional derivatives of smooth
functions and non-smooth absolute value function. It is well-known that when g is

differentiable,

0 0
Dag(0) = 55 - d. Da-g(6) = 55 - (~d).

Hence, we have

Da-g(8) = —Dag(6). (2.22)

However, this is not true when g is non-differentiable absolute value function. Con-

sider the special case of f with n = 1, that is, the absolute value function
f=10"0+|.
Given a direction d and a point 6 fulfilling 076 + ¢ = 0, we have

. |pT(0 +td) + | — [b70 +

D = 1
af (0) et t]d]
v e
-0+ t[d| Id]

. |oT(0 —td) + | — |70 + ¢

De-f6) = lim il
=] i
T I TR
Hence,
Da (6) = Daf(0). (2.23)
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In the general cases n > 1, the directional derivative of the cost function f can be

decomposed into two parts

where A(6,d) and C(0,d) are the smooth and non-smooth part of the directional

derivative D, f(6) respectively, that is,

A0, d) =) 6(u; > 0) Xid | > 16(u; < 0) ﬂi,
P ldl 4 |d|
C(0,d) = > 5(u; = 0)- XTiﬁl’
=1

where 4(+) is the indicator function

1, if v is true,

ov) = { 0, otherwise.
The vector 6* is the optimal solution to (2.20) if and only if
Dqf(0%) = A(6*,d) + C(6*,d) = 0,Vd € RP. (2.24)
Basis direction set and zero set

The optimality condition (2.24) involves infinitely many arbitrary directions d. To
overcome the difficulties related to the infinite dimension, an equivalent finite rep-
resentation of the optimality condition is derived based on the concepts of basis

direction set and zero set introduced in what follows. For a given point 0, define the

zero set Q = {ilu; = 0,7 =1,--- ,n} = {w,wq, -+ ,wn}, where m is the cardinality
of  and w; are the indexes in {1,--- ,n}. Thus,
X0 =Yy, ,i=1,--- ,m. (2.25)

Consider the set of directions along which the zero set remains unchanged in the

proximity of 8. Basis direction set refers to the basis of such a direction set.
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The basis directions vy, vs, ..., v, are constructed as follows. Let

Without loss of generality, we assume that rank (X,) = m. The generalized inverse of
X, is V,, with columns {v;,j = 1,--- ,m} such that X,V, = I, where I,,, is the m xm
identity matrix. The remaining p —m linear independent vectors v;,7 = m+1,--- ,p

are defined as the basis of the null space {v € R?|X,v = 0}. Then, we have
X =0,Vij=m+1,---,p
and
C(0%,v;) =C(0%,v;)=0,j=m+1,--,p.

Therefore, f(6*) is smooth along with these directions {v;|j = m+1,---,p}. More-

over, orthogonality holds,

1, when i = 7,

Xwivj:{ 0, when i # j, i=1- m;j=1---,p. (226>

The following theorem gives an equivalent finite-dimensional representation of the

optimality condition (2.24).

Theorem 2.3. Suppose that rank (X,) = m. Then, 0* is the optimal solution if and

only if the directional derivatives satisfy

szf(9*> = A(8*7U1) + C(e*avl) = 07Z =1,---,m, (227>
D,-f(0%) = A(0*,v; )+ C(6*,v;) =0,i=1,---,m, (2.28)
Dy, f(6%) = A(0*,v;) =0,i=m—+1,-- p. (2.29)

Remark 2.2. If rank(X,) < m, it is natural to consider the mazximal subset of linear
independent vectors and redefine the cost function by removing some redundant terms.
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However, in both simulation studies and real data analysis later on in sections 3 and
4, we never come across with such situations. Therefore, the non-full-rank cases are
not discussed in this paper. It can be an interesting future research topic to study the

non-full-rank cases.

Proof. Note that (2.27) and (2.28) are special cases of (2.24). From (2.22), if
D, f(6*) = 0, and D, f(6*) = 0, we have D, f(6*) = 0. Hence, (2.29) is a special
case of (2.24). Thus, the necessary condition is obvious.

Next, we prove the sufficient condition. That means (2.24) holds if (2.27)-(2.29)
are satisfied. Take d = v;,i =1,--- ,p. By (2.26), we have

D, f(0*) = A@O*,v;)=0,i=m+1,---,p,

2o Xuil 1

c6*,v;) = = =1, ,m,
vill Jwil
o) = 2 el LG
Y | = will vl C

Then, (2.27)-(2.29) can be simplified as

D, f(0*) = A(0* v) = HCWZ” =0,i=m+1,-,p,
v;
* % % av; 1 .
D, f(6*) = A(0*,v)+CO"v) = ol + ol >0,i=1,---,m, (2.30)
—av; 1 .
D, -f(6*) = A(e*’vi)JrC(e*?vi):% m>072:1’m’m'

Here,

n

=1 =1

For any direction d, since {v;|i = 1,--- ,p} is a basis of RP, there exists a vector
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o= (p1, -+ s pp) such that

p
d =) pvi. (2.31)

i=1
Without loss of generality, we can set y; > 0,Ve = 1,--- | p, because if y; < 0, we

have pv; = (—p;) - v; . Then, v; can be replaced by v;” and p; can be replaced by

—p; > 0. Hence, by adjusting the order adequately, (2.31) can be rewritten as

d= Zujijr 2 piv; + Z iVj,

j=mi1+1 Jj=m+1

where p1; > 0,Yj =1,--- ,p. It follows from (2.30) that

it [ X d

. d) [d]

Doy [ X (X720 1505+ 200y 105+ 20y 11505)]
d]

Z?ill ‘/“'LZXWI“UZ| + Z;’iml—‘rl ‘ILLZ wkz ) ‘
I

Dint Hi
Idl

Hence, by (2.30), we have

Dquf(0*) = A(0*,d) + C(6%,4d)

— Zuzavz—i— Z wav; + Z Mzavz+ZMz> /HdH

i=mi+1 i=m+1

_ iui(avi+1)+ i pi(av; + 1) Z ,U/ZCLU1> /HdH
=1

1=mi+1 i=m+1

- Eavzf @) ol + S Dy F(6) m) /1l

t=mi+1

\Y
o
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Thus, for any direction d, the directional derivative is greater than or equals to zero.

Hence, (2.24) holds and 6* is the optimal solution.  []

2.2.1 Computational method

Proposition 2.2.1. If conditions (2.27)-(2.29) are not all satisfied, there ezists a

direction d such that the cost function value decreases along the direction d.

Proof. Clearly, if the i-th condition of (2.29) is violated, v; is a descend direction.

Suppose that the i-th condition of (2.27) or (2.28) is not satisfied. Then,
D,,f(#) =0, and D~ f(6) =0

can not be satisfied at the same time. Consider the following three cases.

(i) (i) (i)

Figure 2.4: Three cases of descent direction

(i) Dy, f(0) <0 and D,-f(0) <0.

If this case is true, then f is concave at the point 6 along with the direction v;,

which contradicts the convexity of f.

(ii) Dy, f(0) <0 and D, f(8) > 0.

It can be seen that

Dv*f(e) = _szf(e)

k3

Otherwise f becomes concave, which is a contradiction. Then, v; is a descent

direction.
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(i) Dy, f(0) = 0 and D, f(0) < 0.

It can be seen that

Otherwise f becomes concave, which is a contradiction. Then, v; is a descent

direction.

Hence, the cost function value decreases along the directions either v; or v; . [
Descent direction search

To find the optimal point, we propose an algorithm so that the iterative points
{G(k), k =1,2,3,---} converge to the optimal solution and the corresponding cost
function values are monotonic decreasing.

The algorithm is designed based on Theorem 2.3 and Proposition 2.2.1. If (2.27)
and (2.28) hold for all i = 1,2,...,m and (2.29) holds for all i = m + 1,--- ,p, the
optimal solution is found and the algorithm terminates. Otherwise, there are two
mutually exclusive situations as follows.

First phase (steepest phase) refers to the situation where m < p and Condition
(2.29) is violated for some i € {m + 1,--- ,p}. In the steepest phase, choose a
descent direction so that all zeros in €2 are kept while the smooth part is updated.
That means the descent direction is selected from the space spanned by {v;|i =

m+1,---,p}. In a neighborhood of #%*) | the cost function is

Y

FOPY = ™) 4 pk) 4 Z 1 X, 00—y,

wkiEQk

i =1

i=1
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and €, is the zero set index set of 8% that defined as ), = {wri = g, = kaiﬁ(’“) —
Y., = 0}. The descent direction is chosen as the projection of —a® in {v;|i =
m+1,--  p}l.

Second phase (decreasement phase) refers to the situation where (a) m = p, or
(b)y m <p,Vie{m+1,---,p}, and Condition (2.29) is satisfied. Then, Conditions
(2.27) and (2.28) are violated for some ¢ € {1,---,m}. Otherwise, the algorithm
has to be terminated. In the decreasement phase, some zeros in {2, are set free to
avoid deadlock of the algorithm. Denote by A; the zeros to be set free. A; is chosen
to contain the indexes wy; corresponding to the fastest descending directions v; or
v; . Similar to the steepest phase, the steepest descent direction is chosen as the
projection of —a® in {v;li = m +1,--- ,p}.

In the steepest phase, set Qo =  and in the decreasement phase, set Qp, =
Q\A1. Then, Qg contains zeros in €, that we intend to keep. The projection h can

be obtained by solving

max —a®h
heRP
st. X;h =0,V € Qo, (2.32)
|h| = 1.

It means that the solution h is chosen as the direction nearest to the deepest descent
direction —a'® and along which the set Qg remains unchanged in a neighborhood

of %), The optimal solution to Problem (2.32) can be obtained by normalizing
d=—a® - ng(XOngk)_lXOk ’ (_a(k))» (2.33)

where X, (XoxXJ,.) ™' Xox(—a®) is the projected direction of —a® in the subspace
{h‘th = O,l € on} and

X

WE0o1
Xox = : S WEOLs " Whomg € Qok-
X

WEOmg
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Then, the descent direction d® can be chosen as the normalized vector of d, that is,
d® = d/||d| . (2.34)

Proposition 2.2.2. For any integers k = 1,2,..., if the k-th iteration is in the
first (steepest) phase, there exists ¢ > k such that the (-th iteration is in the second

(decreasement) phase.

Proof. For any k-th iteration, m < p and A(6™) v;) # 0 for at least one i in
{m+1,--- p}. Then, the number of zero set increases, because the indices in
will not be removed in first phase. Hence, by repeating the first phase, we obtain
m =p,or AO® v;) =0,¥i ={m+1,---,p}, which will go to the second phase.
[

Optimal step length

This section describes the procedure of determining the optimal step length for the
descent direction in the previous section. It is shown that after moving, there is
always new zero in the new point. Throughout this paper, As refers to the set of
indexes corresponding to the new zeros and €2, refers to the updated zero set.

Without loss of generality, consider the following assumption.
Assumption 2.2.1. The design matriz X is of full rank, i.e., rank (X) = p.

Lemma 2.2. For any 0, de R? ,d +# O,tlim f(O+1td) = 0.
—00

Proof. According to Assumption 2.2.1, for any d € RP | there exists at least one
i€{l, - - ,n} such that
X;d#0.
Otherwise, there exists one d € RP such that X;d = 0,Vi e {1, --- ,n}. Then the

direction d is redundant for the space RP. For this, at least one dimension related to

d can be reduced from the space RP.
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Then, for any 6 € R?,
lim f(6 +td) > lim |X;(0+ td) — y;
t—00 t—00
> lim [tX;d| — | X0 — i
t—00
= 0.

[

Lemma 2.3. If m = p, 0% is unique.

Proof. Since m = p, we have X,0%) =Y, where

X1 Y
Xo = >Ya =
Xp Yy

By definition, X, is the maximal subset of independent vector. Therefore, X, is

invertible and §*) = XY, . Hence, 8% is unique.  []

Lemma 2.4. If m < p and AW, v;) = 0,¥i = m + 1,--- ,p, then, f(0F) is

unique.

Proof. Denote

p
e(k) = 2 HiV; = Va,ua + %uba
i=1

where

Vo= (v, 0m) Vo = (Vmg1, -, 0p) , o € R™ iy € RPT™
If iy = 0, then 1, = X, Vapta = Xo0® =Y, and 6% = V,p, = V, Y, = XT( X, XI)7'Y,.
Note that A(0%) v;) = 0,Vi e {m+1,---,p}, we have f(0F) +t*v;) = f(OW®)) Vt, Vi =
m+1,---,p. The cost function value will not changed along these directions. Hence,
f(6™) is unique and #%* is in a subspace which contains the point X7 (X, XT)~'Y,.
[
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Theorem 2.4. There exists an optimal solution for the line search problem of the
descent direction. Let t* > 0 be the optimal step size. Then, there is at least one 1 in
{1,---,n} such that X;(0%) + t*d®) = y;. That means i is a new zero after moving

to the point 0% 4 t*d*)

Proof. For (k + 1)-th iteration, the updating formula for 6 is
g+ — k) 4 (k).

If t = 0,d® is a descent direction at #%), that is,

Dd<k)f(0(’“)) <0.

Denote g(t) = f(0%) + td®), since g(t) is convex, a%) is monotonically increasing.
Note that
og(t) .. g(0® + (t + At)dP) — g(0®) + tdR)) ) ) )
o~ Am A7 = [[d" [ Dga f(6 + td™),

we have that

Dy f(OF) + td™)

is monotonically increasing.

From Lemma 2.2, if t — oo, then
o) + td® — oo and f(OW + td®) — oo

Hence, we must have
Dd<k)f(9(k) + td(k)) > 0.
If ¢ is sufficiently large, then there exists one ¢ such that

Dd<k>f(0(k) + td(k)) =0, Dd(k)_f(e(k) + td(k)) = 0,

If
Dy f(O® + td®) # 0, or Dy f(O® + td®) 0,
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then the gradient does not exist at this point and there exists at least one ¢ in

{1,--+ ,n} such that i is in the zero set, that is,
X;(0% +td®) = 0.

If
Dy f(0P + td®) = Dy f(OF) + td®),

it can be seen that

Dd<k)f(9(k) + td(k)) =0.

Then, we move the point along with d*) until we find one i in {1,---,n} such that
X;(0% + td®) — gy, =0

and t*) can be chosen as t; or t, in Figure 2.5.

\/ \ t(k) /
t = t(k) t1 t to

Figure 2.5: plot of step length ¢

Since the gradient is zero, the cost function value does not change, and the
corresponding ¢ is still optimal. [
The line search problem in Theorem 2.4 can be solved as follows. Consider
min (1),

t=0

where
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—H
Figure 2.6: Plot of stepwise descent direction of d*).

Since f is convex, g(t) is convex, too, as depicted in Figure 2.6. Therefore, the

line search problem is equivalent to

max t
t=0
st Dy f(O® +td®) >0, (2.35)

Dd(;@_f(e(k) - td(k)) = 0.

It suffices to consider the points t; = —(X;0% —;)/X;d® for i = 1,2,... ,n. Note
that X;(0% + t,d®) —y; = 0. Sort the values t; fulfilling ¢, > 0 but ¢; # o in
the ascending order and denote the sorted series by 0 < tp; < tgo < ... and define
Tk1, Tk2, - - - as the indexes corresponding to 0 < tg; < txe < ... . The optimal step

length is t, that fulfills the following optimality conditions,
Dy f (0% + ted™) = 0, Doy f(0™) + tys1d™)) < 0, (2.36)
where the direction derivatives can be obtained recursively via

Dy f(0P + t1,d®) = Dy f(OW + tyo_1d®) +2|X,, dP|, s =2,3, -,

Dy f(0P + t10d™) = Dy f(OW) + 2|1 X, dP)|. (2.37)

Denote the set of all such indexes 73 by As. Then, a updated zero set in the (k+1)-th

iteration is defined as
Qpy1 = Qop U Ag.

58



By moving with step length t;, the cost function becomes

f(e(k+1)> _ (a(k+1))9(k+1) + Z ‘X

Wh+1,4

9(k+1)‘ + plk+1)

We41,i€2% 41
Theorem 2.5. Algorithm 1 below terminates in a finite number of steps.

Proof. For each step, the direction is a descent direction. Then, if the optimal
condition is not satisfied, we can find a descent direction d*) and the cost function
value is reduced. Furthermore, the algorithm will stop in a point 8% in each step,

F) —y; = 0, that is, i is in the

where there exists at least one index i such that X;6'
zero set. Hence, except the initial point, the zero set at any point stop in each step
is not empty.

Note that there are totally n terms, which is finite, hence the number of the zero
set in each step is finite. And the number of the zero set in Decreasement phase is
also finite. For each step in second phase, m = p, or m < p, A(0®) v;) = 0,Vi =
m+1,---,p. By Lemma 2.3 and Lemma 2.4, #%) is unique corresponding to each
zero set. Note that f(0*)) is monotonically decreasing which will not be repeated.

The zero set series will not be repeated. Since the zero set is finite, the algorithm

will stop in finite steps until the optimal conditions are satisfied. [
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Algorithm 2 Active Zero Set Descent Algorithm

Initialization: Choose an initial point #(®). Compute the corresponding set 2y and
the cost function value f(8)). Set k = 0.

Step 1: (Terminate)

Generate the matrix V for the zero set 2, as described in subsection 2.2. If condition
(2.27)-(2.29) are satisfied, then stop and return the optimal solution and value.
Otherwise, if m < p and there exists one i, A(0%),v;) # 0, go to Step 2, else go to
Step 3.

Step 2: (Steepest phase) Set (. = €. Set the descent direction as d*) =
Proj{—a®™|v;,i = m + 1,--- , p} described in subsection 2.2.1. Go to Step 4.

Step 3: (Decreasement phase)

Find A, set Qo = Q\A1, and compute the descent direction d*) by using (2.33),
(2.34). Go to Step 4.

Step 4: Find the best step length ¢* by (2.35) and update *+1) = k) 1 ¢+q*)
Find A, using the method described in Subsection 2.2.1 and update the zero set as
Qiey1 = Qor U Ay. Then, compute the cost function f(0%*+Y) and go to Step 1 for
the (k + 1)-th iteration.

2.2.2 Numerical experiments

In this part, we conduct extensive simulation studies and real data analysis to e-
valuate the estimation performance of our new active zero set descent algorithm

compared to interior point method for LAD Fused Lasso model.
Simulation studies

Consider LAD Fused Lasso problem

7 p
5=arg}£ﬁ£2]§i—){iﬁ| +>\Zz|ﬁj—6j1|. (2.38)

= j=
where X € R™*? is the design matrix with row vectors X;,7 = (41, %2, - ,¥a)’ € R"

is the response vector, A > 0 serves as the tuning parameter, and § € RP? is the
coefficient vector.

Problem (2.38) is a special case of the LAD Generalized Lasso problem (2.18)
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with penalty matrix

-1 1 O 0 0

0 —-11 0 0
R = :

0 0 0 -1 1

Interior point method for LAD Fused Lasso

Consider LAD Fused Lasso problem (2.38) and reparameterize /3 as

where 0 = (61,05, - -

where

01 = /81792 = ﬂ? _617"' uep = Bp_ﬁp—lv
,0,)" € RP. The links between 0 and  are given as

0=Wp,5= M0,

0 0 0 0 1 00 0 0
10 0 0 1 10 0 0
: : M=1. .. :
0 0 -1 1 111 1 11

Then, Problem (2.38) becomes

OeRP 4

n p
0 = argminE | — X MO)| + )\Z 6]
=1 Jj=2

(2.39)

(2.40)

This can be viewed as a LAD-Lasso problem. Denote H = X M, with j-th column

as H;. Following Wang et al. [116], we normalize the design matrix H such that

|Hjl5 = n, j =12,

the positive parts and negative parts of y — H6 and 6 respectively. Then,

lj—HO|y =" +e 0], = 0" +6~
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and

y—HO=¢"—c 0=0"—-0".

Problem (2.40) can therefore be rewritten as

arg min istrZs; +)\(Z «9;’+i9-_)7
6—60"+6" =0, (2.41)

The above problem can be solved using the state-of-the-art linear programming
solver, interior point method that is available in Matlab function linprog.

Alternatively, denote

(7 X4
_ g & Y2 _ X A X2 N _
Y = (Op_1) = X = (0 /\Ip_1> = . n=n+p—1. (2.42)
Yn Xn

Problem (2.40) becomes
0 = argmin||Y — X061, (2.43)
OeRP

which is a LAD regression problem. The solution # can be obtained using active
zero set descent algorithm (see Section 2.2.1). Then,  can be estimated by the

transformation B = M6 with M defined in (2.39). Equivalently, we can get B back

as
b O
B B 01+ 0,
B, 0, +0s+ - +0,



Then we examine the performance of active zero set descent algorithm (LAD-
AZSD, see Section 2.2) and interior point method (LAD-IP) for LAD Fused Lasso
problem under different regression models. The experiments are performed on an
Intel(R) Core(TM) i7-4790 CPU 3.60GHz processor and the algorithms are imple-
mented in Matlab. For each dataset, we choose A\ = 1/2nlogp as suggested in
[114, 116, 25].

Experiment 1. In this example, we study the effects of five factors, namely (i) the
correlation in the covariates X, (ii) time-varying pattern in the coefficient g, (iii)
variance of the error distribution, (iv) sample size n, and (v) the number of covariates
p. Consider a 3 x 2 x 2 x 5 x 2 experiment design. The covariates are generated from
Gaussian distribution A, (y, ¥) with correlation matrix ¥ = pF=il 4 j =1,2--- p.

Three levels of p are considered, p = 0,0.1,0.5. The response vector is generated by
Y = X8 + oe, (2.44)

where {¢;}1<i<n are independent standard Normal random variables. Two levels of

o are considered, 0 = 1,3. Consider two time-varying patterns of 3, namely

Case 1 fp*=(5,---,5,0,---,0,2,---,2,0,---,0) € R?,
—_— —— —— ——
1-5 6-10 11-15 16—p
Case 2 (™ = (5,4.5,4,3.5,3,2.5,2,1.5,1,0.5,0, - ,0) € R?,

—
1-10 11—p

Case 1 is sparse and blocky while Case 2 is sparse and smooth. Choose p and n,
with p = 50,100, and n varying from 1000 to 5000. The above simulation settings
are similar to those in [109, 3]. For each combination of levels, the experiment is
repeated for 100 datasets.

The performances are measured in terms of the averaged run-time (TIME), aver-

aged number of nonzero entries (DF: see [137]), and averaged mean absolute deviation
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(MAD). The simulation results are summarized in Table 2.10-2.13. We have the fol-

lowing observations:

(i)

For different n , p values, AZSD perform considerably faster than interior point
method for all cases. Under strong correlation settings, time superiority of
AZSD is slightly weakened. Figure 2.7,2.8 illustrate that both algorithms have

computation time approximately linear in n.

