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Abstract 

Magnetoelectric (ME) sensors have received considerable research and 

application attention as new generation passive magnetic field strength (MFS)-type 

magnetic sensors over the past decade because of their unique ability to directly detect 

MFSs and induce interestingly large ME voltages (on orders of mV vs. µV in Hall 

sensors) without the support of external power supplies, signal conditioners, and/or 

other auxiliary means as required by traditional active Hall sensors. Magnetic field 

gradients (MFGs) are the variations of MFSs per unit length in three-dimensional (3-D) 

space. MFG-type magnetic sensors, which generally consist of two MFS-type magnetic 

sensors (e.g., Hall sensors) spatially separated by a baseline to detect MFGs by 

differencing their output signals over the baseline, feature a unique and strong ability 

to suppress ambient (i.e., common-mode) noises. This distinct noise-suppression ability 

has enabled MFG-type magnetic sensors to play an increasingly crucial role in outdoor 

environments and critical applications involving high ambient noises. However, there 

does not appear to be any solid work to combine the merits of passive ME sensing with 

MFG noise suppression to realize standalone MFG-type ME sensors for the passive and 

direct detection of MFGs into electrical voltages. 

This thesis reports the theoretical and experimental studies on the realization 

of this novel type of ME sensors based on the MFG noise-suppression technique. The 

studies are also extended to the development of novel MFG-type ME current sensors, 

linear displacement transducers, and eddy-current probes for applications in electrical 

condition monitoring, electromagnetic positioning/navigation, and non-destructive 

evaluation, respectively. The proposed MFG-type ME sensors, in contrast to the state-

of-the-art MFS-type ME sensors, are essentially passive, small scale, and high 
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performance in terms of simultaneously high detection sensitivity, strong common-

mode noise rejection rate, small input-output nonlinearity, and low MFG noise over a 

broad frequency range under a small baseline. Original contributions of the works 

include: 

(1) A multi-objective and multi-constrain (MOMC) method to optimize configuration 

parameters (e.g., baseline, assembly configuration) as well as the figure-of-merits 

(e.g., detection sensitivity, common-mode noise rejection rate, input-output 

nonlinearity, and MFG noise) for general MFG-type magnetic sensors is proposed 

and developed by combining finite element analysis (FEA) and nonlinear 

programming theory. The thesis contributes a 3rd-order polynomial shape function 

to FEA for enabling a visualization of the 3-D distribution of the MFG matrix as 

well as a numerical verification of the symmetric and invariant zero-trace properties 

of the MFG matrix with excellent convergence of < 0.01%.  Then, a signal–noise 

model is established to validate the MOMC optimization method. The optimized 

design for general MFG-type magnetic sensors is found to have baseline to signal-

noise-distance ratio of 0.03–0.05 and position to signal-noise-distance ratio of <0.1.   

(2) A general fully-coupled multiphysics FEA model for the design, verification and 

optimization of gradient-type ME sensors is established by simultaneously solving 

the ME constitutive relations with magneto-mechano-electric governing equations. 

The FEA model is capable of performing dynamic analyses on spatial variables of 

magnetization, mechanical stresses, electric charges as well as lumped variables of 

resonant frequency, mode shape, ME voltage coefficients, detection sensitivity of 

the MFG-type ME sensors with different combinations of structures, material 

properties, and magneto-mechano-electric boundary conditions in different 

experiment configuration. Two detection modes, namely transverse mode and axial 

mode MFG-type ME sensors are empirically studied based on Terfenol-D/PZT-
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8/Terfenol-D sandwich-type ME composites. The ME voltage coefficients of the 

composites are calculated to be 231–974 V/T in the frequency range of 1 Hz–170 

kHz with the peak of 974 V/T at the resonance frequency of 120.3 kHz. A transverse 

MFG detection mode sensitivity of 4.93-36.44 V/(T/m) is achieved in the frequency 

range of 1 Hz–170 kHz under a transversely separated baseline of 35 mm. The other 

axial MFG detection mode ME sensor has achieved detection sensitivity of 0.21-

2.02 V/(T/m) in the frequency range of 1 Hz–340 kHz under an axially separated 

baseline of 15 mm. Relative error of <3% is achieved between the FEA and 

experimental results.  