The results of MAD and DF suggest that the new algorithm does not lose accuracy
comparing to the interior point algorithm. Both algorithms gives estimated /3
that are close to their true values. Also, estimation accuracy increased as n

increases, suggesting estimation consistency.
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TIME MAD (sd) DF
n LAD-IP LAD-AZSD LAD-IP LAD-AZSD | LAD-IP LAD-AZSD
p =50

Case 1: %; ; = pl" 1 4,5=1,2,--- ,p; p=0.

1000 | 0.2308 0.1266 0.0223(0.0024)  0.0223(0.0025) 10.2 10.2
2000 | 0.5205 0.2949 0.0151(0.0017)  0.0151(0.0017) 10.3 10.2
3000 | 0.8463 0.5170 0.0120(0.0013)  0.0121(0.0013) 10.1 10.1
4000 | 1.2325 0.7968 0.0104(0.0012)  0.0104(0.0012) 10.1 10.1
5000 | 1.7181 1.0690 0.0094(0.0012)  0.0094(0.0012) 10.2 10.2
Case 2: X; ; = p“*j| 4,7 =1,2,---,p; p=0.1.

1000 | 0.2260 0.1289 0.0193(0.0026)  0.0193(0.0026) 10.2 10.2
2000 | 0.5074 0.2942 0.0127(0.0014)  0.0127(0.0015) 10.2 10.2
3000 | 0.8633 0.5257 0.0106(0.0014)  0.0106(0.0014) 10.2 10.2
4000 | 1.3677 0.8603 0.0089(0.0010)  0.0089(0.0010) 10.1 10.1
5000 | 1.9654 1.2667 0.0083(0.0010)  0.0083(0.0010) 10.3 10.3
Case 3: %; ; = pl' 1 4,5=1,2,--- ,p; p=0.5.

1000 | 0.2552 0.1912 0.0137(0.0025)  0.0137(0.0025) 10.4 10.4
2000 | 0.6253 0.4143 0.0101(0.0018)  0.0101(0.0018) 10.4 10.5
3000 | 0.9820 0.7119 0.0079(0.0014)  0.0079(0.0014) 10.4 10.4
4000 | 1.4284 1.0524 0.0067(0.0011)  0.0067(0.0011) 10.2 10.2
5000 | 1.9240 1.4807 0.0061(0.0010)  0.0061(0.0010) 10.3 10.3

p = 100

Case 1: X; ; = p“‘j| , 4,7 =1,2,---,p; p=0.1.

1000 | 0.4914 0.1616 0.0119(0.0015)  0.0119(0.0015) 10.2 10.2
2000 | 1.3266 0.5097 0.0083(0.0009)  0.0083(0.0009) 10.1 10.2
3000 | 2.1535 0.8775 0.0067(0.0008)  0.0067(0.0008) 10.2 10.9
4000 | 3.0055 1.2941 0.0057(0.0006)  0.0057(0.0006) 10.1 10.2
5000 | 3.8056 1.7229 0.0050(0.0006)  0.0050(0.0006) 10.2 10.2
Case 2: ;= pl' 1 4,5=1,2,--- ,p; p=0.1.

1000 | 0.5561 0.2103 0.0103(0.0014)  0.0103(0.0014) 10.3 10.3
2000 | 1.2715 0.4997 0.0071(0.0009)  0.0071(0.0009) 10.2 10.2
3000 | 2.0313 0.8822 0.0057(0.0006)  0.0057(0.0006) 10.2 10.2
4000 | 2.8906 1.2687 0.0049(0.0005)  0.0049(0.0005) 10.2 10.1
5000 | 3.8144 1.8367 0.0043(0.0005)  0.0044(0.0005) 10.2 10.4
Case 3: X; ; = p“‘j| ,4,j=1,2,---,p; p=0.5.

1000 | 0.5383 0.2377 0.0073(0.0014)  0.0073(0.0014) 10.4 10.4
2000 | 1.3066 0.5901 0.0051(0.0008)  0.0052(0.0009) 10.3 10.3
3000 | 1.9853 1.0170 0.0042(0.0007)  0.0042(0.0007) 10.3 10.3
4000 | 2.9280 1.5267 0.0036(0.0006)  0.0036(0.0006) 10.3 10.3
5000 | 3.9526 1.9660 0.0033(0.0005)  0.0033(0.0005) 10.4 10.4

Table 2.10: Estimation results of *,0 =1
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TIME MAD(sd) DF
n LAD-IP LAD-AZSD LAD-IP LAD-AZSD LAD-IP LAD-AZSD
p =50

Case 1: 3; ; = pl" 1 4,5=1,2,--- ,p; p=0.

1000 0.2596 0.1362 0.0675(0.0097)  0.0675(0.0097) 10.2 10.3
2000 0.5836 0.2912 0.0451(0.0052)  0.0450(0.0052) 10.3 10.3
3000 1.0197 0.5289 0.0366(0.0045)  0.0366(0.0045) 10.2 10.2
4000 1.5034 0.7327 0.0318(0.0038)  0.0318(0.0038) 10.2 10.1
5000 2.0822 1.0256 0.0285(0.0031)  0.0285(0.0031) 10.2 10.2
Case 2: X; ; = p“*j| i, =1,2,---,p; p=0.1.

1000 0.2533 0.1356 0.0581(0.0075)  0.0581(0.0076) 10.2 10.2
2000 0.5829 0.3051 0.0398(0.0047)  0.0398(0.0048) 10.2 10.2
3000 1.0102 0.5445 0.0320(0.0038)  0.0320(0.0038) 10.2 10.2
4000 1.3586 0.6926 0.0273(0.0036)  0.0273(0.0036) 10.2 10.2
5000 1.7779 0.9191 0.0242(0.0033)  0.0242(0.0033) 10.1 10.1
Case 3: %; ; = pl' 1 4,5=1,2,--- ,p; p=0.5.

1000 0.2260 0.1247 0.0416(0.0064)  0.0417(0.0065) 10.4 10.4
2000 0.5194 0.2905 0.0290(0.0047)  0.0291(0.0047) 10.3 10.3
3000 0.8290 0.5156 0.0245(0.0045)  0.0245(0.0045) 10.4 10.4
4000 1.2174 0.7667 0.0202(0.0033)  0.0202(0.0033) 10.3 10.3
5000 1.6814 1.0587 0.0184(0.0033)  0.0184(0.0034) 10.4 10.4

p = 100

Case 1: X; ; = p“‘j| , 4, =1,2,---,p; p=0.

1000 0.6197 0.1790 0.0360(0.0045)  0.0360(0.0045) 10.2 10.2
2000 1.3610 0.4161 0.0247(0.0028)  0.0247(0.0028) 10.1 10.1
3000 2.1097 0.7272 0.0198(0.0020)  0.0198(0.0020) 10.2 10.2
4000 3.0466 1.0314 0.0168(0.0022)  0.0168(0.0022) 10.2 10.2
5000 3.9469 1.3925 0.0151(0.0017)  0.0151(0.0017) 10.2 10.2
Case 2: ;= pl' 1 4,5=1,2,--- ,p; p=0.1.

1000 0.5697 0.1655 0.0317(0.0038)  0.0317(0.0039) 10.2 10.2
2000 1.2843 0.4101 0.0215(0.0026)  0.0215(0.0026) 10.2 10.2
3000 2.0810 0.7351 0.0170(0.0019)  0.0170(0.0019) 10.2 10.2
4000 2.9373 1.0792 0.0148(0.0019)  0.0148(0.0019) 10.2 10.2
5000 3.8968 1.3963 0.0132(0.0015)  0.0132(0.0015) 10.2 10.2
Case 3: X; ; = p“‘j| ,4,j=1,2,---,p; p=0.5.

1000 0.5525 0.2105 0.0229(0.0035)  0.0228(0.0035) 10.4 10.3
2000 1.2764 0.4977 0.0149(0.0024)  0.0148(0.0024) 10.3 10.4
3000 1.9854 0.8489 0.0124(0.0020)  0.0125(0.0020) 10.4 10.4
4000 2.9019 1.3003 0.0108(0.0018)  0.0108(0.0018) 10.2 10.2
5000 4.0582 1.6930 0.0095(0.0015)  0.0095(0.0015) 10.3 10.3

Table 2.11: Estimation results of f*,0 =3
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TIME MAD (sd) DF
n LAD-IP LAD-AZSD LAD-IP LAD-AZSD | LAD-IP LAD-AZSD
p =50
Case 1: %; ; = pl" 1 4,5=1,2,--- ,p; p=0.
1000 | 0.2464 0.1387 0.0215(0.0026)  0.0215(0.0026) 10.2 10.2
2000 | 0.6002 0.3547 0.0151(0.0020)  0.0152(0.0019) 10.2 10.2
3000 | 1.0313 0.6238 0.0121(0.0014)  0.0121(0.0014) 10.2 10.2
4000 | 1.5504 0.9044 0.0106(0.0013)  0.0106(0.0013) 10.1 10.2
5000 | 2.0347 1.2557 0.0094(0.0012)  0.0094(0.0012) 10.3 10.3
Case 2: X; ; = p“*j| 4,7 =1,2,---,p; p=0.1.
1000 | 0.2617 0.1587 0.0183(0.0026)  0.0183(0.0026) 10.1 10.1
2000 | 0.5872 0.3613 0.0125(0.0014)  0.0126(0.0014) 10.2 10.2
3000 | 1.0263 0.6434 0.0103(0.0014)  0.0103(0.0014) 10.1 10.1
4000 | 1.5150 0.9267 0.0087(0.0011)  0.0087(0.0011) 10.2 10.2
5000 | 2.0175 1.2463 0.0080(0.0010)  0.0080(0.0010) 10.2 10.2
Case 3: %; ; = pl' 1 4,5=1,2,--- ,p; p=0.5.
1000 | 0.2661 0.1770 0.0129(0.0026)  0.0130(0.0026) 10.3 10.3
2000 | 0.5917 0.3970 0.0091(0.0017)  0.0091(0.0017) 10.3 10.3
3000 | 0.9556 0.7156 0.0072(0.0012)  0.0072(0.0012) 10.2 10.2
4000 | 1.4386 1.0317 0.0064(0.0011)  0.0064(0.0011) 10.3 10.3
5000 | 1.8109 1.3429 0.0055(0.0010)  0.0055(0.0010) 10.2 10.3
p = 100
Case 1: X; ; = p“‘j| , 4, =1,2,---,p; p=0.
1000 | 0.4683 0.1578 0.0100(0.0012)  0.0100(0.0012) 10.2 10.2
2000 | 0.9979 0.3764 0.0069(0.0008)  0.0069(0.0009) 10.2 10.2
3000 | 1.6729 0.6897 0.0056(0.0007)  0.0056(0.0007) 10.3 10.3
4000 | 2.3985 1.0404 0.0049(0.0005)  0.0049(0.0005) 10.2 10.2
5000 | 3.0926 1.3766 0.0043(0.0005)  0.0043(0.0005) 10.2 10.2
Case 2: ;= pl' 1 4,5=1,2,--- ,p; p=0.1.
1000 | 0.4356 0.1765 0.0070(0.0012)  0.0070(0.0012) 10.3 10.3
2000 | 0.9918 0.4366 0.0046(0.0008)  0.0046(0.0008) 10.3 10.3
3000 | 1.7206 0.8164 0.0038(0.0007)  0.0038(0.0007) 10.2 10.9
4000 | 2.6736 1.2287 0.0033(0.0006)  0.0033(0.0006) 10.3 10.3
5000 | 3.3316 1.6629 0.0029(0.0005)  0.0029(0.0005) 10.2 10.2
Case 3: X; ; = p“‘j| ,4,j=1,2,---,p; p=0.5.
1000 | 0.5259 0.2441 0.0200(0.0032)  0.0203(0.0034) 10.6 10.5
2000 | 1.0344 0.6109 0.0145(0.0023)  0.0147(0.0024) 10.4 10.2
3000 | 1.7057 1.0219 0.0113(0.0019)  0.0115(0.0019) 10.5 10.8
4000 | 2.3733 1.7914 0.0100(0.0017)  0.0104(0.0018) 10.6 10.2
5000 | 3.1115 2.2958 0.0085(0.0014)  0.0088(0.0015) 10.6 10.3
Table 2.12: Estimation results of f**, 0 =1
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TIME MAD (sd) DF
n LAD-IP LAD-AZSD LAD-IP LAD-AZSD | LAD-IP LAD-AZSD
p =50
Case 1: 3; ; = pl" 1 4,5=1,2,--- ,p; p=0.
1000 | 0.2730 0.1186 0.0665(0.0078)  0.0666(0.0079) 9.9 9.9
2000 | 0.6129 0.2765 0.0449(0.0061)  0.0450(0.0062) 10.2 10.2
3000 | 1.0860 0.4766 0.0373(0.0047)  0.0373(0.0047) 10.2 10.2
4000 | 1.6264 0.7094 0.0311(0.0036)  0.0311(0.0036) 10.2 10.2
5000 | 2.1503 0.9311 0.0279(0.0034)  0.0279(0.0034) 10.2 10.2
Case 2: Zi,j:p“’ﬂ,i,j:l,l- ,p; p=0.1.
1000 | 0.2619 0.1215 0.0561(0.0083)  0.0562(0.0083) 10.1 10.0
2000 | 0.5834 0.2749 0.0382(0.0051)  0.0382(0.0051) 10.3 10.3
3000 | 1.0356 0.4769 0.0308(0.0037)  0.0308(0.0037) 10.2 10.2
4000 | 1.5174 0.7225 0.0266(0.0033)  0.0266(0.0033) 10.3 10.3
5000 | 2.1174 0.9541 0.0240(0.0026)  0.0240(0.0026) 10.2 10.2
Case 3: %; ; = pl' 1 4,5=1,2,--- ,p; p=0.5.
1000 | 0.2577 0.1475 0.0381(0.0068)  0.0380(0.0067) 10.3 10.3
2000 | 0.5659 0.3275 0.0266(0.0053)  0.0266(0.0053) 10.2 10.2
3000 | 0.9814 0.5521 0.0216(0.0041)  0.0216(0.0041) 10.3 10.3
4000 | 1.4555 0.8231 0.0192(0.0035)  0.0192(0.0035) 10.2 10.2
5000 | 1.9990 1.0890 0.0167(0.0029)  0.0167(0.0029) 10.2 10.2
p = 100
Case 1: X; ; = p“‘j| , 4, =1,2,---,p; p=0.
1000 | 0.5029 0.1311 0.0304(0.0038)  0.0304(0.0038) 10.1 10.2
2000 | 1.1100 0.3034 0.0209(0.0023)  0.0209(0.0023) 10.2 10.2
3000 | 1.8231 0.5500 0.0167(0.0020)  0.0167(0.0020) 10.3 10.3
4000 | 2.6039 0.8175 0.0145(0.0016)  0.0145(0.0016) 10.3 10.3
5000 | 3.4149 1.0947 0.0128(0.0016)  0.0128(0.0016) 10.3 10.2
Case 2: ;= pl' 1 4,5=1,2,--- ,p; p=0.1.
1000 | 0.4609 0.1432 0.0210(0.0036)  0.0210(0.0037) 10.3 10.3
2000 | 1.0352 0.3652 0.0141(0.0023)  0.0141(0.0023) 10.3 10.7
3000 | 1.7127 0.6214 0.0113(0.0020)  0.0113(0.0020) 10.2 10.7
4000 | 2.4797 0.9357 0.0096(0.0017)  0.0096(0.0017) 10.2 10.2
5000 | 3.1546 1.2587 0.0089(0.0016)  0.0089(0.0016) 10.3 10.3
Case 3: X; ; = p“‘j| , 4,7 =1,2,---,p; p=0.5.
1000 | 0.4978 0.1562 0.0605(0.0099)  0.0611(0.0101) 10.4 10.2
2000 | 1.0346 0.4578 0.0427(0.0066)  0.0433(0.0067) 10.4 10.4
3000 | 1.6837 0.8665 0.0346(0.0054)  0.0354(0.0056) 10.7 10.8
4000 | 2.3693 1.1189 0.0296(0.0049)  0.0301(0.0048) 10.5 10.6
5000 | 3.0494 1.6296 0.0266(0.0039)  0.0270(0.0039) 10.5 10.8
Table 2.13: Estimation results of §** o = 3

Experiment 2. This example focuses on the effect of the error distribution. Consid-
er four error models € ~ N(0,1),Dbexp (0, 1), t(3), Cauchy (0,1). The robustness
of LAD Fused Lasso (AZSD, IP) and Least Square fused Lasso (LS-fuse, see [77])
are compared. For each p =

50,100, and n = 5000, we generate 100 datasets from

Model (2.44) with 0 = 1, X € N,(0,%),%;; = 0.5 4, =1,2,--- ,p, and
5:(]—7"'71707"'70a27”'72)0707070) 3 707"'7()’]-7”'7]-)07”'70)'
—_—— —— — Y Y~ ) —
1-5 6—15 16—20 21—24 25 26—40 41—45 46—p

For each case, TIME, DF (the same as Experiment 1) and average mean absolute
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Figure 2.7: Running time tendency of 5* estimation with p = 50,100,0 =1,3,p =
0,0.1,0.5.
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Figure 2.8: Running time tendency of g** estimation with p = 50,100,0 =1,3,p =

0,0.1,0.5.
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deviation (MAD) )

100
=1

(BZ — f3;)% are reported in Table 2.14, Figure 2.9, and 2.10. It can

be seen that under the heavy-tailed case Cauchy (0,1), LAD Fused Lasso outperforms

LS Fused Lasso in terms of MAD.

p =50 p =100
€ Distr. Type | LAD-IP LAD-AZSD LS-fuse LAD-IP LAD-AZSD  LS-fuse
TIME
N(0,1) 0.2261 0.1565 0.0011 0.4939 0.2129 0.0015
Dexp(0,1) 0.2450 0.1821 0.0010 0.5854 0.2412 0.0016
t(3) 0.2219 0.1533 0.0010 0.5003 0.2831 0.0016
Cauchy(0,1) 0.3490 0.1548 0.0012 0.6769 0.2191 0.0025
MAD
N(0,1) 1.2791 1.2772 1.1291 1.7249 1.7206 2.7586
Dexp(0,1) 1.4911 1.4918 2.2297 1.6815 1.6911 3.4561
t(3) 1.6499 1.6484 2.3727 2.3149 2.3125 6.2918
Cauchy(0,1) 2.2881 2.2840 58.0899 2.2811 2.2677 147.0171
DF
N(0,1) 16.0 16.0 50.0 16.0 16.0 100.0
Dexp(0,1) 17.0 17.0 50.0 17.0 17.0 100.0
t(3) 16.0 16.0 50.0 16.0 16.0 100.0
Cauchy(0,1) 16.0 16.0 50.0 16.0 16.0 100.0

Table 2.14: Estimation results under heavy tailed distributions for p = 50, 100.
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Figure 2.9: p = 50,n = 5000 estimation results of interior point method, proposed
method and LS-fuse.
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Figure 2.10: p = 100, n = 5000 estimation results of interior point method, proposed
method and LS-fuse.

Real data analysis

In this section, we apply LAD Fused Lasso to soybean data in Davidian and Giltinan
[26] (1995, §1.1.3, p.7), that is available in R package MEMSS. The experiment was car-
ried out in three years, 1988, 1989, 1990. The average leaf weight (in grams) randomly

chosen from 6 plants was measured at days after planting as A = (A, Ay, ..., Ags) =
(14,15, 20, 21, 23,27, 28, 30, 34, 35,37, 41, 42, 43,49, 51, 55, 56, 63, 64, 69, 70, 77,79, 84) .

Eight plants were planted with each genotype in each planting year, giving a total
of 48 plots in the study. Each plot is observed at only 8 to 10 days among the

above-mentioned 25 days. Detailed information is illustrated in Figure 2.11.
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Figure 2.11: Plot of soybean data.

Let Y;; be the differences between consecutive measurements of plot 7 at time
Tj41 —Tj. Define the covariates Xijr = (Arr1 — Ar) L[4y, A1) (1;,15,1)] » Where I(+) is
the indicator function. Consider the model Y = X3 + oe. Here, the coefficients 5 ,
kE=1,2,...,25 can be interpreted as the average growth rates between time A;_;
and A . For convenience, Ay = 0 is defined. The changes in the growth rate can be

detected using LAD Fused Lasso. Here, the tuning parameter is set as A = 1/2nlogp

(see [114]).
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Figure 2.12: Plot of estimation results of soybean data with LAD-IP, LAD-AZSD
and LS-fuse.

The estimated regression coefficients § under LAD-IP, LAD-AZSD, and LS-fuse
as plotted in Figure 2.12. If least square is used, it is difficult to tell if there are
changes in the growth rate. On the contrary, LAD is more robust to heavy-tailed
cases and it allows us to see clearly that between A5 and Ay is a fast growing
period. The estimated g of LAD-AZSD and LAD-IP models are more blocky and
smoothly varying comparing to LS-fuse. The estimations from LAD-AZSD and LAD-

IP are close to each other but significantly differ from that obtained by LS-fuse. To

LAD-AZSD LAD-IP LS-fuse
TIME 0.9674 0.1533  0.0763
DF 23 23 24
Dimension (n,p) = (364, 24)

Table 2.15: Quantitative comparison of soybean data of 3 methods: LAD-IP, LAD-
AZSD and LS-fuse models.

evaluate the performances of our algorithm, consider TIME and DF as described in
Section 2.2.2). Table 2.15 shows that LAD-AZSD is considerably faster than LAD-
IP. Table 2.16 indicates that both LAD-AZSD and LAD-IP give smooth and blocky

estimators, whereas LS-fuse estimator is noisy.
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Xij1 Xijo Xij3 Xija Xijs Xij6 Xij7 Xijs
IAD-IP 0.0000 0.0319 0.0319 0.0602 0.0602 0.1217 0.1217 0.1363
LAD-AZSD | 0.0000 0.0319 0.0319 0.0602 0.0602 0.1217 0.1217 0.1412
LS-fuse -0.1080 0.0465 0.0656 0.0669 0.0238 0.2967 0.1904 0.0185
Xijo Xijio  Xijmn Xij12  Xijiz Xijuu o Xijis Xij16
LAD-IP 0.2279  0.2279 0.2279  0.2279 0.2279 0.3432 0.4576 0.4741
LAD-AZSD | 0.2279 0.2279 0.2279 0.2279 0.2279 0.3487 0.3947 0.4741
LS-fuse 0.5221 0.5956 -0.1000 1.0840 0.7852 0.3347 0.5377 0.0086
Xijir Xijis Xijig Xijoo  Xijor Xijoo  Xijo3 Xij24
LAD-IP 0.4741 0.4741 04741 03314 0.1772 0.1772 0.1772 0.1772
LAD-AZSD | 0.4741 04741 0.4741 0.3435 0.1772 0.1772 0.1772 0.1772
LS-fuse 2.6922 0.7504 -0.8007 -0.1946 3.8369 0.4601 -1.3747 -0.6476
Table 2.16: Parameter estimation results of soybean data with LAD-IP, LAD-AZSD,
LS-fuse.
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Chapter 3

Constrained LAD Lasso models

In this chapter, we focus on Constrained LAD Lasso models with linear equality con-
straints, and extend the algorithm in Section 2.1 to linearly equality constraint case.
Then we applied the algorithm to regularized Mean Absolute Deviation portfolio

selection (MAD-Lasso) strategy.

3.1 MAD-Lasso model

Suppose that there are n securities (Si,- -+ ,S,) and their rate of returns are repre-
sented by the random vector R = (R, Ry, -, R,). The rate of returns at time
tare vy = (e, T2, 5 Tem) ,t = 1,2,--- [T, with mean r = (r,7r9,--- ,7,)" and co-

variance matrix E((r, — r)'(r, — 7)) = £. The portfolio allocation weight vector
x = (z1,29, -+ ,x,) satisfies 3" | z; = 1. Konno [67] proposed the Mean Absolute

Deviation (MAD) risk measure, defined as
T n

=1 =1 t

=1 =1
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The MAD-Lasso problem is formulated as

1 T n n
min DD e = r)a| + D0 Al
t=1 i=1 i=1
st x'r =, (3.1)

Here, \ is the tuning parameter controlling the size of penalty. Brodie [16] penalizes
Markowitz’s model [87] with Lasso penalty. The Markowitz-Lasso problem can be

described as
argmin  E[|roly — &'r|?*] + Az

st. x'r=r, (3.2)

'l =1
The MAD-Lasso based method (3.1) has the following advantages:

1. It encourages sparsity. With appropriately chosen tuning parameter A\, some
components in the portfolio weight vector & shrink towards zero, resulting in

sparse portfolio selection strategies.

2. Tt controls the shorting level of portfolio selection model. The equivalent for-
mulation is to minimize

[rolr — r'x||; + 22 Z |z + A,

ix; <O

where ) |z;| controls the shorting level. The last term does not affect the

optimization problem.

3. It robustify the portfolio selection problem. The ¢; norm penalty mitigate the

computational difficulties related to the possible collinearity in the rates of
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returns of different assets. Moreover, it ameliorates the influence of financial

violations and extreme cases.

Proposition 3.1.1. We have the followings.
(1) For any two tuning parameters A\; < Ay, let £ x2) be the corresponding

weight vectors. Then, we have
(A= X2) (&1 = J2*]1) = 0.

This indicates that the greater is the penalty X\, the greater is the sparsity.
(2) Suppose that there exists \g such that all entries in **0) are non-negative.

A

Then, for any A = \o, all entries in the solution ™ are non-negative too.

Proof. (1) Suppose there are two portfolio allocation vectors &*1), £(*2) correspond-
ing to the tuning parameter A, Ay respectively in the MAD-Lasso problem (3.1). We
have
[role — 7@ 1 + Ay 2],
< roly — 2P|y + M\ |2P2) |,
= Jrolr = P2 + Ao 1 + (M = X))

< frolr — 2P + AllzP | + (A = ) 2Py

[rolr — r'&™ [y + A e+ (A1 = o) (J& 1 = |l2],).

This yields that
(A = 22) (2?2 — [2*],) = 0. (3.3)
(2) If all the entries of (0 are nonnegative and some entries of ™ are neg-
ative, we have ™| > 37" [« = |2, 2 = S, 2] = 1. This yields
that || = |2?)|. From (3.3), we have Ay = . This indicates that the all-
nonnegative-entry case Ay corresponds to the sparest solution. The particular solu-
tion corresponding to \g is the optimal solution among all solutions corresponding
to A = Ap.
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3.2 Constrained LAD Lasso model

To solve the MAD-Lasso portfolio selection problem, we generalize the descent algo-

rithm of Shi et al. [101] to allow linearly equality constraints.
Problem definition

Problem (3.1) can be reformulated as the following Constrained LAD Lasso problem:

mmin ly — Az|1 + A
st. Cx =0 (34)
Here,
=T T2 — T2 o Tin Ty 0
4o ?"21:—7“1 7“22:—7“2 7’2n:—7“n = 0 :
Py —T1 TT2 — T2 7”Tn._rn 0

[T T2 o Ty _(To
e= ()= (h)
Here, y = (y1, - ,yr) € RT, A e RT>™™ C e R b = (by,---,b,) € R?, and
x = (z1, -+ ,z,) € R". Denote the i-th row of A by A; and the i-th element

of y by y;. Without loss of generality, we assume that C is full rank matrix, i.e.,

rank (C) =q = 2.

Remark 3.1. An intuitive solution of Problem (3.4) is to be transformed to the

following unconstrained optimization problem:

min ly — Az|y + Az + Xo|Cz — b1,

where we need two penalty parameters, A; and Ao, the computational complexity

increases significantly. Hence we focus on Problem (3.4).
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Optimality conditions for feasible direction

Note that an arbitrary point @ can be transformed to a feasible point as shown below.

Suppose that Cx — b = ¢y # 0. Setting g = £ — CT(CCT) ¢y, then,
Cw() —b=Cx—b— CCT<CCT)_1C0 =Cy— Cy = 0.

The transformed point x is said to be the feasible point generated by x. Thus, the
initial point for the algorithm can be chosen as a feasible point. If x is a feasible
point, we choose a direction h such that the cost function value decreases along this
direction. The choice of the direction can not be arbitrary because the constraints

must be satisfied along this direction. That is, it is required that
Cx+h)—b=Cx—-b+Ch=Ch=0. (3.5)

Definition 3.1. The direction h fulfilling (3.5) is called a feasible direction. If h is
a feasible direction, the corresponding directional derivative is a feasible directional

deriative.
First, we have the following assumptions.

Assumption 3.2.1. For any x and h € R", /\lim f(x + A\h) = 0.
—00

Assumption 3.2.2. For any n indices iy, -+ i, in {1,--- T}, {A;, -, A} are

linearly independent.

Denote A;x —y; = u; and Q = {01, ,0n} ={0; : up, = 0, = 1,2,--- ;m} as the

zero set. Then, the objective function can be rewritten as summation of smooth and
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nonsmooth part of f(x):

f(x) = S(x) + N(z),

T T
ﬁZI u; > 0) ( —yi)+21(ui<0)(—Aia:+yi)écw%—z,
i=1 =1
T
= I(u; =0)|Ax —yi| = Z | Ao, — Yo, |,

i=1 i=1
where I(-) as the indicator function and
T T T T
i=1 i=1 i=1 i=1
Since f(x) is convex, its local minimizer must be the global minimizer. The optimal-

ity condition of the minimizer is that any feasible directional derivatives are greater

than or equal to zero. That is, * is the optimal solution of (3.4) if and only if
Vif(x*) = ViS(x*) + VpN(x*) =0, Vhe{h|heR" Ch=0}. (3.6)

However, it is not easy to verify the optimality condition (3.6) because there are
infinitely-many feasible directions h. To obtain a finite representation of the opti-

mality condition, consider the nonsmooth part N(x) with
Ao = Yo, t=1,---,m.

If {A,, :i=1,---,m} are independent, then m < n —¢. If m > n — ¢, then the
equations above are overdetermined. Without loss of generality, we assume that

m<n—q and {4, :i=1,--- ,m}u{Cy,Cy,---,C,} are linearly independent. Let

Ch

A,

A

Om,
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Generalized inverse matrix Vp can be obtained such that DVp = I,,,1,, where I,,, 4,
is the (m + ¢) x (m + q) identity matrix and Vp = (Vi, -+, Vi4q). Consider the
null space {V € R*"|DV = 0}. There exist n —m — ¢ linearly independent vectors
Vi,j = m+q+1,---,n that form the basis of the null space. Hence, we have
DV; = 0,Vj = m+q+1,---,n. Then, an equivalent finite-representation of the

optimality condition (3.6) is given by the following theorem.

Theorem 3.1. Suppose rank (D) = m + q, then x* is the optimal solution if and

only if the feasible directional derivatives satisfy

V. f(&*) = Vy,S(x*) + VyN(x*) 20, i=q+1,---,q+m,
Vy-fx*)=V,-S(x*) + V,-N(z*) =0, i=q+1,---,g+m, (3.7)
Vv f(x")=VyS@*) =0, i=m+q+1,---,n.
Proof. Note that the space of all feasible directions is spanned by {V;,i = ¢ +
1,---,n}, condition (3.7) is a special case of (3.6) and the necessary condition is

obvious. Next, we establish the sufficient condition, this means that if (3.7) are

satisfied, (3.6) holds. If * is optimal, then we have

Vv f@x*)=0,V,-f(x*) >0, i=q+1,--,9+m,

Vv, f(x*)=0, i=q¢g+m+1,--- n.

By orthonormality of {Vi, Vs, ,V,}, (3.7) can be simplified as

Vi .
wa(m*)=vw5(m*)=%:0> i=m+q+1,---,n,
* * * CV;' 1 .
% * * _C‘/i 1 .
sz;f(a: ):VV[S(m )-f—VV;N(CB ):erm?O, i=q+1,--- m+gq.
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For any feasible direction h, there exists a weight vector w = (wWg41, Wyto, -, wy)’

such that
ni n
h = Z w; Vi + Z w;(=V;).
i=q+1 i=ny1+1
Without loss of generality, we can set w; = 0,V2 = 1,--- ,n. This is because when

w; < 0, we have w;V; = (—w;) - (—=V;). Then, replacing V; by —V; and w; by —w; > 0

yield that
VN - Dl 2o Ao (55201 Vi + Sy (1)
h =
IR 7]
Z;—il }wiAOi‘/;+n| _ 2111 W;
I I
We have

" wicV, ™ ow; "
Vif(z*) — Zl_ﬁfllu N Z,‘_hl’w - (qu Vg + )+ Y] wicVi>
i=m-+q+1

n

D wVy ()| Vi = 0

2,

- Hh”Zquvmqf( ") WVsall + 77

Then, for any feasible direction h, the feasible directional derivative is greater than

or equals to zero. Hence, (3.6) holds and «* is the optimal solution.  []
Descent feasible directions

The design of the algorithm is as follows. Let ) be the approximation at the k-th
iteration. If the optimality condition (3.7) is satisfied, then &® is the optimal solu-
tion, otherwise, there exists at least a feasible direction h such that the cost function
decreases along this direction. These steps are repeated until (3.7) is satisfied.

Suppose that the i-th condition of (3.7) is not satisfied. Then, the following two
statements

Vv, f(®) = 0 and V- f(x) =0
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can not be satisfied at the same time and consequently at least one of V; and V,~
is the descent direction. For an iterative point x®), denote the zero set by Q; =
{ok1, 012, s 0rk, } = {0k + Uk = A —yps = 0,0 = 1,2,--- [ ky,}. The cost
function can be rewritten as

f(w(k)) = C(k)w(k) + Z |A0kiw(k) - yom“ + Z(k)' (38)

01 €EQ,
Denote by €2}, the set of all the indexes ki so that (3.7) is not satisfied for V; or V;~. To
speed up the search, consider the indexes ¢ so that the descent directional derivatives
Vy,f or V- f are the greatest. Suppose that A; < ) contains a proportion « of
the indexes in Q) with slowest corresponding descent directional derivatives Vy, f or
V- f. Denote
Q) = Qi \AY.

This means that the indexes in A} are removed from the zero set. Choose the descent

direction A in the space spanned by
{‘/Oki:OkieAlf}U{‘/i:i:km+1’... n}

such that

h= > to, Vo, + i t:Vi.

It can be verified that

Ay h =0, Yo e Q.

Oki

Such a choice guarantees that the descent direction keep the set Qf unchanged. Set

the descent direction h*®) as the optimal solution to

max — C(k)
vERP

v
(3.9)
st. A, v=0, VYo e

85



It means that the solution h is chosen as the vector nearest to the deepest descent

direction —c®). The optimal solution to Problem (3.9) is
b= —c® = AT (AgkAD) ™ Aok - (), (3.10)

where A(T)k(AOkA(T)k)_lAOk(—C(k)) is the projected direction of —c*) in the subspace

{h: Ap,h = 0,04 € Q4}. Equivalently, Al (AorAJ,) " Aok (—c®) = Proj{—c®|h :

Aoh = 0,04 € Qg} Without loss of generality, assume that o1, 0k, -+ , 0, € Q’g;
and
Aokl
Aoy = © | ok, ol € Q).
Aokl

Then, the descent direction A*) can be chosen as the normalized vector of i with

A% = h/|hl. (3.11)
Optimal step length

The cost function decreases along the descent direction A¥). The next iteration point
is generated by

where v*) is the step length that is determined via the following optimization prob-

lem,

min g(v)

where
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Since f is convex, g(7) is also convex. Then, we can choose 7*) as the optimal

solution of the problem min g(«y). This problem is equivalent to the following problem
v

nsy v
st Viw fla® +yh®) >0, (3.12)

vh(k)ff«l?(k) + ’yh(k)) = 0.
For this problem, we have the following observation (see Shi et al. [101]).

Lemma 3.1. There exists an optimal solution v¥) > 0 and at least onei in {1,--- ,n}
such that A;(x® +~F K = 4. that is, i is in the zero set at the point ) +~*) pF)

during the k-th iteration.
Algorithm

Denote by 7*) the optimum step length along the direction h¥) as described in

section 3.4. The cost function is updated as

f(a:(kﬂ)) _ C(kH)a:(kH) + Z ‘A

O(k+1)i€2k+1

(k+1) (k+1)
o1y T | + z )

Remove the indexes in A} from the zero set Q; and denote Qf = \AF. Let Af =

oilts,, = 0}. Lemma 3.1 guarantees that A% is non-empty. In the (k + 1)-th
ki 2

iteration, set

0 k
Qpsr = Q0 U AL,

and x*+D = z®) 4 4®p*) - Continue the above process until the optimal condition

(3.7) is satisfied. To summarize, the algorithm is as follows:
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Algorithm 3 Descent Algorithm for MAD-Lasso model

Initialization: Choose an initial point (®, compute the corresponding set €y, and
compute the cost function f(z®). Set k = 0.

Step 1: (Terminate)

Generate the matrix V' for the zero set €. If the condition (3.7) is satisfied, then
stop and return the optimal solution and value. Otherwise, go to Step 2.

Step 2: (Descent Direction)

Find the o fastest descent directions as A¥, where o denotes the percentage of selected
descent directions that decrease faster than the other 1 — « directions. Set Q) =
Q:\A%, and compute the descent direction h*¥) using (3.10), (3.11).

Step 3: (Optimal Step Length) Find the best step length v*) by (3.12).

Step 4: (Iteration) Update z*+Y) = x®) + 4y®p(*) Find A5 and update the zero
set as Q1 = QY U A5, Then we compute the cost function f(z**+V) at (k + 1)-th
iteration, and then we go to Step 1.

3.3 Numerical experiments

In this section, simulation studies and real data analysis are carried out to compare
(1) MAD, (2) MAD-Lasso with the proposed algorithm, and (3) MAD-Lasso with
interior point method. The comparison is based on computational efficiency and the
performance of the portfolio selection under the following risk measures:

1) Expected Return (Mean): Mean = w’pu.

2) Sharpe Ratio: Sharpe = w’u/\/m_

3) Sparsity: number of nonzero entries of w (see [137]).

5) Standard Deviation (StD): 0 = vVw'2w.
6) Mean Absolute Deviation (MAD): %ZtT:l | S (s — i) wi-

(1)

(2)

(3)

(4) Time: time consumption.
(5)

(6)

(7) Value at Risk (VaR): VaR, = p + c®~ (1 — ).
(8) Expected Shortfall (ES): ES, = p + aw.

Simulation studies

To investigate the performance of different portfolio selection method, consider t-

wo cases where the data are generated from the multivariate Gaussian distribution
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Gaussian Data
Model Time Sparsity Mean StD MAD  VaR ES

MAD-Model 0.0576 10 0.3501 0.0663 0.0529 0.5042 0.5267
MAD-Lasso (IP) 0.1309 8 0.3501 0.0591 0.0470 0.4876 0.5076
MAD-Lasso (NEW) 0.0248 7 0.3501 0.0591 0.0470 0.4876 0.5076

Asymmetric Laplace Data
Model Time Sparsity Mean StD MAD  VaR ES

MAD-Model 0.0990 10 0.3497 0.3630 0.2730 1.1941 1.3171
MAD-Lasso (IP) 0.1277 6 0.3497 0.3540 0.2602 1.1733 1.2933
MAD-Lasso (NEW) 0.0138 6 0.3497 0.3540 0.2602 1.1733 1.2933

Table 3.1: Portfolio selection results of simulated datasets.

and multivariate Asymmetric Laplace distribution respectively, with the following

parameter settings:
p = (0.0001,0.0002,0.0003,0.0004,0.0005,0.50,0.60,0.70,0.80,0.90).

3 = diag (p/10).

In both cases, (1) MAD, (2) MAD-Lasso with interior point method (IP), and (3)
MAD-Lasso with the proposed method (NEW) as described in Section 3.2 are used
for portfolio selection. The tuning parameter ) is chosen as A = /2T logn , as sug-
gested in [114]. In both Gaussian case and asymmetric Laplace cases, 1000 replicates
are performed in Matlab with an Intel (R) Core (TM) i7-4790 3.60 GHz Processor
and 3.60 GHz memory. The interior point method is implemented using linprog
provided in the MATLAB interface and the proposed method is programmed in
MATLAB.

The results are shown in Table 3.1. MAD-Lasso outperforms MAD in terms of
Sharpe Ratio, Sparsity and risk measures (StD, MAD, VaRg 1, ESp01). Under the
above-mentioned indicators, the performance of MAD-Lasso is similar for interior
point method and the proposed descent algorithm. However, in terms of compu-
tational time, the proposed descent algorithm significantly outperforms the interior
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Figure 3.1: Portfolio selection results of Gaussian data A. MAD model; B. MAD-
Lasso with interior point method (IP); C. MAD-Lasso with proposed method (NEW).

method. Figure 3.1-3.2 further display the boxplots of the computation results.
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Real data analysis

Consider the datasets complied by Fama and French. Portfolios involving 48 indus-
try sectors are obtained from both daily and monthly data (abbreviated to FF48d,
FF48m) from June 1976 to June 2006. In both FF48d and FF48m datasets, the
portfolios are constructed at the end of each June. Denote by 7;; the annualized
return in time ¢ of ¢-th industry, + = 1,2,--- ,48.

Example 1. In this example, we compare the out-of-sample performances of MAD
Model, Naive Evenly Model, and MAD-Lasso Models (IP, NEW).

For such a purpose, all portfolios are constructed by fixing the expected re-
turn at rp = 7, where the target return ry as the average return achieved by
the naive, evenly-weighted portfolio, computed from either the entire daily data
or the entire monthly data. Consider the sequence of increasing tuning parameters
A = 275562 Togn with Ay = 275y/2T logn = 55+/2Tlogn , Ay = 27*/2T logn =
L 2T Togn, -+, Mz = 2y2T Togn = 64y/2T Tog n.

For both FF48d and FF48m datasets, we compare MAD Model (mad), Naive
evenly-weighted model (naive), and MAD-Lasso (IP, NEW). The comparisons are
based on computational time, Sparsity, Sharpe, MAD, VaRg o and ESgg;. Esti-
mation results are reported in Table 3.2, 3.3. Results show that with increasing
tuning parameter A, we can achieve higher level of Sparsity and smaller Sharpe Ra-
tio. Moreover, the values of MAD, VaRg o1, ESg; increase accordingly. For both
datasets, MAD model outperforms Naive model in terms of Sharpe Ratio and risk.
MAD-Lasso with smaller tuning parameters can achieve better performance than
MAD Model. For MAD-Lasso models, results show that our proposed algorithm
(NEW) is much more time efficient than interior point method (IP) with increasing
tuning parameter X\. With properly chosen tuning parameters, MAD-Lasso models

can achieve higher Sharpe Ratio and smaller risk than MAD model and Naive mod-
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el. On the other hand, with increasing tuning parameter A, MAD-Lasso models can
achieve better performance than MAD Model by sacrificing a little bit Sharpe Ratio

and risk.

MAD and NAIVE Portfolio Selection Models

Time Sharpe Sparsity
mad naive mad naive mad naive
- 3.8550  0.0064 0.0841 0.0632 47 48

MAD-Lasso Portfolio Selection Models

Time Sharpe Sparsity
P NEW 1P NEW 1P NEW

A1 2.9822 2.3658 0.0852 0.0852 47 47
A2 3.4228 2.0967 0.0852 0.0852 47 47
A3 3.3466  2.0494 0.0851  0.0851 45 45
A4 3.4036 2.1634 0.0848 0.0848 36 36
As 3.3688  2.4207 0.0843  0.0843 32 32
A6 3.6359 1.8651 0.0830 0.0830 25 24
A7 3.9089 2.8070 0.0811 0.0811 18 18
A8 4.2888 2.8444  0.0801 0.0801 13 13
Ao 4.1552  2.8232 0.0801 0.0801 13 13
A0 4.6611  2.8770 0.0801  0.0801 13 13
A11 5.2082  2.2390 0.0801 0.0801 13 13
A12 4.7706  2.1307 0.0801  0.0801 13 11
MAD and NAIVE Portfolio Selection Models
MAD VaRo.01 ESo.01
mad naive mad naive mad naive

- 0.4617 0.6069 1.5746 2.0784 1.7960 2.3732
MAD-Lasso Portfolio Selection Models

MAD VaRg.01 ESo.01
P NEW P NEW P NEW

A1 0.4457  0.4457 1.5556  1.5556  1.7742  1.7742
A2 0.4458 0.4458 1.5559 1.5559  1.7745 1.7745
A3 0.4461 0.4460 1.5576 1.5576 1.7765 1.7765
A4 0.4471 0.4471 1.5620 1.5620 1.7815 1.7815
As 0.4501 0.4501 1.5716 1.5716 1.7925 1.7925
A6 0.4576  0.4576  1.5948 1.5948 1.8191 1.8191
A7 0.4696 0.4696 1.6313 1.6313 1.8609 1.8609
Ag 0.4770 0.4770 1.6517 1.6517 1.8843 1.8843
Ag 0.4770 04770 1.6517 1.6517 1.8843 1.8843
Ao 0.4770 0.4770 1.6517 1.6517 1.8843  1.8843
A1 0.4770 04770 1.6517 1.6517 1.8843  1.8843
A1z 0.4770 04771 1.6517 1.6513 1.8843 1.8839

Table 3.2: Portfolio selection results of FF48d Data:(T,n) = (7573,48); ExpRet:
ro = 0.0550.
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MAD and NAIVE Portfolio Selection Models

Time Sharpe Sparsity
mad naive mad naive mad naive
- 0.9094 0.0001 0.4332 0.2450 48 48

MAD-Lasso Portfolio Selection Models

Time Sharpe Sparsity
P NEW P NEW P NEW
A1 0.3121  0.2698 0.4311 0.4324 48 48
A2 0.2449 0.1782 0.4317  0.4304 47 48
A3 0.2245 0.1363 0.4314 0.4316 47 48
A4 0.2763 0.1646  0.4308 0.4308 42 44
A5 0.2742 0.1154  0.4260 0.4265 40 39
A6 0.2485 0.0977  0.4189 0.4177 29 27
A7 0.2599 0.1042 0.3986 0.3985 19 19
A 0.2856  0.1217 0.3734  0.3734 15 15
A9 0.2343 0.0932 0.3473 0.3473 10 10
Ao 0.2590 0.0945 0.3473 0.3481 10 10
A1 0.3257  0.0867 0.3473 0.3481 10 10
A2 0.2760 0.0837 0.3473 0.3476 10 10
MAD and NAIVE Portfolio Selection Models
MAD VaRg.01 ESo.01
mad naive mad naive mad naive

- 2.1255 3.7957 8.0304 13.2301 9.0166 14.9736

MAD-Lasso Portfolio Selection Models

MAD VaRo.o01 ESo.01
1P NEW P NEW 1P NEW

A1 2.0243 2.0247 8.0625  8.0419 9.0533 9.0298
A2 2.0251 2.0261 8.0542  8.0738 9.0438 9.0662
A3 2.0262 2.0281 8.0583  8.0557 9.0485 9.0455
A4 2.0341  2.0347 8.0675  8.0686 9.0590 9.0603
As 2.0604 2.0600 8.1440  8.1359 9.1467 9.1374
A6 2.1144 2.1236  8.2615  8.2806 9.2813 9.3032
A7 2.2383 2.2389 8.6172  8.6197 9.6888 9.6916
A 2.4150 2.4150 9.1145  9.1146 10.2586  10.2586
Ao 2.6162 2.6162 9.7053  9.7053 10.9354  10.9354
Ao 2.6162 2.6169 9.7053  9.6843 10.9354  10.9113
A1l 26162 2.6169 9.7053  9.6843 10.9354 10.9113
A2 2.6162 2.6163 9.7053  9.6966 10.9354  10.9254

Table 3.3: Portfolio selection results of FF48m data: (7, n) = (361,48); ExpRet:
ro = 1.2606.