(3) A novel MFG-type ME current sensor operating in transverse MFG detection and 

conversion mode is developed based on a pair of ME composites that have a back-

to-back capacitor configuration under a baseline and a magnetic biasing in an 

electrically-shielded and mechanically-enclosed housing. The physics behind the 

current sensing process is the product effect of the current-induced MFG effect 

associated with vortex magnetic fields of current-carrying cables (i.e., MFG 

detection) and the MFG-induced ME effect in the ME composite pair (i.e., MFG 

conversion). The output voltage of the current sensor is directly obtained from the 

transverse MFG-induced difference in ME voltage between the two ME composites 

and is calibrated against transverse MFGs to give a high transverse MFG detection 

sensitivity of 0.4–30.6 V/(T/m), a strong common-mode magnetic field noise 

rejection rate of <–14.5 dB, a small input-output nonlinearity of <10 ppm, and a 

low gradient noise of 0.16–620 nT/m/√Hz in a broad frequency range of 1 Hz–170 

kHz under a small baseline of 35 mm. An analysis of experimental gradient noise 

spectra obtained in a magnetically-unshielded laboratory environment reveals the 

domination of the pink (1/f ) noise, dielectric loss noise, and power-frequency noise 

below 3 kHz, in addition to the circuit noise above 3 kHz, in the transducer.  The 
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current sensing performance of the sensor is evaluated, both theoretically and 

experimentally, under multisource noises of electric fields, magnetic fields, 

vibrations, and thermals. The sensor combines the merits of small nonlinearity in 

the current-induced MFG effect with those of high sensitivity and high common-

mode noise rejection rate in the MFG-induced ME effect to achieve a high current 

sensitivity of 0.65–12.55 mV/A in the frequency range of 1 Hz–170 kHz, a small 

input-output nonlinearity of <500 ppm, a small thermal drift of <0.2%/°C in the 

current range of 0–20 A, and a high common-mode noise rejection rate of 17–28 

dB from multisource noises.  

(4) A novel MFG-type ME linear displacement transducer operating in axial MFG 

detection mode is developed based on the large ME effect and the MFG technique 

in a pair of magnetically-biased, electrically-shielded, and mechanically-enclosed 

ME composites having an axial orientation and separation. The output voltage of 

the transducer is directly obtained from the axial MFG-induced difference in ME 

voltage between the two ME composites and is calibrated against axial MFGs to 

give a high detection sensitivity of 1.4–71.6V/(T/m) in a broad frequency range of 

1 Hz–170 kHz under a baseline of 180 mm. The transducer is prototyped and 

deployed in a 1/10-scaled inspection vehicle–overhead cable model to 

experimentally evaluate its sensitivity, nonlinearity, and errors between the 

theoretical, numerical, and experimental data at different transverse displacements 

and assembled heights. An optimal height-to-baseline ratio of 1/√8 for satisfying 

the linear response condition with the constraint of displacement to ±50% of base 

length is analytically derived and experimentally verified with relative error less 

than 2%. It is expected that the proposed LDT can overcome the discontinuous 

response and nonlinearity problems intrinsic in traditional magnetic field-based 

LDTs, thereby providing a continuous displacement (movement) feedback with an 
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accuracy of ~ 1 mm. 

(5) A novel MFG-type ME eddy-current probe is developed based on the axial MFG 

detection mode to sense eddy current-induced MFGs. The probe consists of a pair 

of ME composites, an excitation coil, and a copper-screened plastic tube. The 

working principle is described by energizing the excitation coil with an AC current 

of constant amplitude to create a sinusoidal magnetic field and hence an eddy 

current in the conductive object to be evaluated; by generating an eddy current-

induced magnetic field in the opposite direction; and by detecting the opposite MFG 

using the ME composite pair to give an output voltage. On the basis of MFG 

technique, the common-mode magnetic field generated by the excitation coil is 

suppressed, and the presence of a surface or subsurface flaw will disturb the induced 

eddy currents which, in turn, can be directly monitored by the change of the output 

voltage of the probe. The probe is calibrated to have a high detection sensitivity of 