Example 2. In this example, MAD-Lasso with interior point method (IP) and
our proposed method (NEW) are compared. For FF48d Dataset ([0.05 : 0.05 :

8]v/2T log n), the tuning parameter is chosen from 0.05+/27 logn to 44/27 logn. For
FF48m Dataset ([0.05 : 0.05 : 8]y/2T logn), the tuning parameter is chosen from

0.054/2T logn to 84/2T logn. The interval length is chosen as A = 0.054/27 log n.
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The results of the MAD-Lasso methods are displayed in Figure 3.3-3.4. Results
show that the sparsity measure increases with larger tuning parameter A and our
proposed method is much more time efficient than the interior point method. More-
over, after some point when A is large, the curves of Sharpe ratio, StD, VaR, and

CVaR, with respect to A behave like horizontal lines.

(@

50
Interior Point|
Proposed
40
>
£30 o &
g £ §
& - 5
20
10
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400
lambda lambda lambda

(d) (e) ()

1.26155
36
35
1.2615
34
o
g 33 g 1.26145
35 Interior Point Interior Point] | © — Interior Point
- - Proposed Proposed - Proposed
31
1.2614
3
29
0 100 200 300 400 0 100 200 300 400 0 100 200 300 400

lambda lambda lambda

Figure 3.3: Portfolio selection tendency of FF48d data with increasing tuning pa-
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Chapter 4

Signal Processing

In this chapter, we derived the two-level optimization of penalty parameter selection

for compressive sensing in signal processing problems.

4.1 Signal model background

Let the noisy signal be
z(n) = s(n) + v(n), (4.1)

where s(n) and v(n) are the speech and noise signals, respectively. Its corresponding

L-point STFT is given as

T
)

X(w, k) =Y z(n)w(n — kR)e " = S(w, k) + V(w, k), (4.2)

0

3
Il

where w(n — kR) is a time-limited window function with a hop size of R and length
L,wewy, - ,wr_1 and k is the time index. The k-th instant data envelope of (4.2)
is | X (w, k)|, where | - | denotes the absolute value operator.

Consider a N x N matrix ¥ whose columns form an orthonormal basis. The

K-sparse signal, x(w, k) € RY can then be given as

x(w, k) = ¥(w)b(w, k), (4.3)
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where the N-length envelope vector x(w, k) = [| X (w, k)|, | X (w, k—1)|,- - , | X (w, k—
N+2)|,|X(w,k—N+1)|]7, the symbol [-]T is the transposition operator and (w, k) €

RY has K non-zero entries. The compressed measurement vector is given as
y(w, k) = ®(w)x(w, k), (4.4)

where ®(w) is a M x N sensing matrix/linear mapping matrix. In this instant, the
sensing matrix compresses the signal’s envelope for each frequency w. Since M « N,
this means that the dimension of y(w, k) is considerably smaller than x(w, k), hence
the term “compressed”. Equation (4.4) represents an alternative sampling procedure,
which samples sparse signals close to their intrinsic information rate rather than
their Nyquist rate. It has been shown that the tractable recovery of K-sparse signal,
x(w, k) from the measurements, y(w, k) requires the sensing matrix, ®(w) to obey
the restricted isometry property (RIP) [18]. Here, a sensing matrix, ®(w) is said
to satisfy RIP of order K for all K-sparse signal, x(w, k), if there exists a constant,

dx € (0,1) such that

(1= 0k) | x(w, k) *< [|®(w)x(w, k)|* < (1= 0k) || x(w, &) |I%, (4.5)
CS recovery

One solution to ensure sparse recovery is to solve the following:

x(w,

%X(w, k) = arg r(ni%) Ix(w, K)o st y(w k) =®(w)x(w,k), (4.6)

where [x(w, k)| is the number of non-zero components of x(w, k). However, solv-
ing (4.6) requires a combinatorial search, which is NP-hard [44]. A computational

tractable solution to (4.6) is the widely known basis pursuit method as follows

X(w, k) = arg 1%1121) x(w, k)1 s.t. y(w, k) = ®(w)x(w, k), (4.7)

)
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where |- |; is the £; norm. Whilst the basis pursuit is a weaker formulation compared
to (4.6), it allows efficient solution via linear programming techniques [44, 61]. A
more flexible formulation, which allows for a trade-off between the exact congruence
of y(w, k) = ®(w)x(w, k) and a sparser x(w, k) is the popular basis pursuit denoising

[61] given as

%(w, k) = arg min |y (w, k) — ®(w)x(w, k)|* + Mw)|x(w, k)1, (4.8)

x(w,k

where |- |2 is the Lo-norm and A(w) is the regularization parameter. The formulation
in (4.6) is a simple least-squares minimization process with a L;-norm penalizer
and the dictionary matrix ®(w). It is worth noting that since L;-norm is non-
differentiable, the optimization then leads to a decomposition which is sparser [21].
Simply, the first term in Eqn. (4.8) is to reduce the mean square area whilst the
regulator seeks a sparser solution.

Note that the optimal solution tends to trivial as A(w) — oo [61]. A higher
value of A(w) would generally result in a sparser solution since the ¢;-norm is being
penalized more heavily. This means that the regularizer, \(w), penalizes the sum
of the observed signal. In other words, the solution to (4.8) is indeed a function
of AN(w), i.e., fixing A\(w) is equivalent to setting it to a particular subset of sparse
solution for the least squares to be performed on [109]. Simply, the optimization
problem is a trade-off between a quadratic misfit error (mean square error) against
the sparsity of the data, i.e., £/1-norm [22]. Clearly, if the incoming signal is already
sparse, then \(w) can be relaxed and vice versa. Since the sparsity of the signal
varies as a function of frequency, the regularizer should ideally vary according to the
signal’s profile.

A good choice of A\(w) should provide a reasonable trade-off between the smooth-
ness of the reconstructed signal and similarity to the original signal [84]. Nevertheless,
it remains not so straightforward to set the regularization parameter A(w) and thus
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far, A(w) has been empirically determined. In practice, A(w), should be set according
to the sparsity of the actual signal as A(w) controls the amount of regularization that
can be imposed. It is precisely this quality control that this paper seeks to estab-
lish, i.e., by linking sparsity to quality. Since a larger value of \(w) yields a sparser
solution, then more noise would be suppressed. However, how much can \(w) be set

before the signal quality is compromised.
Quality measures

In a big data setting such as speech signals, this paper seeks to subsume the affective
design by hyper-parameterizing A via the Gini index and the model selectors, Akaike
information criterion (AIC) and Bayesian information criterion (BIC). The set of
solutions is then evaluated with respect to PESQ. In particular, A is to be optimized
in such a way that the sparsest solution yields the one with the best quality in terms
of noise suppression and target distortion. In this case, the noise suppression and
speech distortion can be viewed as the engineering requirement and the affective
design attribute, respectively. The idea is to incorporate affective design via the
influence of the key design parameter on the aforementioned PESQ measure. By
doing so, the parameter can be translated to consumer reactions (via the PESQ
measure).

We propose a two-level optimization strategy to optimize A(w) to affective mea-
sure. In the inner level, the big data is first compressed via the sensing matrix,
®(w). In the outer level or the sparse reconstruction stage, the hyperparameter is
optimally chosen to incorporate the overall signal quality. Quality measures such as
the AIC, BIC and Gini index are used to optimize the value of the hyperparameter.
These measures are explicitly used to determine the relationship between key design
parameters with the consumer reactions from the processed signal. The following

sections explain each of the chosen optimization criteria, namely Gini index, the
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AIC and BIC model selection methods.
Gini index

As mentioned, the actual sparsity of the signal affects the performance sparse recov-
ery. As an effective measure of sparsity, Zonoobi [135] concluded that the Gini index
can induce a significantly improved performance in reconstruction from compressive
samples. A signal is considered most sparse if a signal can be represented by only
one non-zero coefficient with the rest being zero [54]. Similarly, if a signal has only
one high value non-zero coefficient amidst a low non-zero coefficients, then the signal
can be said to be most sparse. In essence, sparsity is a measure of disparity, i.e., the
relative distribution of the coefficients of a signal is. A non-sparse signal on the other
hand is described as having a uniform non-zero coefficients throughout. Of the many
sparsity measures, it has been shown that Gini index remains the most consistent
and fulfil all of the desirable sparsity criteria [54, 135].

Consider a M long ordered vector, w = [wy, - -+ ,wys] such that wy, = wp 1,

wy = wy, then the Gini coefficient is defined as

(4.9)

GI(W):l_zmi Wy (M—m+0.5)'

[ M

A zero-valued Gini represents perfect equality whilst a close to unity value shows
the opposite. In sparsity terms, a larger Gini coefficient shows a sparser signal.
As such, Gini coefficient can be used as a measure to ascertain if a signal is sparse.
Table 4.1 tabulates the Gini coefficients for three types of noise, speech and the noisy
speech at different SNR levels. The coefficients show speech indeed is the sparsest
signal in comparison with the other noise signals. Note that, of all the noise signals,
babble noise has the highest Gini coefficient, owing to its speech-like nature. For

the case of noisy speech signals, it can be seen that as the SNR increases, the Gini
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Figure 4.1: The Gini coefficients for different frequency bins.

coefficient approaches unity. As the SNR decreases, the value of the Gini coefficient
drops accordingly. This simple example demonstrates that a sparser signal tends to
have a higher SNR and as the signal becomes more noisy, sparsity reduces. Figure
4.1 shows that the sparsity of a speech signal varies as a function of frequency. It
can be seen that the mid to high frequency range of a speech signal tend to be
sparser compared to the low frequency components. Thus, by properly optimizing
A(w) based on the Gini coefficient, the sparse reconstruction could potentially lead to
better SNR improvement, as appropriate tuning parameter can be set according to
the sparsity of the signal in question. As speech is highly non-stationary across time
and frequency, its sparsity level would also vary accordingly. From Figure 4.1 the
Gini index for the three noisy speech varies as a function of speakers and frequency,

thus the A will need to be re-estimated every N samples.
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Signal Gini coefficient | SNR | Speech + Babble | Speech + White | Speech + Destroyerops

Speech 0.9266 0 0.7522 0.7382 0.7372

Babble 0.6634 5 0.8302 0.8234 0.8239

White 0.6352 10 0.8848 0.8823 0.8828
Destroyerops 0.6243 15 0.9108 0.9099 0.9104

Table 4.1: The Gini coefficients for speech and different types of noise and at different
SNRs.

Selection of A\(w) based on Gini

Consider an N-length signal, x(w, k), then from Eqn. (4.8), its sparse reconstruction

is given as

X(w, k) = arg min [ly(w, k) - @(w)x(w, B)J? + Aw)lx(w, &)1 (4.10)
For each given value of A(w) value, an estimation of X(w, k) is denoted as X, (w, k).
The Gini coefficient of Xy, (w, k) is then defined as
Trw)(w, k,n (N—n+0.5>
Gl(&x(w, k) =1 —2 , 411
Rl Z!mekll N y

where 2y (w, k,n) is the n-th ordered value of vector X)(,(w,k) in a descending
order. The corresponding optimization problem of maximizing the Gl coefficients can

be written as

>\maxGini<w) = arg 1/1(1(&:;( Gl (&A(w) (wa k))a (412>

where Gl(X)(.)(w, k)) is given in Eqn. (4.11). Equivalently, the optimization formu-

lation for finding A(w) for the minimum Gini index is

AminGini(w) = arg min Gl (X (w, k)). (4.13)

AMw)

Eqns. (4.12) and (4.13) can be viewed as the extreme ends of compressive speech
enhancement, as Eqn. (4.12) recovers the sparsest signal it could possibly tuned and

vice versa for Eqn. (4.13). In the numerical experiments to follow, we will show that
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both the optimization above behaves very differently for the PESQ and segmental
SNR measures, with Eqn. (4.12) leaning towards noise suppression and Eqn. (4.13)

acting towards more on speech preservation.

Akaike Information Criterion (AIC) and Bayesian Information Criterion
(BIC)

Whilst the tuning parameter selection based on Gini criterion is intuitive, it is by
no means the only approach. For any regularization method, finding the best regu-
larization parameter is essential. As explained by Dicker et al. [28], the estimators
are typically found to correspond to a range of tuning parameter values, which is re-
ferred to as a solution path. Subsequently, the preferred estimator is identified along
the solution path as the estimator, which fits the optimization criteria. In the same
vein, this paper considers the Akaike Information Criterion (AIC) and Bayesian In-
formation Criterion (BIC) based approach for the selection of the tuning parameter,
Aw) [99]. Tt is well known that AIC and BIC are popular model selection criteria.
As shown in Zou [137], AIC and BIC possess different asymptotic optimality. AIC
converges at the minimax optimal rate to the true regression mode, whereas BIC is
consistent in selecting the true model. In this case, we ascertain the heuristics useful-
ness of both the AIC and BIC in tuning A(w), for compressive speech enhancement.
The major difference between AIC and BIC is that they possess different asymptotic
optimality [137]. For AIC (]2]), it seeks the model with the least average squared er-
ror irrespective of whether the true model is in the candidate list. BIC, on the other
hand, guarantees in selecting the true model, should the true model be selectable.
Readers may refer to [28, 137, 86| for in-depth view of the two approaches.

Let us define the residual sum of squares (RSS) as
RSS = [ly(w. k) — @(w)x(w, &)[*. (4.14)

From [137], given an estimator X, the number of nonzero entries of an estimator @
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is an unbiased estimate of the degree of freedom (df), that is
df = number of nonzero entries of %X(w, k). (4.15)

AIC and BIC are usually used to make model selection and predict models, both
of them could be represented as a combination of a likelihood term and a penalty
term. Thus from Eqn. (4.14) and (4.15), the corresponding AIC and BIC can be

formulated as

AIC

¢1og(RSS/¢) + 2df, (4.16)

BIC

¢log(RSS/?) + df - log(¢), (4.17)

where £ is the length of estimator X. The tuning parameter selection procedure can
be reduced to the minimization of AIC or BIC, and as discussed previously, AIC is
comparatively more conservative in its variable selection. Inserting Eqn. (4.14) into

(4.16) and (4.17), respectively, yields the A\(w) selection as follows:

Aac(w) = arg rAr%ir)lnlog(Hy(w, k) — ®(w)Xy(w, k)|*/n) + 2df, (4.18)
dpic(w) = arg rﬁir)lnlog(\\y(w, k) — ®(w)xy(w, k)|?/n) + dflog(n). (4.19)

Perceptual Evaluation of Speech Quality

Broadly, the assessment of speech quality can be classified as subjective and objective
evaluation. As the name implies, subjective evaluation involves subjective listening
test by some listeners. Objective evaluation on the hand, measures the numerical
distance between the reference signal and the processed signals [79]. One established
method of evaluating how good the enhancement process is via the use perceptual
evaluation of speech quality (PESQ). PESQ is an automated computation algorithm
developed by the International Telecommunications Union (ITU) to replace human
subjects in the evaluation of the mean opinion score (MOS). The PESQ model con-

siders how human perceive speech and it has been used widely in the evaluation of
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speech quality [12]. PESQ is defined mathematically as [80]
PESQ = ap + aldsym + a2da5ym7 (420)

where ag = 4.5, a; = —0.1 and ay = —0.0309. The variables dgy,, and dgsym are the
average disturbance values for the symmetrical and asymmetrical components. The
former measures the distortion due to noise and the latter describes the omission of
the actual speech.

PESQ bypasses the need for human subjects to take part in the evaluation process
and can be used as part of the affective design process. Numerous studies have shown
that PESQ consistently rated to be the most reliable objective measure for speech
quality assessment [78, 50]. In fact, PESQ has also been shown to be consistent
in measuring speech intelligibility [85]. As PESQ gives the overall speech quality
score, consequently, it is regarded as an affective indicator as to how ”pleased” the

consumers are with the processed speech.

4.2 Proposed two-level optimization process

This section details the proposed two-level optimization strategy to optimize A(w)
with respect to the quality measures. In the first level optimization, the big data
is first compressed via the sensing matrix, ®(w). The second level then optimizes
the hyperparameter through the quality measures, which then improves the overall

signal affective’s quality.
First level optimization: compressive sensing

The first step entails the compressive sensing matrix selection. The data compression

from Equation (4.4) is reproduced here for convenience
y(w, k) = ®(w)x(w, k), (4.21)
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where y(w, k) € RM x(w,k) € RY, and ®(w) € RM™*N is the compressive sensing
matrix, which compresses the signal dimension by projecting the signal from R¥
into RM, where M « N. The sensing matrix is typically generated by using a
random Gaussian matrix or a partial DCT matrix [84].

Under the Restricted Isometry Property condition (4.5), the solution to (4.21)

can be solved by using the popular basis pursuit as follows ([61]):

X(w, k) = arg r(nilg) |x(w, k)1 s.t. y(w, k) = ®(w)x(w, k). (4.22)

Alternatively, Equation (4.22) can be viewed as a linear regression
V(w, k) = ®(w)x(w, k) + ¢, s.t. |x(w, k)1 <, (4.23)

where v is a constant relating to the sparsity constraint and € € RM is the intercept

or error. Thus Equation (4.22) can be reposed as the following

i y(w, k) = ®w)x(w, W) + M) x(w, K1, (4.24)

where A(w) is the tuning hyperparameter. The solution to Equation (4.24) is the
key to finding the best affective solution to the problem in question. Here, the A(w)
plays a key role in mapping the solution to the affective measures. The following
section explains how the solution to (4.24) is optimized with respect to the affective

measures as discussed in the previous section.
Second level optimization: hyperparameter selection

To solve model (4.24), we implement the interior point method for large-scale [y

regularized least squares algorithm in [61] with the following properties:

(i) When A(w) — 0, the estimator has the limiting behavior with (4.24), satisfying
P (w)T[®(w)x(w, k) — y(w, k)] = 0.
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(ii)) As Mw) — oo, the estimator shrinks to the zero vector, 0. The convergence
occurs for a finite value of A(w), i.e., A(w) = Apaz(w) = 2@ (w)Ty(w, k)| oo,
where |x||, = max;|z;| is the I, norm of vector x. However, for A\(w) >

Amaz(w), the optimal solution of (4.24) is trivial, i.e., 0.

(iii) As A varies across (0, o0), the solution path of x is piecewise linear. That is, with
tuning parameters satisfy 0 = Ay < Ay < -+ < A\ = A\, the regularization

path of x is a piecewise linear curve on R¥:

Nt = A . A=A g |
QLT AL AT @ N <A< Ay i = 1,2,k — 1.
TN A A A o
(iv) Clearly as a general rule, with properly chosen A(w), Equation (4.24) will result

in a sparse solution.

(v) The computational complexity of this algorithm is determined by the product
of the total number of Preconditioned Conjugate Gradient (PCG) steps during
all iterations and the cost of a PCG step. As noted in [61], extensive testing
suggest that the total number of PCG steps vary from a few tens to several
hundreds to compute a solution. The computational complexity of a PCG step
is O(NM), where M, N are the dimensions of sensing matrix ®(w). Then the
total computational complexity is at most O(cNM ), where ¢ is the number of

iterations in the order of hundreds.

We propose a grid search tuning parameter selection based on minimizing/maximizing
the AIC, the BIC and the Gini index. Here, a set of A(w) is set as in interval
length of 0.01 as A(w) = {A1(w), A2(w), -+, Aioo(w)} where A\ (w) = 0.01, \y(w) =
0.02,--, Aoo(w) = 1. For each fixed A\;(w), we can obtain X, by optimizing
(4.24). Note that for a high-dimensional least squares Lasso problem, it is compu-

tationally expensive to implement through the Newton system. In order to balance
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between computation and convergence rate we propose to use the iterative method
to solve the Newton system by using the truncated Newton method combined with

interior point method [61]. From Eqn. (4.11), (4.18) and (4.19), we have

AIC(Ni(w)) = Llog([ly(w, k) — ®(w)Xn,w)(w, k)[*/€) + 2df, (4.25)

BIC(Ai(w)) = (log(|y(w, k) — ®(w)Xx, @) (w, k)[?/€) + df - log(¢),  (4.26)
- _ x,\(wwkn N —n+0.5

Gl(\i(w)) 22  TRnsi @ K1 ( N > (4.27)

From the above, each optimized parameter can be found as \;(w) € A(w) as follows

AMinAlc = arg I}}ijr)lAlC{A(w)}, (4.28)
AMinBIC = arg I/\I%g)l BIC{\ (w)}, (4.29)
AMinGl = arg H%‘lun GH{A(w)}, (4.30)
AMaxGl = arg r§1(i>)<Gl{)\(w)}. (4.31)

Finally, the corresponding optimal estimators are obtained as
X(A(w)minaic), X(A(w)mingic ), X(A(W)Minct) s X(A(W)Maxcl) - (4.32)

Each optimal estimator is then evaluated against the affective measures, i.e., PESQ
and segSNR. As mentioned the proposed approach is a grid based ratio selection
method to optimize A(w). Here, the optimized A(w) is chosen based on the opti-
mization of either on the Gini index, AIC and BIC criterion as shown above. In the
following numerical study, we investigate the influence of hyperparameterizing \(w)
on the results of compressive speech enhancement in terms of perceptual evaluation of
speech quality (PESQ) and the segmental SNR (segSNR). Generally speaking, PESQ
measures the overall improvement in the perceptibility of the speech signal, whereas

segmental SNR rests more heavily on the suppression of noise in the observation.
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4.3 Numerical experiments

Experiment settings: Four different types of noise sources from the NOISEX
database, namely, babble, subway, destroyer and car noise were tested over a wide
range of SNR, from 0dB to 20 dB, with similar SNR setting as in [84]. The noise types
were chosen to represent the different degree of non-stationarity noise encountered
in the real world. Five female and five male speech signals from the TIMIT database
were used as stimuli. The performance was evaluated by using the segmental SNR
and the PESQ measure with a total of five female and five male speech signals
from the TIMIT database. As mentioned in the introduction, PESQ measure is an
automated evaluation process, which in this case a key measure for the inclusion of
affective design. The PESQ score reveals how good or bad the perceptual quality of
the audio signal to a human listener. This paper also includes the objective measure
segmental SNR as a comparison. The number of frequency points was fixed at 256

with 50% oversampling and the compressive ratio, M /N was set to 0.9.
Hyperparameterizing \ based on Gini, AIC and BIC criterion

Four criteria based on Equations (4.12), (4.13), (4.18) and (4.19) were used to exam-
ine the influence of A(w) on compressive speech enhancement for a range of SNRs.
In this case, each of the criteria is evaluated in each frequency band via grid search.
We take fixed A(w) = 0.1 for comparison purposes as the same implementation in
[84]. Figures 4.2, 4.3, 4.4 and 4.5 show the PESQ and segmental SNR performance
of the four model selection criterion for babble noise, car noise, subway noise and
destroyer noise, respectively. Evidently, the role of A\(w) is crucial as its variation
results in a very different performance across the SNRs.

In terms of PESQ, the minimization of the Gini and AIC criterion provide a

consistent performance across the SNR range for the different types of noise. Both
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the criterion achieves higher PES(Q values over the performance of having a fixed
value of A\(w) e.g., A(w) = 0.1 (see [84]) and the unprocessed observation. Note that
minimization of the Gini index results in the most non-sparse solution in the set of
sparse solution. This means that the recovery process emphasizes on maintaining
the speech signal as opposed to the reduction of noise (via a sparser solution). In-
terestingly, the minimization of BIC does not provide much improvement when the
SNR> 10dB. Also, when compared to the AIC criterion, BIC obtains lower PESQ
improvement but a higher segmental SNR improvement. This corroborates with the
fact that in general, BIC tends to choose a parsimonious model compared to AIC.
Hence for compressive speech enhancement, AIC is more inclined to select a model
with less sparsity. This explains why AIC criterion results in a higher PESQ score
but a lower segmental SNR compared to the BIC criterion.

In terms of segmental SNR improvement, the maximization of the Gini index
gains the highest improvement with an approximately 4dB gain over the range of
SNRs and the different types of noise. This is because the maximization of the Gini
index results in the sparsest representation, which as shown in Section 4.1 is often
the ones with the highest SNR. However, having an SNR improvement does not
necessarily translate to overall speech intelligibility improvement. This is shown by
the corresponding results in terms of the PESQ, where the maximization of Gini index
attains the lowest PESQ improvement. This indicates that maxGINI maximally
suppresses noise at the expense of the perceptual aspects of the output. This may
be suitable for applications such as speech recognition where noise is the main issue.
However, for hearing instruments such as assistive listening devices, SNR may not
be the primary factor as improving SNR does not necessarily improve the perceptual
part of speech as measured by PESQ. The proposed method allows such tuning by
choosing the different criterion for the application in question. In a way it effectively
parameterizes the sparse reconstruction through A(w) to allow for an engineering
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trade-off between noise suppression and perceptual preservation. Informal listening

test confirms the improvement with respect to the different criteria used.

3.4

3.2

unprocessed
=%~ lambda=0.1

— O~ minAIC(lambda)
=Y minBIC(lambda)
===¥--- minGINI(lambda)
-=*@ - maxGINI(lambda)

g26F 0000 ke meT T T T e
]
w
o 24
3
22F
2o
2
.......................... P WORRRNNUISY  SPRPRPII AR TICLIE
1:1 O -
1.6?"" 1 1
0 10 15 20
SNR(dB)
(b)
'5 ] ]
unprocessed | et @ereresersenn e
=3¥-lambda=0.1 | e (o2
6 F |0 minAiC(ambda) P
=Y minBIC(lambda)
Ol mingiNIGamb |
o —Hmmm
= ++:©@+» maxGINI(lambda) ISt
wn T e
4_(3 f”_’x—
c Pt as
- 0 S
o 8 - S * i
? e T
o B T
- ‘.:'—"“_9—.-—-‘—
_1 0 | — 1 1
0 10 15 20
SNR(dB)

Figure 4.2: The (a) PESQ and (b) segmental SNR of the different hyperparameter
optimization methods as a function of SNRs for babble noise.
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Figure 4.3: The (a) PESQ and (b) segmental SNR of the different hyperparameter
optimization methods as a function of SNRs for car noise.
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Figure 4.5: The (a) PESQ and (b) segmental SNR of the different hyperparameter
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Chapter 5

Two Models under Asymmetric
Laplace Distributions

In this chapter, we focus on two models under Asymmetric Laplace Distributions.
These two models are: mixture linear regression model and robust portfolio selection

model.

5.1 Mixture linear regression under ALDs

The Quantile Regression estimator is equivalent to maximizing the likelihood func-

tion of a linear regression model with random errors following the ALD (see [129]):

ftp,o,7) = yew{—mc?”)}, (5.1)

where p,(t) = t(r—1I(t < 0)) is the check function with I(-) as the indicator function,
—o0 < pu < oo is the location parameter, ¢ > 0 is the scalar parameter, 0 < 7 < 1
is the asymmetric (skewness) parameter. Hereafter, we refer to this distribution as
ALD (u, 0, 7). From Eqn. (5.1), it is easy to calculate that its cumulative distribution
function (CDF) is

F(t;p,o,7) = (5.2)



Obviously, the 7th quantile of ALD (u, 0, 7) is p, and ALD (i, 0, 7) reduces to the
standard Laplace distribution or double-exponential distribution when 7 = 1/2. This
important property of ALD (u, o, 7) makes it more popular than ALDs, as it can be
generally applied to quantile regression. Another property of ALD (u,o,7) is that
the ALD (i, 0,7) can be represented as a normal-variance-mean mixture with an
exponential mixing distribution as follows [72].

Lemma 1. If a random variable X follows the ALD (u, o, 7), then it holds that

X|Z ~ N(u+rZ,v*cZ), and Z ~ Exp(c™!), (5.3)

where Kk = 71(1__2:) and 12 = ﬁ, Exzp(oc~1) is the exponential distribution with

mean o.

Remark 1. Random numbers from ALD (0,1, 7) can be generated via the simple

linear combination % — % of two independent exponential random variables U; and
U, each with mean 1 [128]. By location-scale transformation, we can generate random
variables from ALD (yu, o, 7). The expectation and variance of X is E(X) = pu + ko,

and Var(X) = 1?02 with ¢? = k? + 12
5.1.1 Methodology

Given the mixture structure and the objective function in (1.4), the special link
between quantile regression and Asymmetric Laplace distribution motivate us to link
the error distribution with mixture ALDs. Thus we seek to conduct a regression with
linear regression based on mixture Laplace distribution, and advocate EM algorithm

for solutions.
The model

For linear regression model with mixture Laplace error, we assume that for each

component k, k = 1,--- | K, ¢, follows an Asymmetric Laplace distribution with
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location 0, scale ¢)~!, which results in the variance of £, being 1, and the asymmetric

parameter 7, i.e., ¢, ~ ALD (0,91, 7). With sample observation (X;,Y;), our model

becomes
K
Y;‘ = XzTﬁ + €4 € ~ Z WkALD(:U“v 0k/¢7 T)? (54)
k=1
where m, > 0,31 m = 1, the scale ¢ satisfy ¢? = k2 + 1%, with x = TI(IE:)’VQ -

ﬁ. When k£ = 1, this reduces to the usual quantile regression.

Under model (5.4), the conditional distribution of Y;|X; can be written as

K
YilXi ~ D mef(Yi — X7 B,0,00/9,7),
k=1

where f(Y; — X[3,0,01/¢,7) is the density function of ALD (x; i, 0, 7) evaluated at
Y.~ XI8.

Then it is easily seen that for a sample O = {X;, Y;}7, form model (1.3), the log-
likelihood function of # = (n7,87,0")T with 7 = (my,--- ,7x)7, B = (B8], -, BL)T,

and 0 = (01, -+ ,0k)T, can be written as

n(850) = Yhog [ 3 m = ey (MU= XIBN N 5

Ok Ok

Usually no explicit MLE is available. In the following, two missing component will
be incorporated into the log-likelihood function (5.5), so that the maximizer can be
obtained via a standard use of EM algorithm.

We try to estimate parameter [y, mg, k € {1,2,--- , K} using EM algorithm, with

two level latent variables taken into consideration.
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First level latent variable

Denote the unobservable information G, with

G 1, if i—th observation is generated from the k—th component
*=7 0, otherwise

where ¢ = 1,--- ;nand k = 1,---, K, and denote the K-dimensional vector G; =
(Gi, -+ ,Gik)T as the component of origin of (Y;, X;), respectively. Then the com-
plete log-likelihood function I.(0; O, G) of model (1.3) can be easily obtained as

n K

Giklogﬂk + Z Z le 1ng(Y; — Xgﬂk;o,()'k/¢,7')

i=1k=1

1 G log Ty, + 2"1 i G log [%}:ﬂ exXp { —Pr (M> }]

i=1k=1 Tk

M=
M=

.(0;0,G) =

1k

n
i=1

ley (T, G) + 16, (8,05, 0,G), (5.6)

.
Il
Il

—_

=

k

where G = (G4, -+ ,G,,) are the first missing variables.
Second level latent variable

According to the normal-variance-mean mixture representation of ALD given in Eqn.
(5.3), denote z;, coupled with (Y;, X;), as the second latent scalar variable, i =

1,---,n, then the complete log-likelihood function of 6, based on D = {O, G, z}
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with z = (2,4 = 1,--- ,n) has the form

n K
L0:D) =Y ) Gik[log T+ (5.7)
i=1k=1

log {(QWVQZiai?/J_l)_l/z exp { N X TP o) }¢ oXPp ( B ¢Z¢) }]

202z;00~1

n K n K n K
_ Z Z Gl log 7y — Z Z Gikiﬂ(yé — X7 By — kopzi)? B Z Z Gir log oy

2
202z,07

n K n K (}/Z . X;rﬂk) . n K K .
= 202 Galogm — 3} ) g b 40 3 3 Gy (Vi = X6
i=1k=1 i=1k=1 k i=1k=1
n 2 n n
—1) Z %ZZ - %Z log (27w2zi> - @AZ zi + 3?n log ¢ (5.8)
— i=1 i—1
n K n K
(Y; — X7 Br)
22, Gulogm = 3, ) Carg e
n K P
.
DN (vi—x75.) (5.9)
=1, (m;G) + 1.,(8,0;0, z). (5.10)

By noticing that the last three terms (5.8) do not involve the unknown parameters,

we can simply drop them from the analysis, and obtain Eq. (5.9). And notations in
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Eqn. (5.10) are

n K

01 7T G Z sz log’/rka (511)
i=1k=1
n K n K
. _ (Y; - X;I'Bk)2 —1 T
le,(B,0;0,2) = 1@;];@213?@322— +¢;;Gmljza <Y X; 5k)

(5.12)

Remark 2. Eqn. (5.9) can be obtained as follows According to the normal-variance-
mean mixture representation of ALD given in Eqn. (5.3), model (1.3) can be rewrit-
ten as

Y; = X[ 0k + or(kz + m/ﬁl/zui), (5.13)

where z;s be the latent variable with independently and identically distributed Exp (v)),
and wu;s are independently distributed as N(0, z;) given z;s. Thus, Given Gy = 1,

the i-th complete log-likelihood function based on (O, z;) is

log [(27w R e exp{ (Vi = X — kowz)’ }@Z) exp < - ¢Zi>],

QI/QO'g’QD*lZZ'

thus the complete log-likelihood function of 6, based on D = {O, G, z} with z =
(zi,1 =1,--- ,n) has the form as [.(0; D) in Eqn. (5.9) after omitting terms that are

not dependent on 6.
E-Step

Based on the EM algorithm principle, in the E-step, we have to calculate the con-
ditional expectation E(I.(#,b;D)|O,0™). Since the last three terms (5.8) do not
involve the unknown parameters, we can simply drop them from the analysis, and

obtain the conditional expectation for Eqn. (5.9) under the observation O and the
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current estimate (™. Thus, we only have to calculate the following two terms

m) Y XT m)
5@(;71 _ ( zk’o em)) f( zﬁT 0 Uk /w T) 7 (514)
Zk 1 ( i_Xzﬂk ;Oa% /%7)
o™
wii) = E<Z;1|O;Gz’k = 1;9““)) = k , (5.15)

where f(Y; — Xfﬁlgm); 0, J,gm)/w,T) is the pdf of the distribution ALD (0, a,gm)/w, 7)
evaluated at Y; — Xgﬂ,i’") as in Eqn. (5.1). For expectation in Eqn. (5.15), see detail
in the end of this section. With these expectations in Eqn.(5.14), (5.15), it follows

that

K
) = Z Z 55 log 7k, (5.16)

i=1k=1

n K n K
MEEEDIDY sl B XIP. 03 D0 (Vi XI8)

n K n K
:%[‘ZZ‘WW(K%W+ZZW1 (v, - x18)]. 5.17)

where the second equality in Eqn. (5.17) holds due to the fact that 1%, k and wy, all

contains the same term 7(1 — 7), and define w(,T) 2ok = gMY; — Xgﬂ,(gm)rl.
M-Step

At the M-step, 7 mH = i3, zk . And update mH) and a,imﬂ) via maximizing

the following equations

BB St ) g
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With o}, fixed at a,im) in Eqn. (5.18), and on differentiation with respect to Sy, it
holds that

o oa Xi(Y; — X]B) — Z 50 (1 —27)X; = 0,

=1 =1

where &' k =|Y; — Xm,(ﬂrl, and the updating formulae for 3y, is

s = (et xn) (S0 G- -2 k=

i=1

(5.19)
Denote Y = (Yi, -+, Y,)T, X = (Xy, -+, X,))T, W™ = diag{s\malm ... stmglmh
and A,gm) = (58?), _ ,57(:,?))T, then the updating formulae for 8 in Eqn.(5.19) can

be rewritten as
1
= (XWX X (WY - (1= 20)A0"). (5.20)

The estimation of 3™+ can be viewed as reweighted least squared procedure, as

shown in Schlossmacher [98] for one group situation.

After obtaining the updated estimates B(mH k = 1,---,K, we can update

a,(gmﬂ as follows. For the second term in Eqn. (5.6), take expectation with respect

to Gy, based on O and the current estimate, it follows that

n K
Yr(1—7) (Y — X]By)
0= 3 0[O o (MU NI oy
(B0 ;; gl P o (5.21)
With § fixed at (™) in Eqn. (5.21), and on differentiation I, (8, o) with
respect to oy, it follows that
(m+1) _ ¥ 2ie 15““ pT( ' XTﬁ(mH)

o, e k=1, K. (5.22)
S e
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If we further assume that all o;’s are equal, i.e., o, then a common updated value
for o should be used in Eqn. (5.22) as follows
wZz 12 zk pT( i XTﬁ(m—H)

(m+1) _ . 5.23
o - (5.23)

These updated estimate §(™*1) can be substituted into Eqns. (5.14) and (5.15) for
the implementation of the next E-step, until convergence is obtained.

Remark 3. We can explain the updated estimates for BV in Eqn. (5.19) and
U,Emﬂ) in Eqn. (5.22) from another viewpoint as follows. Given Gj; = 1, model (1.3)
can be rewritten as

Y = X[ Br + kzip + Va;/zz/)_lﬂuik, (5.24)

where z;s be the latent variable with independently and identically distributed
Exp(1/or), and uys are independently distributed as N (0, z;x) given zys. Thus,

Given Gy = 1, the 1th complete log-likelihood function is
leit (Br, ok; O, zig, Gar, = 1)

— log [(271/2%?/7121‘1@)71/2 eXp{ B (Y — X[ B — K2k )? }i exp < B ¢Zik>]’

QVZO'kw_IZik Ok O

thus after omitting terms that are not dependent on 6, the complete log-likelihood
function of 8, based on D = {O, G, 2z} with Z = (z,i = 1,--- ;n,k =1,--- | K) has

the form as

n K n K
l.(0;D) = Z Z Gy, log mp + Z Z Girlein(Br, o3 O, Zit, Gigg = 1)

i=1 k=1 i=1 k=1
n K
= ZZGZklOgW"?__ZZGl’“IOgOk_wZZG’kY fﬁk) ZZZ
i=1 k=1 i=1 k=1 i=1 k=1 %0
n K n K ¢22k
ZZ ih5 Y X Bk) — ZZ QVQ Zlkzlek
= 1o (m;G) + 1, (B,0;D) + Iy (0, G, 2), (5.25)
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i=1k=1 2vt0y, imk=1 YOk
(5.27)
3o 5 K2 S, Y
leg(0:G, 2) = ) ;l; G logoy — ¢;;G,k%zm - ;;sz p (5.28)

Based on the EM algorithm principle, in the E-step, we have to calculate the con-
ditional expectation E(I.(0; D)|O,0™). Since the third term I ,(c; G, 2) in Eqn.
(5.25) do not involve the unknown regression parameters S, k = 1,--- , K, we can
simply drop them from the following analysis. Thus, to find E(I.(6; D)|O, ™), we

only have to calculate the following two terms

w2 v — X780 0,0 b, 7)
S w Y = XTI 0,08 i, 7)
1

v(m) ( -1 _1.pm)\ _
s = B(5'10, G = 1:6) = , (5.30)
) ) (1= 7)Y — XI5

5 = E(Gik|(’);9(m)>= . (5.29)

where f(Y; — Xgﬁ,ﬁm); 0, O’,(Cm)/w,T) is the pdf of the distribution ALD (0, a,gm)/zb, T)
evaluated at Y; — X 5,8”) as in Eqn. (5.1). Note that the conditional expectation

d}z(,T) can be obtained similar to the calculation of wy, in Eqn. (5.15). With these

124



expectations in Eqn.(5.29) and (5.30), it follows that

n K
Z Z 59 log my, (5.31)

i=1k=1

1 SES (m) o (m) (Vi XiB)? | < S (m) T

ZCQ( ’U)_¢[_;;5lk ik 2V20k +;kz—:151k _2< X 6k>:|

= 5[—225},;”) om (5 = X7 5" ZZ W —2r)(vi- x716) [5.32)
i=1k=1 i=1k=

At the M-step, 7 (mH =15, 5@(;:)‘ By solving

&lczagga ¥ Z@k Z{ o (i—XiTﬁk)—(l_QT)}ZO’ k=1, K,

we obtain the following updating formulae for g,k =1,--- , K as

ﬂ,im“’=(i5§?)w§?XiXJ) {Zézk (@vi-a-2n)x}  (533)
i=1

which coincides with Eqn. (5.19) with o fixed at O’,(gm) in Eqn. (5.18). From Eqn.
(5.33), we can see that the updating formulae of (i is independent of the updating
value of oy, thus, after the updating value of 3 is obtained, the updating value of

o) can then be got by maximizing Eqn. (5.21) with §y fixed at ﬁ,im), which produces

wZz—l 61k Pr <Y - XTﬁl(ferl))
Zz 151(1?1

oY = L k=1, K, (5.34)
which coincides with Eqn. (5.22).

If we further assume that all o;’s are equal, i.e., o, then in the above EM algo-
rithm, a common value for ¢ should be used, and it can be updated in the M-step
via

wZz 1Zk 15zk pT( 4 _Xz-rﬁl(fm+1)>
o+ — , (5.35)
n
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the robustness of the above EM procedure follows from the adoption of composite QR
regression. It is also obvious from the formulas of the updated [ in each iteration.

Note that the factor cbf;n) is reciprocally related to the term |Y; — X ,B,gm)|, implying

that the larger residuals gives smaller values of LDZ(,T)

, and hence impose less weight of
the corresponding observations on the updating estimates. Moreover, the above EM
algorithm for updating (i is an iterated re-weighted least square (IRLS) procedure,
as the one proposed in [98].

Extra attention should be paid when programming the above EM algorithm. On

one hand, the regression quantile satisfies that |Y; — X B,E:m)| is equal to zero for a

subset of observations [62, 63| if a perfect QR fits occurs, as a result, (IJZ(ZL) will be
very large, and numerical instability would occur. To overcome this problem, Similar
to [92], one can apply the following modified weighting strategy: one can choose a
small ¢ > 0, and if |Y; — X7 3{™| = ¢ for all observations, set &7 = |v; — X7 3™| L,

. ~(m) (m) ~(m) €
otherwise, set w,,~ = 1 for |Y; — X]B,"| < €, and @, = A for all other

cases. These adjusted weights are still consistent with the original ones in the sense
that those cases with more smaller residuals should be weighted more heavily. Here,
another adjusted weighting strategy is applied, similar as [133], and simplifies the
above adjusted weights. For the pre-assigned € > 0, a rather small but not too small
positive value, set &7 = {|Y;— X7 8™ |+¢} !, and we set € = 108 in our simulation.

On another hand, numerical instability could also occur if the weights (51.(21) are

very small. A common way to deal with this issue is to impose a hard threshold on
(52(;”) in Eqn. (5.14). That is, For the pre-assigned € > 0, a rather small but not too
small positive value, set SZ(,T) = ¢if (51.(21) <€ and Sz(,ln) = (51(;"), otherwise. And replace
51(;") in Eqn. (5.14) with SZ(IT) for the iteration, which is similar as [121] and [102]. In
our simulations, € = 107% is adopted.

In the end, we simply show the calculation for wi(;”) in Eqn. (5.15). In fact, it is
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easy to calculate from (5.13) that the conditional distribution of z; is proportional

to

_ 1
2; Y2 exp [ - §{§szi_1 + 722,}}, (5.36)

where ¢2 = ¥(Y; — XT8:)?/(v?02) and v* = (2 + %/v?). Note that Eqn. (5.36) is

the kernel of a generalized inverse Gaussian (GIG) distribution, thus

[210.. G = 1. 81,04 ~ €16 (5 5.7).

For the general GIG(u;v,¢,7y) with u > 0,—00 < v < 00,¢ > 0, and v > 0, [59]
showed that the moments around the original of the GIG (u;v,¢,) distribution are

given by
S\ Kutr(s7)
() - ()t
v/ Ku(sy)
where K, (-) is a modified Bassel function of the third kind (See detail in [59, 72]).