0.22–1.98 V/(T/m) in the frequency range of 1 Hz–340 kHz. The input resistance 

(excitation coil resistance) and output resistance of the probe are measured to be 

0.85 Ω and 20.4 MΩ in DC condition, and 30.8 Ω and 2 kΩ at the resonance 

frequency of 238 kHz, respectively. Both 1-D and 2-D non-destructive evaluation 

experiments are conducted by energizing the excitation coil with an AC current of 

65 mA peak at resonance and with a lift-off distance of 1 mm. The probe shows a 

strong capability of detecting groove, scratched, and erosion flaws with a resolution 

of ~0.1 mm and a positioning accuracy of 1.5 mm.  
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Chapter 1 

Introduction 

1.1 Magnetoelectric Sensors 

1.1.1 Magnetoelectric Effect and Materials 

The magnetoelectric(ME) effect in multiferroic materials has attracted an 

increasing attention from both scholars and engineers over the past decade because of 

the evolutional concept of multifunctionality in smart sensors, and innovative 

application potential in electrical power system condition monitoring, electromagnetic 

positioning and non-destructive testing [1-14].  

The ME effect is defined as magnetic field induced electric polarization. It 

was theoretically predicted by Pierre Curie in 1894 and first observed in single-phase 

chromium oxide crystal by D. N. Astrov in 1961 [15,16]. From the perspective of 

material, a key parameter to evaluate the ME effect is the ME field coefficient (α𝐸𝐸) 

defined as the unit change of magnetic field strength (𝐻𝐻) induced electric field (𝐸𝐸) 

expressed as: 

α𝐸𝐸 =
d𝐸𝐸
d𝐻𝐻

.  (1.1) 

Table 1.1 briefly summarized the milestones in the development ME 

materials. For a long time, it is found that the signal-phase ME material is rare in nature 

and hard to prepare artificially [17]. The extremally low ME field coefficient of signal-

phase ME material has limited its application in many practical problems. Alternatively, 

researchers turn to investigate the ME effect in multi-phases composites.  
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Table 1.1 Brief summary of ME materials and their ME field coefficients. 

Material Structure α𝐸𝐸 (𝐕𝐕/𝐜𝐜𝐜𝐜 ∙ 𝐎𝐎𝐞𝐞) Comments 

Cr2O3 Single-phase 0.02 First reported single-phase ME 
material, 1961 [16]. 

Co-Fe/Co-Ti Bonded 
composite 0.05 First ME composite, 1974 [18]. 

Terfenol-
D/PZT/Terfenol-D 

Laminated 
composite 5.9 Milestone of giant ME effect, 2001 

[19]. 

Ni/PMN-PZT/Ni Laminated 
composite 16 PMN-PT based, 2013 [20]. 

PZT/Ni/Metglas Cantilever 500 Highest reported α𝐸𝐸 in ME composite, 
2016 [21]. 

FeCo/PZT/AlN Thin-film 
cantilever 6900 Highest reported α𝐸𝐸 in ME thin-film, 

2017 [22]. 
 

Nowadays, the term of ME effect usually refers to the dynamic mechanical 

coupling of magnetostrictive (MS) effect and piezoelectric (PE) effect in multi-phases 

composites [23,24]. The multi-phases ME composite was initially proposed by van 

Suchtelen in 1972 and firstly fabricated by Philips Laboratory using Co-Fe/Co-Ti 

bonded composites with α𝐸𝐸 = 0.05 V/cm ∙ Oe in 1974 [18,25,26]. After that, it seems 

that the research on ME materials had undergone a long period of slow development. 

From the perspective of material selection, typical MS materials cover Terfenol-D, Ni, 

Permendur, Fe-Ga, Ni2MnGa and Metglas and typical PE materials includes PZT, 

PMN-PT, PZN-PT and PVDF [7,17,24]. The giant ME effect discovery in Terfenol-

D/PZT/Terfenol-D laminated composites in 2001 stimulated lot of concentrations. 