For v = 1/2 in our setting, it holds that

1y (S 1K _1/5(57) _ 7
B = (7) ) " (5.37)

where the last equality holds due to property of K, (+), i.e., K,(-) = K_,() (see [1]).

Substitute xk = Tl(i:),yz = ﬁ, Gr = VY2V — XTBil/(voy) and v = ¥Y2(2 +

x2/v2)Y2 into Eqn. (5.37), it follows that

ot

(1 — 7)Y - X780

E<Z;1|O>Gik = l;G(m)> -

as shown in Eqn. (5.15). In the same way, we can calculate the expectation (:JZ(]T) in

Eqn. (5.30). Readjust the iteration formula, we have the EM algorithm as follows:
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Algorithm 4 EM Algorithm for Mixture Laplace Distribution

1. Choose an initial value for () = (71 30O 5(O))T

2. E-Step: at the (m + 1)-th iteration, calculate 55?) from Eqs. (5.14), and

Sz(;n) = max{ég,zn), 10753;
o5 = {|Y; = X780 + 10761,

3. M-Step: at the (m + 1)-th iteration, using the following formulas to calculate
the updated estimates of 6. For k =1,--- | K,

w15
nizl
= (e xan) R (@ - 0 -2m)x)
i=1 =1
_ (XTW]@X) T <W,(€m)Y —(1- ZT)Ak>>
where Wi = diag{dy;" 0y, -+ S0 @n ) A = (B 81T, and

Y30, 85 s (YFXJ B}J”*”)

(m+1) : -
op = —— o if o}, are unequal,
i=1"ik
n (m m+1
(mt1) UMD WAl 5£k 'or Yi_XzTﬁl(c )> .
o = — , if oy are equal.

4. Repeat E-Step and M-Step until convergence is obtained.

5.1.2 Numerical experiments

In this simulation study, we carry out several numerical experiments to assess the
estimation performance of the proposed approaches described above. Simulated data
sample (X;, y;), are generated from the following two-component mixture regression

models with mixing proportion m; = my = 0.5,

y — O+2X1+2X2+81(T>, lszl,
N O—2X1—2X2+€2(T), if G =2.
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Here, G is the group indicator, the true values for the regression coefficients of two
components ; = (0,2,2)" and fy = (0,—2,—2)". The predictors X = (1, X7, X5)7
with X; and X5 being simulated independently from uniform distribution U(0, 1),
the noised level s = 0.2,0.4 corresponds to SNR ratio as SNR=4:1 and SNR=2:1.
We set the sample size n = 200 and 400, and for each sample size, we generate 500
data sets. Once the simulated data were generated, we fit the proposed model with
7 = 0.1,0.25,0.5,0.75,0.9 for the QR methods. Here, we consider equal variance
for these two components, and the random error €,(7) and e2(7) are independent
and have the same distribution as £(7), where (1) = ¢ — F~1(7) with F being the
common CDF of ¢, thus F~!(7) is subtracted from € to make the 7-th quantile of
e(7) zero for identifiability purpose. Generally, the 7-th quantile for each case is

fasten to zero. We consider five cases for generating e:
Case 1 (Normal distribution). The error term € ~ N (0, 1);

Case 2 (Chisquare distribution with 2 degrees of freedom). The error term is

chi-square distribution with two degrees of freedom:;

Case 3 (T-distribution with 3 degrees of freedom). The error distribution is

student t-distribution with three degrees of freedom;

Case 4 (Heteroscedastic Normal distribution). The error terme ~ (14+X) N(0, 1),
X ~U(0,1).

Case 5 (Asymmetric Laplace distribution). The error term e ~ ALD (0,1/¢, 7).

We display the Bias (MSE) of each estimated parameters together with the total
Bias (MSE) in Table 5.1-5.4.
We tuned the error term with 7-quantile quantity to guarantee zero location

condition. EM algorithm based on mixture of Asymmetric Laplace Distribution is
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considered. In all the simulation studies, the iteration terminated when change in
log likelihood is less than 1e~%, and the maximal iteration step is 10000. Of all the
error cases, our proposed method performs well.

Simulation results are presented in Table 5.1-5.2. For estimation consistency,
Table 5.1, 5.3 and Table 5.2, 5.4 show that the estimation error of n = 400 is
overall smaller than n = 200 case; In terms of SNR, it is obvious that Table 5.2 .5.4
perform worse than Table 5.1,5.3, respectively. Simulation results trade off between
estimation efficiency and accuracy, and that our proposed method perform well for

skewed error cases with SNR ratio less or equal to 2:1.
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TRUE |

T7=0.1

T =0.25

[

T=0.5

T =0.75

T=0.9

Case I: e ~ N(0,1) —

N(T7 07 1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0873(0.1067)
0.0369(0.0450)
0.1901(0.0357)
0.0306(0.8111)

0.0117(0.0174)
0.0026(0.0034)
0.0523(0.0019)

0.0695(0.0942)
0.0404(0.0320)
0.0357(1.0444)
0.0205(0.0172)
0.0075(0.0145)
0.0028(0.0016)
0.0019(0.2512)

0.0909(0.0291)
0.0320(0.2974)
0.1172(0.1199)
0.0198(0.0150)
0.0128(0.0013)
0.0016(0.0184)
0.0198(0.0218)

0.0291(0.6073)
0.1521(0.1536)
0.0981(0.1347)
0.0129(0.0308)
0.0013(0.0823)
0.0314(0.0361)
0.0185(0.0287)

0.0329(0.0407)
0.1299(0.1751)
0.1405(0.0306)
0.0308(0.1629)
0.0016(0.0026)
0.0257(0.0541)
0.0323(0.0015)

Case II:

e~x(2)—

x(r,2)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0643(0.0744)
0.0513(0.0595)
0.0915(0.0243)
0.0268(0.7025)
0.0066(0.0088)
0.0042(0.0056)

)

0.0609(0.0677)
0.0713(0.0307)
0.0243(0.5661)
0.0152(0.0151)
0.0060(0.0078)
0.0075(0.0014)
0.0010(0.0762)

0.0828(0.0282)
0.0307(0.4405)
0.0987(0.1203)
0.0164(0.0145)
0.0103(0.0012)
0.0014(0.0414)
0.0147(0.0210)

0.0282(0.4808)
0.0698(0.0931)
0.0885(0.1135)
0.0161(0.0295)
0.0012(0.0508)
0.0077(0.0132)
0.0115(0.0193)

0.0583(0.0704)
0.0694(0.0955)
0.1115(0.0268)
0.0295(0.1514)
0.0055(0.0085)
0.0088(0.0148)
0.0199(0.0011)

Case III:

e~ t(3

—t(7,3)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0559(0.0681)
0.0885(0.1164)
0.0848(0.0279)
0.0298(0.6596)
0.0052(0.0077)
0.0119(0.0210)
0.0124(0.0012)

(
(
(
(
E
0.0146(0.0010
)
(
(
(
(
(
(

0.0566(0.0730
0.1070(0.0317
0.0279(0.5027
0.0207(0.0232
0.0047(0.0082
0.0184(0.0015
0.0012(0.0574

0.0701(0.0245)
0.0317(0.6614)
0.0825(0.1113)
0.0172(0.0248)
0.0070(0.0009)
0.0015(0.0980)
0.0106(0.0199)

0.0245(0.4411)
0.0614(0.0707)
0.0925(0.0984)
0.0205(0.0316)
0.0009(0.0419)
0.0056(0.0081)
0.0133(0.0154)

0.0771(0.0975)
0.0708(0.0756)
0.1145(0.0298)
0.0316(0.1943)
0.0093(0.0151)
0.0082(0.0096)
0.0208(0.0013)

Case IV:

e~ {1+ X)(N(O, 1)

X ~U(0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0522(0.0680)
0.1973(0.2150)
0.1013(0.0289)
0.0296(0.7085)
0.0044(0.0077)
0.0535(0.0705)
0.0170(0.0013)

0.0544(0.0776
0.2215(0.0472
0.0289(0.6366
0.0175(0.0184
0.0046(0.0101
0.0660(0.0034

)
)
)
)
)
)
)
— N(T7 0» 1))
)
)
)
)
;
0.0013(0.0935)

0.0819(0.0260)
0.0472(1.2521)
0.0924(0.1273)
0.0152(0.0155)
0.0102(0.0011)
0.0034(0.3446)
0.0135(0.0246)

0.0260(0.4626)
0.0833(0.1010)
0.0895(0.1086)
0.0141(0.0255)
0.0011(0.0479)
0.0106(0.0164)
0.0152(0.0197)

0.1569(0.1789)
0.0831(0.1072)
0.1162(0.0296)
0.0255(0.1490)
0.0378(0.0562)
0.0114(0.0183)
0.0227(0.0013)

Case V:

e~ ALD(0,1/¢,T)

B10:0
B11:2
B12:2
B20:0
B21:-2
Bo2:-2
pr

0.0726(0.1054)
0.3200(0.3193)
0.1545(0.0401)
0.0326(0.8871)
0.0079(0.0169)
0.1746(0.1724)
0.0377(0.0023)

0.0892(0.1049)
0.3400(0.0599)
0.0401(0.9797)
0.0194(0.0166)
0.0118(0.0157)
0.2141(0.0046)
0.0023(0.2312)

0.1092(0.0281)
0.0599(2.0531)
0.1218(0.1395)
0.0197(0.0153)
0.0177(0.0012)
0.0046(1.0470)
0.0260(0.0333)

0.0281(0.6385)
0.1314(0.1495)
0.1318(0.1355)
0.0165(0.0301)
0.0012(0.0892)
0.0278(0.0358)
0.0277(0.0305)

0.2855(0.3602)
0.1459(0.1412)
0.1524(0.0326)
0.0301(0.1625)
0.1211(0.2030)
0.0337(0.0388)
0.0384(0.0017)

Table 5.1: Simulation results of n = 200,s = 0.2, SNR=4:1
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TRUE |

T7=0.1

7T =0.25

[

T=0.5

T =0.75

T=0.9

Case I: e ~ N(0,1) — N(7,0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.1930(0.2269)
0.0564(0.0786)
0.3248(0.0673)
0.0493(1.7768)
0.0587(0.0815)
0.0055(0.0107)
0.1584(0.0062)

0.1443(0.1951)
0.0613(0.0320)
0.0673(1.8450)
0.0395(0.0360)
0.0332(0.0605)
0.0069(0.0016)
0.0062(0.7794)

0.1812(0.0356)
0.0320(0.4872)
0.3093(0.3085)
0.0431(0.0297)
0.0528(0.0019)
0.0016(0.0548)
0.1486(0.1530)

0.0356(1.2149)
0.2769(0.2970)
0.2000(0.2426)
0.0361(0.0284)
0.0019(0.3551)
0.1136(0.1289)
0.0707(0.0977)

0.0717(0.0845)
0.2600(0.2807)
0.2680(0.0493)
0.0284(0.2758)
0.0078(0.0115)
0.0976(0.1382)
0.1147(0.0036)

Case II:

€ ~x(2) —x(1,2)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.1361(0.1586)
0.0966(0.1227)
0.2079(0.0473)
0.0390(1.3543)
0.0303(0.0396)
0.0146(0.0242)
0.0650(0.0036)

0.1256(0.1409)
0.1242(0.0322)
0.0473(1.2785)
0.0307(0.0359)
0.0252(0.0322)
0.0258(0.0016)
0.0036(0.3774)

0.1561(0.0295)
0.0322(0.8268)
0.2270(0.2190)
0.0297(0.0379)
0.0382(0.0014)
0.0016(0.1600)
0.0730(0.0720)

0.0295(0.9436)
0.1957(0.2181)
0.1610(0.2219)
0.0315(0.0289)
0.0014(0.2073)
0.0557(0.0750)
0.0449(0.0740)

0.1234(0.1563)
0.1680(0.2062)
0.1815(0.0390)
0.0289(0.2579)
0.0220(0.0402)
0.0461(0.0690)
0.0641(0.0025)

Case III:

e~ t(3) —t(r,3)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

)
0.1455(0.1664)
0.2193(0.2064)
0.1708(0.0282)
0.0298(1.1853)
0.0330(0.0470)
0.0714(0.0653)
0.0463(0.0013)

0.1290(0.1508
0.2617(0.0516
0.0282(0.9525
0.0386(0.0489
0.0254(0.0353
0.1071(0.0039
0.0013(0.2230

0.1516(0.0300)
0.0516(1.3796)
0.1776(0.2022)
0.0389(0.0530)
0.0341(0.0015)
0.0039(0.4340)
0.0506(0.0644)

0.0300(0.9806)
0.1176(0.1631)
0.1518(0.2101)
0.0608(0.0267)
0.0015(0.2273)
0.0220(0.0454)
0.0376(0.0685)

0.1706(0.2156)
0.1359(0.1574)
0.1977(0.0298)
0.0267(0.3428)
0.0427(0.0690)
0.0309(0.0402)
0.0578(0.0014)

Case IV:

X ~U(0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.1101(0.1382)
0.5102(0.3540)
0.2088(0.0415)
0.0356(1.5122)
0.0184(0.0316)
0.3480(0.1925)
0.0654(0.0026)

)
)
)
)
)
;
e~ (1+X)(N(0,1) — N(7,0,1))
)
)
)
)
)
)
)

0.1239(0.1610
0.4008(0.1205
0.0415(1.2149
0.0327(0.0334
0.0264(0.0415
0.2962(0.0162
0.0026(0.3290

0.1592(0.0314)
0.1205(2.5294)
0.2096(0.2584)
0.0313(0.0346)
0.0441(0.0015)
0.0162(1.4464)
0.0690(0.1006)

0.0314(0.8857)
0.1605(0.2055)
0.2279(0.2538)
0.0336(0.0317)
0.0015(0.1936)
0.0333(0.0614)
0.0780(0.0980)

0.2770(0.4008)
0.1873(0.1865)
0.2615(0.0356)
0.0317(0.2620)
0.1232(0.2481)
0.0511(0.0651)
0.1119(0.0021)

Case V:

e~ ALD(0,1/¢,7T)

B10:0
B11:2
B12:2
B20:0
B21:-2
Bo2:-2
pr

0.1428(0.2196)
0.6361(0.7884)
0.3197(0.0641)
0.0510(1.7365)
0.0306(0.0694)
0.5444(1.3672)
0.1617(0.0054)

0.1770(0.1921)
0.9530(0.1281)
0.0641(1.8996)
0.0406(0.0303)
0.0465(0.0547)
2.2585(0.0195)
0.0054(0.8356)

0.2107(0.0341)
0.1281(4.3967)
0.2166(0.2697)
0.0381(0.0296)
0.0725(0.0018)
0.0195(5.8243)
0.0728(0.1185)

0.0341(1.1728)
0.2525(0.3038)
0.2782(0.2921)
0.0286(0.0297)
0.0018(0.3210)
0.0996(0.1473)
0.1146(0.1304)

0.5189(0.6733)
0.2854(0.2830)
0.3246(0.0510)
0.0297(0.2610)
0.4093(0.6971)
0.1218(0.1294)
0.1607(0.0038)

Table 5.2: Simulation results of n = 200, s = 0.4, SNR=2:1

132




TRUE |

T7=0.1

T =0.25

[

T=0.5

T =0.75

T=0.9

Case I: e ~ N(0,1) — N(7,0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0643(0.0718)
0.0184(0.0273)
0.1023(0.0336)
0.0257(0.6331)
0.0067(0.0084)
0.0006(0.0011)
0.0178(0.0016)

0.0485(0.0621)
0.0267(0.0243)
0.0336(0.7014)
0.0169(0.0100)
0.0037(0.0066)
0.0011(0.0009)
0.0016(0.1123)

0.0660(0.0213)
0.0243(0.1965)
0.1001(0.1119)
0.0182(0.0108)
0.0064(0.0007)
0.0009(0.0076)
0.0152(0.0193)

0.0213(0.4274)
0.1300(0.1209)
0.0684(0.0990)
0.0115(0.0210)
0.0007(0.0416)
0.0234(0.0218)
0.0070(0.0145)

0.0239(0.0231)
0.0777(0.1076)
0.0942(0.0257)
0.0210(0.1214)
0.0008(0.0009)
0.0096(0.0199)
0.0135(0.0009)

Case II:

€ ~x(2) —x(1,2)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0423(0.0520)
0.0384(0.0469)
0.0725(0.0231)
0.0174(0.4724)
0.0030(0.0044)
0.0024(0.0035)
0.0078(0.0009)

0.0438(0.0554)
0.0421(0.0195)
0.0231(0.4392)
0.0126(0.0105)
0.0028(0.0050)
0.0030(0.0006)
0.0009(0.0429)

0.0588(0.0218)
0.0195(0.2927)
0.0638(0.0803)
0.0132(0.0132)
0.0053(0.0007)
0.0006(0.0184)
0.0066(0.0100)

0.0218(0.3449)
0.0584(0.0633)
0.0583(0.0700)
0.0134(0.0226)
0.0007(0.0259)
0.0053(0.0075)
0.0056(0.0084)

0.0363(0.0435)
0.0592(0.0736)
0.0852(0.0174)
0.0226(0.1187)
0.0020(0.0029)
0.0056(0.0079)
0.0110(0.0005)

Case III:

e~ t(3) —t(r,3)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

)

0.0410(0.0529)
0.0657(0.0868)
0.0599(0.0203)
0.0190(0.4514)
0.0026(0.0044)
0.0064(0.0117)
0.0054(0.0006)

0.0407(0.0482
0.0737(0.0229
0.0203(0.3554
0.0126(0.0151
0.0028(0.0042
0.0094(0.0008
0.0006(0.0266

0.0544(0.0207)
0.0229(0.5029)
0.0584(0.0662)
0.0098(0.0153)
0.0047(0.0007)
0.0008(0.0563)
0.0060(0.0071)

0.0207(0.3302)
0.0434(0.0552)
0.0570(0.0748)
0.0124(0.0196)
0.0007(0.0240)
0.0029(0.0047)
0.0050(0.0085)

0.0699(0.0817)
0.0464(0.0568)
0.0762(0.0190)
0.0196(0.1213)
0.0069(0.0097)
0.0032(0.0048)
0.0082(0.0005)

Case IV:

X ~U(0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0452(0.0613)
0.1774(0.1617)
0.0611(0.0199)
0.0229(0.4918)
0.0030(0.0055)
0.0434(0.0389)
0.0061(0.0006)

)
)
)
)
)
;
e~ (1+X)(N(0,1) — N(7,0,1))
)
)
)
)
)
)
)

0.0424(0.0567
0.1432(0.0431
0.0199(0.3945
0.0130(0.0117
0.0029(0.0051
0.0341(0.0024
0.0006(0.0344

0.0590(0.0176)
0.0431(0.9505)
0.0623(0.0846)
0.0114(0.0114)
0.0053(0.0005)
0.0024(0.1965)
0.0065(0.0110)

0.0176(0.3543)
0.0506(0.0691)
0.0667(0.0876)
0.0116(0.0207)
0.0005(0.0273)
0.0039(0.0074)
0.0067(0.0121)

0.1123(0.1392)
0.0519(0.0617)
0.0672(0.0229)
0.0207(0.1111)
0.0181(0.0311)
0.0041(0.0059)
0.0077(0.0008)

Case V:

e~ ALD(0,1/¢,T)

B10:0
B11:2
B12:2
B20:0
B21:-2
Bo2:-2
pr

0.0572(0.0786)
0.3488(0.1987)
0.1207(0.0342)
0.0240(0.6255)
0.0050(0.0098)
0.1589(0.0630)
0.0226(0.0016)

0.0557(0.0758)
0.2221(0.0810)
0.0342(0.7247)
0.0198(0.0113)
0.0051(0.0089)
0.0779(0.0076)
0.0016(0.1158)

0.0617(0.0207)
0.0810(1.5519)
0.0831(0.1170)
0.0184(0.0106)
0.0056(0.0006)
0.0076(0.5321)
0.0102(0.0199)

0.0207(0.4343)
0.0854(0.1040)
0.0915(0.0921)
0.0108(0.0204)
0.0006(0.0421)
0.0109(0.0175)
0.0123(0.0138)

0.1726(0.2244)
0.1274(0.1148)
0.1005(0.0240)
0.0204(0.1221)
0.0485(0.0873)
0.0228(0.0205)
0.0155(0.0008)

Table 5.3: Simulation results of n = 400, s = 0.2, SNR=4:1
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TRUE |

T7=0.1

7T =0.25

[

T=0.5

T =0.75

T=0.9

Case I: e ~ N(0,1) —

N(T7 07 1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.1450(0.1498)
0.0411(0.0537)
0.2147(0.0805)
0.0568(1.4148)
0.0334(0.0337)
0.0024(0.0042)

)

0.0812(0.0073

0.1140(0.1544)
0.0548(0.0214)
0.0805(1.4656)
0.0399(0.0244)
0.0209(0.0379)
0.0045(0.0007)
0.0073(0.4755)

0.1247(0.0299)
0.0214(0.3406)
0.2356(0.2511)
0.0411(0.0234)
0.0264(0.0013)
0.0007(0.0246)
0.0894(0.0958)

0.0299(0.8916)
0.2564(0.2018)
0.1750(0.2280)
0.0228(0.0176)
0.0013(0.1901)
0.0923(0.0616)
0.0460(0.0813)

0.0442(0.0499)
0.1933(0.2392)
0.1895(0.0568)
0.0176(0.2084)
0.0030(0.0040)
0.0648(0.0915)
0.0597(0.0041)

Case II:

(
e~x(2)—

x(r,2)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.1068(0.1211)
0.0759(0.0969)
0.1428(0.0393)
0.0320(1.0031)
0.0166(0.0237)
0.0088(0.0144)
)

0.0726(0.1067)
0.0911(0.0268)
0.0393(0.9278)
0.0258(0.0210)
0.0093(0.0179)
0.0135(0.0010)
0.0022(0.1911)

0.1071(0.0226)
0.0268(0.5914)
0.1452(0.1709)
0.0243(0.0231)
0.0189(0.0008)
0.0010(0.0781)
0.0340(0.0469)

0.0226(0.6852)
0.1571(0.1441)
0.1263(0.1573)
0.0221(0.0206)
0.0008(0.1126)
0.0338(0.0326)
0.0264(0.0370)

0.0853(0.0974)
0.1142(0.1397)
0.1757(0.0320)
0.0206(0.1814)
0.0108(0.0151)
0.0221(0.0310)
0.0507(0.0016)

Case III:

e~ t(3

—t(7,3)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0914(0.1025)
0.1627(0.1545)
0.1180(0.0250)
0.0202(0.8550)

0.0127(0.0189)
0.0360(0.0360)
0.0210(0.0009)

(
(
(
(
0
0.0317(0.0022
)
(
(
(
(
(0
(

0.0843(0.1010
0.1640(0.0519
0.0250(0.6907
0.0193(0.0314
0.0114(0.0156
0.0422(0.0033
0.0009(0.1086

0.1118(0.0193)
0.0519(1.0447)
0.1141(0.1379)
0.0228(0.0303)
0.0207(0.0006)
0.0033(0.2301)
0.0204(0.0330)

0.0193(0.6301)
0.0960(0.0921)
0.1324(0.1561)
0.0292(0.0184)
0.0006(0.0960)
0.0141(0.0132)
0.0273(0.0354)

0.1338(0.1682)
0.0877(0.1134)
0.1506(0.0202)
0.0184(0.1974)
0.0266(0.0448)
0.0122(0.0206)
0.0364(0.0007)

Case IV:

e~ 1+ X)(N(O, 1)

X ~U(0,1)

B10:0
B11:2
B12:2
B20:0
B21:-2
B22:-2
pr

0.0805(0.1102)
0.4583(0.2738)
0.1399(0.0374)
0.0274(1.0163)
0.0100(0.0191)
0.2769(0.1055)
0.0308(0.0020)

0.0948(0.1096
0.2799(0.1308
0.0374(0.8964
0.0252(0.0215
0.0128(0.0186
0.1457(0.0183

)
)
)
)
)
)
)
— N(T7 0» 1))
)
)
)
)
;
0.0020(0.1752)

0.1038(0.0249)
0.1308(2.0025)
0.1209(0.1651)
0.0257(0.0208)
0.0169(0.0009)
0.0183(0.8467)
0.0238(0.0400)

0.0249(0.6425)
0.1105(0.1427)
0.1795(0.1879)
0.0229(0.0192)
0.0009(0.0935)
0.0177(0.0314)
0.0501(0.0525)

0.2198(0.2437)
0.1502(0.1406)
0.1733(0.0274)
0.0192(0.1758)
0.0737(0.0952)
0.0331(0.0304)
0.0479(0.0012)

Case V:

e~ ALD(0,1/¢,7T)

B10:0
B11:2
B12:2
B20:0
B21:-2
Bo2:-2
pr

0.1108(0.1381)
0.5099(0.5776)
0.2246(0.0782)
0.0518(1.3349)
0.0209(0.0305)
0.3851(0.5004)
0.0730(0.0069)

0.1692(0.1728)
0.5798(0.1352)
0.0782(1.4152)
0.0354(0.0243)
0.0481(0.0455)
0.5422(0.0190)
0.0069(0.4248)

0.1635(0.0292)
0.1352(3.1584)
0.1448(0.2125)
0.0339(0.0222)
0.0453(0.0013)
0.0190(2.2423)
0.0325(0.0684)

0.0292(0.9299)
0.1646(0.2170)
0.2186(0.2081)
0.0216(0.0190)
0.0013(0.2164)
0.0431(0.0763)
0.0706(0.0678)

0.3488(0.4261)
0.2596(0.1986)
0.2421(0.0518)
0.0190(0.1998)
0.1862(0.2941)
0.0939(0.0686)
0.0947(0.0035)

Table 5.4: Simulation results of n = 400, s =
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Tone perception data

A typical example for mixture regression is the tune perception data collected by
Cohen [23]. In the experiment, we implement the proposed method to tone percep-
tion data. The experiment record 150 trails with the same musician. The overtones

were determined by a stretching ratio.

tone perception data stretchratio histogram
S - : —
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1.5 20 25 3.0 15 2.0 25 30 35
tuned stretchratio

Figure 5.1: (a) scatter plot of tonedata; (b) histogram of perceived tune ratio.

The data is displayed in Figure 5.1. Figure 5.1 (a) indicate that the tone data
can be modelled by two linear regression lines; Figure 5.1 (b) display clear non-
normality and tail heaviness of the data, we fit the data according to Mixture of
Normal distribution (MixN), Mixture of ¢ distribution (MixT) and Mixture of Laplace
distribution (MixLa), as shown in Figure 5.2. To better illustrate the robustness of
the proposed estimation procedure, we conduct several outlier settings to evaluate
the estimation performance.

We contaminate the datasets with extreme outlier cases: (a). 5 similar outliers
(1,3); (b) 5 outliers (3,1); (c) 4 outliers (1,3), 4 outliers (3,1). As shown in Fig-

ure 5.2, we fit the data using Mixture normal distribution, Mixture ¢ distribution
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and Mixture Laplace distribution with 7 = 0.5. Results show that for all these
cases, MixN model perform worst, while MixT and MixLa are comparable in fit-
ting performance. Figure 5.2 (a) show that when outliers deviate significantly from
the population, MixLa method perform better as well; Figure 5.2 (b) show that
when outliers deviate slightly from the population, MixLa and MixT all perform
well whereas MixNormal fails; Figure 5.2 (c) indicate that with higher level outliers,

MixN and MixT fail while MixLa still performs well.

{a) 5 outliers (1,3) (b) 5 outliers {3,1) (c) 8 outliers (1,3), (3.1)

a5
|

35
I

—  MixN
—  MxT
= MixLi

25
25

stretchratio
stretchratio
stretchratio

15
15

1.0
1
<
1.0

tuned tuned tuned

Figure 5.2: Outlier cases of tone perception data
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5.2 Portfolio selection under ALD framework

Asymmetric Laplace Distribution

Kotz [68] proposed the Asymmetric Laplace Distribution with density function

2e%' T Y 'z
(271-)71/2’2’1/2 2+H/2—1“

f(x) = ) K (V@ + WS ) (@), (5.38)

denoted as X ~ AL,(p,3). Here, n is the dimension of random vector X, v =
(2 —n)/2 and K,(u) is the modified Bessel function of the third kind with the

following two popular representations:

K()—l(“)”rot—“—l {-t u2}dt >0 (5.39)
o(u) = 5(3 ) exp b u>0 .

K,(u) = % fo e U — 1) 7V2dt, u>0,0=—1/2. (5.40)

When p = 0, we can obtain Symmetric Laplace distribution SL () with density

flx) = 2(2m) 2|32 (a;’Ela;/2>V/2K,,<\/m>.

When n = 1, we have ¥ = 01; = . In such cases, (5.38) becomes the univariate
Laplace distribution AL;(u, o) distribution with parameters g and . The corre-

sponding density function is

f(z) = S exp{ — f—![v — - sign(x)]} with v =+/p? + 202. (5.41)

The symmetric case (u = 0) leads to the univariate Laplace distribution SL; (0, 0).
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Figure 5.3: Univariate densities

Figure 5.3 displays plot of symmetric densities and AL densities. Symmetric den-
sities including standard normal distribution, student ¢ distribution with 2 degrees
of freedom, and univariate symmetric Laplace distribution, denoted as N (0,1),t(2),
SLy(0,1). The student ¢ distribution possesses heavier tail than normal distribution,
whereas SL; (0, 1) distribution imposes greater peakedness and heavier tail than nor-
mal case. As for plots of AL densities, when p > 0, the density skews to the right.
On the other hand, when p < 0, the density skews to the left.

Important results of univariate and multivariate asymptotic Laplace distributions

that will be used later on are presented below.
Proposition 5.2.1. (See Kotz [68])

(1). If X = (Xy,---,X,) follows multivariate Asymmetric Laplace distribution,
i.e., X ~ AL, (pn,X), n is the number of securities. The linear combination

w'X = w X1+ +w, X, follows univariate Asymmetric Laplace distribution,

ie. WX ~ ALy (1, 0), with p=w'p,0 = Vw w,w = (wy,- -+ ,w,)".

(2). Assume that univariate random variable Y ~ ALy (u,0). To measure the asym-
metry and peakedness of the distribution, define the skewness (Skew[Y]) and
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kurtosis (Kurt[Y]) as the third and fourth standardized moment of a random

variable Y . Then,

E(Y —EY)®  2u®+ 3uo®
[E(Y _ IEY)2]3/2 o (12 + 02)3/2’

Skew[Y] =

E(Y —EY)*  9u' + 60" + 180>

Kurt[Y] = [VCLT’(Y)]Z - (12 + 02)2

(3). Let X = (Xq,Xq, -+, X,) ~ AL, (1, %). Then the first and second order

moments of X are
E(X)=p and Cov(X)=X+ p'u.

(4). The Asymmetric Laplace distribution can be represented as a mizture of nor-
mal vector and a standard exponential variable, i.e., X ~ AL, (u,X) can be
represented as

X =uZ+ 7'%Y,
where Y ~ N,(0,X),Z ~ Exp(1l). This indicate that we can simulate multi-
variate Asymmetric Laplace random vector X ~ AL,(u,X) as follows:
1. Generate a multivariate normal variable Y ~ N, (0,X);
2. Generate a standard exponential variable Z ~ Ezp(1);
3. Construct Asymmetric Laplace random vector as X = uZ + Z'?Y .

Figure 5.4 displays several realizations of bivariate Asymmetric Laplace distribu-

tion with different level of asymmetry and peakedness.
Risk measures

Since mean and covariance matrix cannot be used to characterize non-Gaussian dis-

tribution, alternative risk measures are necessary for portfolio selection problems.
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Figure 5.4: Bivariate Asymmetric Laplace data with u cases: (al, a2, a3): u = (0,0);
(b1, b2, b3): u = (1,1); (cl, 2, ¢3): u = (=1, —1). Covariance matrix ¥ cases. (al,
bl, Cl)l 011 = 099 = ].,0'12 = 091 = 0, (a2, b2, 02)2 011 = 0922 = ].,0'12 = 091 = 087
(a3, bS, C?))Z 011 = 099 = 1 , 012 = 0921 = —0.8.

Artzner et al. [6] suggests that a desirable risk measure should be defined fulfilling
certain properties and such a risk measure is said to be coherent.
A risk measure ¢ that maps a random variable to a real number is coherent if it

satisfies the following conditions:

1). Translation invariance: ¢(I + h) = ¢(I) + h, for all random losses [ and all
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h e R;
2). Subadditivity: ¢(I + h) < ¢(l) + ¢(h), for all random losses [, h;
3). Positive homogeneity: ¢(A) = A¢(l) for all random losses [ and all A > 0;

4). Monotonicity: ¢(l;) < ¢(lz) for all random losses [, [y with [; < [y almost

surely.

Standard deviation is not coherent in general excepting the Gaussian cases. VaR is
coherent when the underlying distribution is elliptically distributed. Expected Short-
fall, or the so-called conditional value at risk (CVaR) is a coherent risk measure since
it always satisfies subadditivity, monotonicity, positive homogeneity, and convexity.
For any fixed a € (0,1), a-VaR is the a-quantile loss while a-ES is the average of
all -VaR for f € (a,1). Both VaR and CVaR measure the potential maximal loss.
VaR and ES can be written as

—VaRq
VaR, = F7'(a) and ES, = E[LIL<-VaRo) =~ | VaRuds
(0%

—0Q0

where F'() is the cumulative distribution function of loss L and ES, is the expected

loss above VaR,. Thus, the estimation process are

—VaRq 1 [~ VeRa
f fx(x)dr =a and ES, = ——f zf(x)dx. (5.42)

—0 a J o

Under normality assumption, VaR,, and ES, are

VaR, =+ 0@ (1 — a),

5, — e AT

where t(-) as the normal density distribution, and ®~!(-) is the quantile distribution.
As shown in Hu et al. [49], portfolio selected by minimizing standard deviation,
VaR,, and ES, are the equivalent under elliptical distribution assumption.
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It is well-documented that asset securities are not normally distributed. As an
alternative to Gaussian distribution, Asymmetric Laplace distribution exhibits tail-

heaviness, skewness, and peakedness.

5.2.1 Portfolio selection under ALD framework

Let X = (X1, Xo, -+, X,,) ~ AL, (up, Xp) be the return vectors of n securities, and

w = (wy,ws, - ,w,) is the allocation weight vector. Then, the portfolio is
P(w) =wX =) wX.
i=1

According to Proposition 5.2.1(2), P (w) ~ AL, (j1,0) with p = w'pe, 0 = Vw'Sw.

From Theorem 5.1-5.2 below, in order to select a portfolio under Asymmetric
Laplace distribution, it suffices to obtain the unknown parameters pp and 3p. Thus
portfolio selection models under Asymmetric Laplace distribution lead to parameter
estimation for AL, (up, Xp). Zhao [132] proposed the multi-objective portfolio selec-
tion model under Asymmetric Laplace framework and derived the simplified model
that can be reformulated as quadratic programming problem. However, to estimate
the unknown parameters, the authors adopt a moment estimation method that is
less efficient compared to maximum likelihood method. Since Asymmetric Laplace
distribution can be represented as a mixture of exponential distribution and mul-
tivariate normal distribution, we derived the Expectation-Maximization algorithm
for parameter estimation of Asymmetric Laplace distribution. The algorithm for

estimating these unknown parameters is discussed in Section 5.2.1.
Portfolio selection theorems

Theorem 5.1. Let X = (Xy,---,X,) ~ AL,(up,Xp) be a n-dimensional ran-
dom wvector that follow multivariate Asymmetric Laplace distribution, each element
(Xi,i = 1,2,--- ,n) represent a stock. Let w be the weight vector and P(w) =
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w'X = Y7 w;X; be the portfolio. Then, under Asymmetric Laplace framework,
risk measures of StD, VaR,, and ES, at a € (0,1) level formulated as

Standard Deviation:  StD (P(w)) = \%;

Value at Risk: VaR, (P(w)) = — In
Y+ u o

o? o? Ila70y+/o

Expected Shortfall:  ES, (P(w)) = —
T+u y+p o

Here, 1 = w'pp = mean (P(w)) ,0 = Vw'Spw = std (P(w)) and v = \/p? + 202.

Proof. Let pup = (11, , ptn) be the mean return vector of the securities (X, -+, X,,)
and Xp = (Up)szl be the scale matrix of (X3, -+, X,,). Denote the allocation vec-
tor by w = (wy, -+ ,w,)". Then, the portfolio P(w) = >, , w;X; follows univariate

Asymmetric Laplace distribution with

Plw) = zn:wiXi ~ ALi(p,0)  with p= Zn: WiWw; , 0 = (Zn: zn: apijwiwj>1/2.
i=1j=1

i=1 i=1

If o = 0, the univariate symmetric Asymmetric Laplace distribution becomes

AL1(0,0) with density
1 || .
g(z) = —exp{ — —27} with v = /20,
vy o

Thus, standard deviation (StD) of portfolio P(w) = w'X is

+00

1 y } f x 0
—|z|lexp i — =l|x|tdx = 2 —ex {——a:}dxz—:—.
lelexp { ~ o C Cea{- -

+00

StD (P(w) = |

—00

According to the definition of VaR, and ES, as defined in (5.42) and univariate
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Asymmetric Laplace density (5.41), we have

B J\—VaRa %exp{ B || [’y — - Sgn(g;)]}dx = q,

2
—» o

0.2

36+ )

exp{ — 7;;'u\/'af{oé} = .

Thus, VaR,, and ES, are

2 2 2 2 2 202
VaR, (P(w)) - — o lna(u + 20 +ém/u + 202)
\/er,u 9
_ 9 bt
v+ o2
1 —VaRq
ES, (P(w)) = ——f zfx(x)dx
a —Q0
1 —VaRq 1 ’I|
= —af_oo x; exp{ — ;[v—u'sgn(m)]}dac
B o? B o2 1n{2a+ a(p? + pn/ p? +202)}
A A 24202 A+ 207 o?
_ oot
Y+t ytmw o?

O

Then we have the following theorem.

Theorem 5.2. Let X ~ AL, (pup,Xp). Then, portfolio P(w) = w' X with following
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models based on ES, , VaR, , and StD (as defined in Theorem 5.1)

HE)H ES, (P(w)) or minVaR, (P(w)) or minStD (P(w))

2u° + 3uo?
mgx Skew [P (w)]| = m

Ipt + 60t + 18420
m’gx Kurt[P(’w)] = (qu + 02)2
s.t. w'p=r,wl=1,

are equivalent. Here, i = w'pup = mean |[P(w)], 0 = Vw'Spw = std[P(w)],w =

(wy,wa, -+ wy,) .
Proof. Let g(u,0) = Nﬂ/ﬁ Then, ES,[P(w)] and VaR,[P(w)] are
= — g)ln (0 an = — g no n a
VaR,[P(w)] = —g(p,0)ln (2 +g(%g)) g(u,0)[Ina +1 (2+g(ﬂ’g))],
= o) — )11 (6% an
ESo[P(w)] = g(u,0) = g(p,0)In (2 +g(,u,0))
= (1=la)g(u,0) = glu,0) (2 + -5

Differentiating the above expressions with respect to o, we have

OVaR,[P(w)] _ og(u, o)
oo oo

K
[—lna—ln(2+ a >)+ g(“’az ]>0,

OESo[P(w)] _ dg(p, 0)
do oo

7
H 9(1,0)
l—Ina—In(2+ + > 0,
[ ( 9(%0)) 24 55ty ,U)]

2+g(p
where
a[ o2 ] 1+ 24 52
0g(p,0) " Luta/u2+202 ] . Vi
oo oo (MZ + /uz + 20.2)2 )
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The derivative of skewness measure with respect to o is

2u%+3po?
OSkew[P(w)] 6[(#"2%2’;3/2] _ —3uo® <0
do B do C(u o252 T
The derivative of kurtosis measure with respect to o is
L4 0'4 L2U2
OKurt[P(w)] % _ —12pt0® —12p%0° -0
oo B oo B (u? + o2)* '

The monotonicity of VaR,[P(w)], ES,[P(w)], Skew[P(w)], and Kurt[P(w)] with re-
spect to o indicate that the portfolio selection problems based on these risk measures
are equivalent. This means that minimizing VaR,[P(w)], ES,[P(w)], StD[P(w)] are

equivalent to minimizing w'Xpw.  []
Parameter estimation of Asymmetric Laplace Distribution

Assume X = (X1, Xy, -, X,) ~ AL,(,X). Let ®y, @y, -+, &y € R™ be the
T observations. We aim at fitting a multivariate Asymmetric Laplace distribution
AL, (p, %) with unknown parameters p, X.

Hrlimann [55], Kollo and Srivastava [66], Visk [112] consider moment matching
methods that is less efficient than maximum likelihood estimation. Kotz [69] and
Kotz [68] presented the maximum likelihood estimators for parameter estimation
of Asymmetric Laplace distributions. However, maximum likelihood estimation re-
quire computation of complicated Bessel function. Thus we derived the expectation-
maximization algorithm for parameter estimation of Asymmetric Laplace distribu-

tion.
Moment estimation

As Zhao [132] pointed out, according to Proposition 5.2.1(3), Asymmetric Laplace

distribution can be estimated via moment method (Moment-AL) with

p=x and X =cov(X)— ',



where & = 13" @;, Cov(X) = > (z; — @) (x; — @).
Maximum likelihood estimation

Consider sample points @1, xs,- -+ ,«, and density function of Asymmetric Laplace
distribution as defined in (5.38). Taken logarithm with respect to likelihood function,
the log-likelihood is

(1, %) = InL(p,X Zlnf Ty p, X)

Tn T
— Zwtz u+Tln2—71n(27r)—§ln 1=[) +

t=1

l\3|T
g

a:tE :ct —

—T n (24 @S ") + Zan {\/(2 n ufz—lu)(xgz—lmt)}.
t=1
Generally, we can directly maximize the log-likelihood function ¢(u, 3) with respect
to parameters p, 3 and thus obtain the maximum likelihood estimator. Unfortu-
nately, the density function involves modified Bessel function of the third kind with
density (5.39), (5.40) that are too complex and complicated for numerical maxi-
mization. However, Gaussian-Exponential mixture representation of the Asymmet-
ric Laplace distribution allows us to employ the expectation-maximization algorithm

without involving modified Bessel functions.
Expectation-Maximization algorithm

Then we derive the Expectation-Maximization algorithm for parameter estimation of
multivariate Asymmetric Laplace Distribution (mALD), we follow the EM derivation
for Multivariate Skew Laplace distribution in [4].

Let X = (X1, X, -+, X,,) be Asymmetric Laplace distributed random vector.

Proposition 5.2.1 suggests that X can be generated from a latent random variable
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Z = z through multivariate Gaussian distribution with zu, 2¥, ie. X|Z =
N, (zp, 2%), Z ~ Exp (1) with density

Frie@s) = Grmremen { - 5@ - () @ - ),

fz(z) = e *lizq).
Thus the joint density function of X and Z is
fxz(x, z) = fX|Z(w7Z)fZ(Z)
1
(2m)3 23|55

1 z
— exp { 22:13/2_1:18 + 2’2y — 5;/2_1# - zl{zzo}}.

Suppose that there are T' observations X, ..., X1 generated from the latent random
variables zi, zo, - - - , 2z respectively. The complete data is defined as {(x,2;)},t =
1,2,---,T. In the EM algorithm, x; and z; are the observed and missing data

respectively. The log-likelihood up to an additive constant can be written as

T
L(p, ) = ) In fx z(@1, )
t=1

= ——1n|2| Z ZL’tE mt+2wt2 K= “Z “Zzt Zztl{z’f”’}

Note that the last term of the above equation does not contain any unknown param-

eters and thus is negligible. Then, the E-step becomes
E(Z(p,, ) |xy, 1, ﬁ]) o

_ e ~ 1,0, — .
E(Zt 1|mt7”72)$22 lmt_E’J’/E 1[J/ZE(Z’,§|$,§,[J,E).

1 t=1

N | —
=

t

where E(z|x, f1,3) and E(z |z, i, ) are the conditional expectations of z and

z; ! given x, and the current estimates fi, 3.
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To evaluate conditional expectations E(z!|,, f1, 3) and E(z|z,, f1, 2), we need
the conditional density of Z given X, fzx. After some straightforward algebra,
the conditional distribution of Z given X is an inverse Gaussian distribution with

density function

fxz(x, 2)

fx(x)

exp{ — L&' 'z + 'S p - S p — 210y}

fzix(z|lz, p, 2) = (5.43)

1
1
(2m)3.2|%)2

2o k(22 )R, (VR + WS ) (@S )

PRRESTEACEIT R

(e e e e D e )]
-1y QKU(\/(Q—F[J,’E_lu)(w’E_lm)) .

Lemma 5.1. (GIG [104]) A random variable X follows Generalized Inverse Gaus-

sian distribution(denoted as X ~ N~ (A, x, ) ) if its density function could be repre-

sented as

D
@ = St o

where Ky denotes the third kind modified Bessel function, and the parameters satisfy

- %(Xq:l + 1/1:6)}, x> 0.

x>0,9>=0, if A\<O0;
x>0,9>0, if \=0;
x=0,9>0, if A>0.

After some algebraic manipulations, it is easy to show that Z|X follows Gener-

alized Inverse Gaussian distribution:

2—n
2

Z|X ~ N—< Sl 24 u’2‘1u>.

If x > 0,1 > 0, the moments could be calculated through the following formulas:

oy _ (X2 Eora(VXY)
B0 =(3) R °®
E(lnX)szcgfa) R
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Denote x = 'X 'z, ¢y = 2 + /X7 'u. Then, Z|X ~ N*(Z_T",XJ/J). From the
conditional density function of (5.43), we can obtain the conditional expectations

with the following moment properties:

. Kn_o(v/xu?)
N Xt 2 t

= F(zlx )=, =2 t=1,2--- .1
a; (Zt‘ ts L, ) 1/) Kgfl( /7th)7 ) &y D)

- Kn
bt = E(’Zt_1|wtvﬁ'72>: ﬂQ(—\/m, t:172,---7T’
Xt Kp 1 (VX))

where y; = /X txy, R(\) = K&i(lx) is strictly decreasing in x with lim, . Ry(z) =
1 and lim, .o+ R)(x) = 0. Thus, a; > 0,0, > 0,t =1,2,--- ,T.
Finally, if the conditional expectation E(z|x,, fi, 3) and E(z; ay, fi, ) are re-

placed by a; and b; respectively, the objective function becomes

e T RN (R g - Lsei s
Q(M» E|mt7u’7 Z) = _§1Il ’E| + ;1&'22 1[.1/ - Egbtwéz 1wt - EIJ/E ll.lrtzlat.
(5.44)

Denote S = 71, The objective function (5.44) becomes
S d 1 1 4
~ _ / = / = /
Q(p, Xz, 1, S) = ) In|S| +;1th;1, 2;1bta:t5'a:t SH Su;at. (5.45)
Taking derivative of objective function (5.45) with respect to u, S, we obtain

T T
@ _ Zm;S— Zatu’S =0,
t=1 t=1

o
OQ T -1 1 ¢ / ¢ / 1 S /
5 ES —égbtwtwt—l—;wtu—i;atuuzo.
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Substituting S by 3 and setting these derivatives to zero yield

T T
Z X! — 2 ap'S "t =0,
=1 =1

T = T LT
52 —3 thw;azt + Zw;u — QZG“U’/“ = 0.
t=1 t=1 =1

~

Thus, maximization of the objective function Q(u, X|xy, 1, 3) can be achieved by

the following iterative updating formulas:

- x'T

) Y= btazgwt -

l/:l}:

STHIRS]

where @,b stand for the average of {a;}7, and {b;}L | respectively and Z is the
average of {z;}1 . In what follows, we present the iterative reweighted Expectation-
Maximization algorithm for parameter estimation of Asymmetric Laplace distribu-

tion.

5.2.2 Numerical experiments

To evaluate the performance of portfolio selection models and parameter estima-
tion methods in Section 5.2.1, we generate 100 datasets from Gaussian distribu-
tion and Asymmetric Laplace distribution respectively. Each dataset consists of
T = 200 observations with the following parameter settings: Case (1): n =3, =
(0.03,0.06,0.09); Case (2): n = 5, = (0.01,0.02,0.06,0.08,0.09); Case (3):
n = 10, = (0.01,0.02,0.03,---,0.10). For each case, we set ¥ = diag (/10).
All the simulation studies are carried out on a PC with Intel Core i7 3.6 GHz pro-
cessor under R platform.

Each dataset are estimated under both multivariate Gaussian and Asymmetric
Laplace distribution. ALD (EM-AL) is estimated using the EM algorithm described

in Section 5.2.1. We evaluate the estimation performance using Bias measure, defined
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Algorithm 5 Iterative reweighting algorithm

1. Set iteration number k& = 1 and select initial estimates for parameters p(©, 3,

2. (E-Step) At k-th iteration with current estimates p®), X(*) define the corre-
sponding log-likelihood as

T
1% =log Y fm|u®, =), k=12,
t=1

With notations y; = /X '@y, 1) = 2+ p'X ! u, we can obtain iterative weights

n S K2—"(VX¢)
ay = E('Zt‘mt?#’?E): & '

(0 Kl—g( Xt1/1)7

_ L [ K_2(Vxe)
by = BElzle,p,X) =4 ——2"+—~, t=1,2---,T.
' G e ) Xt Kl—g(VXﬂP)

t:1727”'7T;

3. (M-Step) Employ the following iteration formulas to calculate the new esti-
mates 1) B¢+ at (k + 1)-th iteration:

T’z

(k+1) _

Q|8

7 , XD — e, — (5.46)

=

The log-likelihood at (k + 1)-th iteration becomes

T
l(kJrl) _ 10%2 f(xt|u(k+1)7 E(kJrl))
t=1

4. Repeat these iteration steps until convergence with criterion (1) — [¥) < ¢
where ¢ > 0 is a small number that control the convergence precision, for
convenience, we take ¢ = 1le716.

as Bias = |t — p]; + |= — =[1. The mean log-likelihood and mean bias of the
simulated 200 datasets are reported in Table 5.5.

Table 5.5 indicate that if the model is correctly specified, the estimation perfor-
mance is always the best in terms of bias. If the data is generated from Gaussian
distribution, the estimation from Gaussian model is the best, so does Asymmet-

ric Laplace distribution. If data is generated from Gaussian distribution, then the
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estimation log-likelihood of Gaussian model is larger than Asymmetric Laplace dis-

tribution, this is true for Asymmetric Laplace data as well.

Gaussian Data
Log-Likelihood Bias
Gauss EM-AL | Gauss Moment-AL EM-AL
Case (1) | 709.6159  641.2472 | 0.0153 0.0451 0.0183
Case (2) | 1363.0231 1260.3676 | 0.0280 0.0886 0.0319
Case (3) | 2593.1151 2432.2192 | 0.0672 0.3309 0.0766

Asymmetric Laplace Data

Log-Likelihood Bias
Gauss EM-AL | Gauss Moment-AL EM-AL
Case (1) | 619.1798  735.0847 | 0.0542 0.0252 0.0226
Case (2) | 1250.7110 1463.9149 | 0.0870 0.0376 0.0302
Case (3) | 2432.3401 2919.9878 | 0.3750 0.1304 0.0832
Table 5.5: Model fitting results of Gaussian data and Asymmetric Laplace data using
Gauss model and EM-AL model.
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Figure 5.5: Efficient frontiers of simulated Gaussian data of case (1)-(3) using Gaus-
sian and EM-AL model.

153



Case (1): VaR-ExpRet

Case (1): ES-ExpRet
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Figure 5.6: Efficient frontierS of simulated Asymmetric Laplace data of case (1)-(3)
using Gaussian and EM-AL model.

Figure 5.5 show that for Gaussian data, since Gaussian data fit the model better,
efficient frontiers under Gaussian data are more close to Gaussian models; Figure
5.6 indicate that for generated Asymmetric Laplace data, efficient frontiers nearly
equivalent to true Asymmetric Laplace data. Figure 5.5-5.6 suggest that we can first
modeling data using Gaussian and Asymmetric Laplace distribution, and use the
fitted log-likelihood to determine the distribution, then we evaluate the performance

with the corresponding efficient frontier analysis.
Real data analysis

Then we apply our proposed methodology to two real financial datasets, Hang Seng
Index and Nasdaq Index, both datasets are downloaded from Bloomberg, with daily

data range from January 4, 2011, to December 29, 2017. The variable of interest is
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the rate of returns multiplied by the annualized ratio 4/252, formulated as
LogRet (t) = v 252{ log (price[t + 1]) — log (price[t]) }, t=1,2,---,1721.

These two datasets are analyzed through efficient frontier analysis under ALD frame-
work on R platform. Theorem 5.1-5.2 indicate that portfolio selection models under

ALD framework can be reduced to the following quadratic programming problem:

2

mino® = w'Xw st. wp=ry,w'l=1

w

The explicit solution (see [74]) is as follows:

> 114+

-1
ap—p> MTapo gt (547)

Here, A=1Y7'1,B=1Y""'pand D = /'3 'pu.
Example 1: Hang Seng Index

In the first example, we construct a portfolio consisting of 8 Hang Seng indexes: HK1,
HK175, HK2007, HK2318, HK4, HK6, HK66. The summary descriptive statistics are
reported in Table 5.6. It is clear that the all stock returns exhibit larger skewness
and kurtosis. The median of these stocks are close to zero, the log-likelihood of
Asymmetric Laplace distribution is larger than gaussian distribution, indicating that
Asymmetric Laplace distribution would be a good fit than gaussian distribution.
Then we fit the data to Asymmetric Laplace distribution through EM algorithm as
described in Section 5.2.1. Parameter estimation results are displayed in Table 5.6,
we construct portfolios under Asymmetric Laplace framework at different levels of

expected return. Consider increasing target expected return values
ro = 0.040,0.0745,0.1081,0.1417,0.1753,0.2088 , 0.2424 , 0.2760 , 0.3096 , 0.3431 .

Portfolio selection results are summarized in Table 5.7, with kurtosis, skewness,

sharpe ratio, VaR and ES results at a = 0.01, 0.05,0.10 levels.
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Descriptive Statistics

StD Mean Median  Skewness Kurtosis Jarq.Test Jarq.Prob

HK1 19.7819  0.2370 0.0000 3.9601 71.8163  375244.7434 0.0000
HK175 3.7101 0.2183 0.0000 1.1510 28.6192  59264.8528 0.0000
HK2007 | 2.1968 0.1115 0.0000 0.5928 16.5623  19825.4392 0.0000
HK2318 | 12.6007  0.3431 0.0000 0.6174 6.2371 2908.6947 0.0000

HK4 5.8690 0.0409 0.0000 0.4894 7.6362 4263.7750 0.0000

HK6 13.0712  0.1517 0.0000 -1.1430 20.3112  30037.3385 0.0000
HK66 5.8708 0.1545 0.0000 -1.7941 19.9392  29510.3684 0.0000

Gaussian EM-AL
Log-likelihood -39707.45 -37865.83
Parameter Estimation

HK1 HK175 HK2007 HK2318 HK4 HK6 HK66

I 0.2370 0.2183 0.1115 0.3431 0.0409 0.1517 0.1545

by HK1 HK175 HK2007 HK2318 HK4 HKG6 HK66
HK1 406.4426 12.8089 11.4547 130.0934 68.3857 94.4069 60.3087
HK175 12.8089 7.3656 1.6330 12.0356 4.7467 4.8725 3.6070
HK2007 | 11.4547 1.6330 3.8506 9.9261 4.6830 3.9055 2.4395
HK2318 | 130.0934 12.0356  9.9261 174.0423  42.1879 48.2877 35.0499
HK4 68.3857  4.7467 4.6830 42.1879 44.6336 26.5314 17.6232
HK6 94.4069  4.8725 3.9055 48.2877 26.5314 205.1471 32.5570
HKG66 60.3087  3.6070 2.4395 35.0499 17.6232 32.5570 41.6153

Table 5.6: Hang Seng data statistics

To I o Skew Kurt Sharpe

1 0.0409 0.0409 2.5461 0.0482 6.0016  0.0161
2 0.0745 0.0745 2.0565 0.1086 6.0079  0.0362
3 0.1081 0.1081 1.7299 0.1869 6.0233  0.0625
4 0.1417 0.1417 1.6650 0.2537 6.0430  0.0851
5 0.1753 0.1753 1.8891 0.2763 6.0510  0.0928
6 0.2088 0.2088 2.3199 0.2682 6.0480  0.0900
7 0.2424 0.2424 2.8656 0.2523 6.0425  0.0846
8 0.2760 0.2760 3.4724 0.2372 6.0375  0.0795
9 0.3096 0.3096 4.1134 0.2247 6.0337  0.0753
10 | 0.3431 0.3431 4.7749 0.2147 6.0307  0.0719
VaRoo1  ES¢o1  VaRgos ESpos  VaRgio  ESo.10

1 6.9429 8.7229 4.0782 5.8582 2.8444  4.6244
2 5.5080 6.9254 3.2268 4.6442 2.2444  3.6618
3 4.5256 5.6960 2.6420 3.8124 1.8308 3.0011
4 4.2684 5.3771 2.4841 3.5928 1.7156 2.8243
5 4.8095 6.0606 2.7960 4.0471 1.9288  3.1799
6 5.9208 7.4601 3.4434 4.9827 2.3764  3.9157
7 7.3493 9.2579 4.2774 6.1861 2.9544  4.8631
8 8.9467  11.2679  5.2108 7.5321 3.6018 5.9231
9 | 10.6386 13.3966  6.1999 8.9578 4.2882  7.0462
10 | 123871 15.5962  7.2222  10.4313  4.9978 8.2069

Table 5.7: Efficient frontier results of Hang Seng data
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Figure 5.7: ALD efficient frontier of Hang Seng data
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Figure 5.8: Skewness, Kurtosis and Sharpe ratio tendency of Hang Seng data

The efficient frontier tendencies are displayed in Figure 5.7. It is suggested that
aggressive investors should impose higher confidence levels and conservative investors
may choose smaller confidence levels. Figure 5.8 depicts the kurtosis, skewness, and
sharpe ratio tendency of portfolio selection models. Results show that Sharpe Ratio,
Skewness and Kurtosis increase fast and decreases slowly down as the target expected

returns increases.
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Example 2: Nasdaq Index

In the second example, we consider Nasdaq index, including CTRP, MNST, NFLX,
NTES, NVDA, TTWO, and report the descriptive statistics in Table 5.8. All the
indexes exhibit significant skewness and kurtosis. Jarq.Test results indicate that
this dataset deviates from normality significantly. We fit the log returns data to
Gaussian and Asymmetric Laplace distributions. Since Asymmetric Laplace model
achieve higher log-likelihood results compared to Gaussian model, we choose EM-AL

model for data fitting. Parameter estimation results are displayed in Table 5.8.

Descriptive Statistics
StD Mean Median  Skewness  Kurtosis Jarq.Test Jarq.Prob
CTRP | 12.5853  0.2100 0.0000 1.5907 16.5100 20786.4126 0.0000
MNST | 10.0679  0.4904 0.1587 1.9632 25.7988 50065.6119 0.0000
NFLX | 32.9311 1.5015 -0.0079 1.0314 20.0251 29796.6074 0.0000
NTES | 58.0910  2.7817 1.2700 1.2457 26.0418 50315.0307 0.0000
NVDA | 25.2360  1.6024 0.3175 1.7413 40.3981 120864.0386 0.0000
TTWO | 12.2826  0.8786 0.1587 2.1392 52.3926  203127.9368 0.0000

Gaussian EM-AL
Log-Likelihood -46400.25 -42798.03
Parameter Estimation

CTRP MNST NFLX NTES NVDA TTWO

I 0.2100 0.4904 1.5015 2.7817 1.6024 0.8786

b CTRP MNST NFLX NTES NVDA TTWO
CTRP 187.1236  25.4281  129.9104  246.6268 46.1539 40.0369
MNST 25.4281 116.7107  51.2572 82.0634 26.2438 23.5405
NFLX 129.9104 51.2572  900.1261  327.6980 122.5361 83.8650
NTES 246.6268  82.0634 327.6980 2380.8894 213.1414 121.1493
NVDA 46.1539 26.2438  122.5361  213.1414 259.7019 53.8530
TTWO 40.0369 23.5405 83.8650 121.1493 53.8530 111.0020

Table 5.8: Nasdaq data statistics

Then we consider increasing target expected returns
ro = 0.2100,0.4958,0.7815, 1.0673, 1.3530, 1.6388, 1.9245, 2.2102, 2.4960, 2.7817.

Results of skewness, kurtosis, sharpe ratio and VaR, ES results are summarized

in Table 5.9. Figure 5.9 displays the efficient frontiers at confidence level @ =
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0.01,0.05,0.10. These results show that the portfolio capture higher risk at high-
er « levels. Figure 5.10 displays the skewness, kurtosis, and Sharpe ratio tendency.
The optimal portfolios can be obtained from Eqn. (5.47) with the corresponding
VaR, ES, skewness, kurtosis and Sharpe ratio.

Table 5.9 and Figure 5.9 suggests that as 7o increases, all ES (ESgo1, ESo.0s5,
ESp.10) increases, indicating that higher return is derived from higher risk. It is
interesting that under the ALD assumption, as ry increases, Sharpe ratio and skew-
ness first decreases then increases accordingly. As « increases, VaR and ES measures
decreases. Thus, conservative investors can choose larger « levels and aggressive

investors would select smaller a levels.

r I o Skew Kurt Sharpe

1 0.2100 0.2100 8.5237 0.0739 6.0036 0.0246
2 0.4958 0.4958 7.5957 0.1951 6.0254 0.0653
3 0.7815 0.7815 7.8219 0.2973 6.0590 0.0999
4 1.0673 1.0673 9.1167 0.3472 6.0806 0.1171
5 1.3530 1.3530 11.1127  0.3608 6.0870 0.1218
6 1.6388 1.6388 13.5025  0.3597 6.0865 0.1214
7 1.9245 1.9245 16.1117  0.3541 6.0838 0.1194
8 2.2102 2.2102 18.8494  0.3478 6.0808 0.1173
9 2.4960 2.4960 21.6671  0.3418 6.0781 0.1152
10 2.7817 2.7817  24.5371 0.3365 6.0757 0.1134
VaRo.o1 | ESpo1  VaRoos ESoos VaRoio ESp.ao

1 23.0672 | 28.9903 13.5344 19.4575  9.4288 15.3519
2 19.8220 | 24.9509 11.5675 16.6963  8.0125 13.1413
3 19.7857 | 24.9397 11.4907 16.6447 7.9183 13.0723
4 227065 | 28.6414 13.1547 19.0896  9.0409  14.9758
5 27.5608 | 34.7713 15.9560 23.1665 10.9581 18.1686
6 33.4993 | 42.2627 19.3952 28.1586 13.3208 22.0843
7 40.0422 | 50.5132 23.1898 33.6608 15.9318 26.4028
8  46.9392 | 59.2083 27.1927 39.4619 18.6883 30.9575
9 54.0563 | 68.1800 31.3251 45.4488 21.5353 35.6590
10 61.3178 | 77.3329 35.5424 51.5576 24.4416 40.4567

Table 5.9: Efficient frontier analysis of Nasdaq data

159



VaR-ExpRet ES-ExpRet

n | w |
PN o
o | o |
i o
K] kol
¥ o ¥ w
5 2o x o |
> > .
11} ] "
B
o | o | 7
=] hal
Lt ot
h |
R B —— alpha=0.01 o4 —— alpha=0.01
- — - alpha=0.05 5 — - alpha=0.05
v A === alpha=0.10 A === alpha=010
T T
10 20 30 40 50 60 20 30 40 50 60 70
VaR ES
Figure 5.9: ALD efficient frontier of Hang Seng data
Sharpe Ratio Skewness Kurtosis
N w8 = 3]

Figure 5.10: Skewness, Kurtosis and Sharpe ratio tendency of Nasdaq data

160



Chapter 6

Concluding Remarks

In this chapter, we summarize the main results in this thesis and provide some

possible directions for further research.

6.1 Summary

This thesis consider LAD Generalized Lasso models, Constrained LAD Lasso mod-
els, selection of penalty parameter for compressive sensing and two models under
Asymmetric Laplace Distributions.

We first studied the LAD-Lasso problem, and derived the optimality condition
and a descent algorithm such that the nonsmooth optimization problem can be op-
timized directly. Numerical experiments with both simulated and real data have
been employed to demonstrate that our proposed method is more efficient than the
traditional interior point method and the state-of-the-art LP solver Gurobi. We
also proposed a new Active Zero Set Descent (AZSD) algorithm for LAD General-
ized Lasso problem. The main advantage of this algorithm is that the zero set can
be obtained without any user-chosen threshold values. Moreover, the algorithm is
proved to be convergent in finite steps where the stopping condition can be described
through infinitely many basis directional set explicitly. Nested iteration as in the in-

terior point algorithm is not needed. The estimation performances of the proposed

161



method are investigated based on simulation studies.

Then we proposed the MAD-Lasso portfolio selection strategy that can be re-
formulated as Constrained LAD Lasso with linearly equality constraints. Based
on nonsmooth optimality conditions, we derived a descent algorithm by updating
descent directions from basis directional set and optimal step length iteratively, ex-
tensive simulation studies and real data analysis show that our methodology is much
more time efficient than interior point method. For portfolio selection results, the
MAD-Lasso model can robustify portfolio selection models and encourages sparsity.

Next we present a two-level optimization approach to incorporate quality mea-
sures in a speech application such as compressive speech enhancement. The results
show that quality measures can be factored in the solutions by hyperparameterizing
the tuning parameter in the sparse reconstruction. By doing so, the solutions are
effectively tailored to the desired design attributes by a single parameter. The two-
level approach first compresses the big data and subsequently optimizes the sparse
the solution via the AIC, BIC model selection and the Gini performance index. The
set of solutions is then measured against the quality measures for the desired solution.
Comprehensive numerical experiments in a range of real-world noise with varying S-
NRs show that proper tuning of the hyperparameter can effectively trade-off between
speech distortion and noise suppression.

Finally, we consider two models under Asymmetric Laplace Distributions. We
first conduct a new robust procedure for mixture of regression with the assump-
tion of mixture asymmetric Laplace outliers under different skewness levels. An
EM algorithm is derived to estimate parameter upon the fact that the Asymmetric
Laplace distribution is a mixture of exponential and normal distribution. Extensive
simulations and real data analysis confirmed the efficiency of our algorithm. Then
we derive several equivalent portfolio selection methods under Asymmetric Laplace

Distribution framework that can be transformed to quadratic programming problem
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with explicit solutions. The Expectation-Maximization algorithm for parameter es-
timation of Asymmetric Laplace distribution is obtained and outperforms moment
estimation. There are several advantages of ALD models. First, the equivalence
of risk measures such as VaR, ES and StD faciliate the portfolio selection process
significantly. Second, the confidence levels of these models offer investors various

portfolio selection choices.

6.2 Further research

The investigation of LAD Generalized Lasso models, Constrained LAD Lasso mod-
els, selection of penalty parameter for compressive sensing and two models under
Asymmetric Laplace distributions in this thesis is a start for exploration of Lasso
regression and Asymmetric Laplace distributions. These topics are promising and

inspiring, some possible future works are as follows.

e LAD Generalized Lasso models.
The descent algorithm for LAD Generalized Lasso Models performs well under
nonsmooth optimization conditions. It is interesting to study the non-full-rank
cases in the future so that even p » n cases can be handled. Another possi-
ble research direction is to develop new algorithm for change-point detection

problem.

e Constrained LAD Lasso models.
We derive a descent algorithm for Constrained LAD Lasso with linearly equality
constraints, with applications in MAD-Lasso models. Further possible direc-
tions include partial index tracking, portfolio hedging and portfolio adjustment

under MAD-Lasso framework.

e Selection of penalty parameter for compressive sensing.
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Speech enhancement with compressive sensing is promising and intriging, we

may further investigate other signal performance measures, such as intelligibil-
ity.

e Two models under Asymmetric Laplace Distributions.
For mixture linear regression models, it is promising to extend the model to

high dimensional case; For portfolio selection under Asymmetric Laplace dis-

tribution, we can further consider Bayesian models.
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