Then, the multi-phases ME composite based on PMN-PT improved the α𝐸𝐸  to a higher 

level of α𝐸𝐸 = 16 V/cm ∙ Oe [19,20]. To date, the highest reported multi-phases ME 

composite α𝐸𝐸  of 500 V/cm ∙ Oe in Magnets biased PZT/Ni/Metglas cantilever [21]. 
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More recently, the limit α𝐸𝐸  has been pushed to a top level of 6900 V/cm ∙ Oe in thin-

film multi-phases ME composite [22].  

Compared with single-phase ME materials, the multi-phases ME composites 

are believed to have high stability and low cost. In addition, these multi-phases ME 

composites can be easily cut into different shape to satisfy diverse structural 

requirements and fabricated into ME sensors for various applications such as magnetic 

field sensing and electric current measurement based on the detection of the magnetic 

field strength.  

We may find rapid increasing trend of α𝐸𝐸  from Table 1.1, however, for 

practical applications in ME magnetic field sensors or ME electric current sensors, one 

may be more concerned about voltage response in ME composites (𝑉𝑉ME) with respect 

to external magnetic field strength (𝐻𝐻), which is often called ME voltage coefficient 

(α𝑉𝑉) expressed as: 

α𝑉𝑉 =
d𝑉𝑉ME
d𝐻𝐻

. (1.2) 

It is necessary to distinguish the definition of α𝑉𝑉 in Eq. (1.2) and magnetic 

field sensor sensitivity (𝑆𝑆M) to be discussed in following sections. The former (α𝑉𝑉) 

concerns for the performance evaluation of ME composites, while the latter (𝑆𝑆M) is an 

integrated performance of ME sensors considering the sensors’ package, shield and 

assembly. In most cases, 𝑆𝑆M is smaller than α𝑉𝑉 because of the eddy current effects in 

the conductive shielding.  
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1.1.2 Magnetic Field Strength-Type Sensors 

The ME magnetic field sensors can detect the change in magnetic field 

strength (𝐻𝐻) and provide a corresponding output voltage (𝑉𝑉M) based on the ME effect 

described in Sec. 1.1.1. The sensitivity (𝑆𝑆M) of an ME magnetic field sensor is often 

defined as a change in sensor output voltage (𝑉𝑉M) in response to an applied magnetic 

field strength (𝐻𝐻) by: 

𝑆𝑆M =
d𝑉𝑉M
d𝐻𝐻

. (1.3) 

Eq. (1.3) suggests that ME magnetic field sensors is essentially implemented 

based on the detection of magnetic field strength (𝐻𝐻), which can be called as magnetic 

field strength-type ME sensors.  

Nowadays, most of reported ME magnetic field sensors are developed based 

on the coupled magneto–mechanical–electric dynamics in multi-phases MS–PE 

composites for the detection of AC magnetic field strength. In detail, the alternative 

magnetic field induced the mechanical strain in MS material, which is mechanically 

coupled to PE material resulting in piezoelectric charge accumulations on the surface 

(electrodes) of PE material. Based on the open circuit assumption, the accumulated 

charge or induced piezoelectric voltage outputs are corresponding to the magnetic field 

strength. Numerous studies focusing on the structure optimization has been conducted 

on AC ME magnetic field sensors to improve the ME voltage coefficient, among which, 

some popular structures are summarized in Fig. 1.1 [23,27-42].  

With the combination of MS–PE materials review in Sec.1.1.1 and different 

structures shown in Fig. 1.1, thousands of structures of AC magnetic field sensors were 

developed in the past decade. Among which, the sandwich structured L–T mode ME 

magnetic field sensors are verified and believed by many researchers to be the most 
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efficient type of ME magnetic field sensors with ME voltage coefficient up to 500 

mV/Oe. Besides, it is necessary to note that there are also studies aiming at improving 

ME coefficient by introducing flux concentration, optimizing material cut angle and 

pre-stressed dynamic response adjustment [42-44]. 

 
 

Fig. 1.1 Summary of typical AC ME magnetic field sensors structures. 
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Table 1.2 Comparison of various magnetic field strength-type sensors. 

 Detectable 
range* (T) 

Frequency 
response 

(Hz) 

Equivlent 
magnetic noise 
level* (T/√𝐇𝐇𝐇𝐇)  

Temp. 
(℃) 

Size 
(m) 

Power 
(W) Ref. 

ME 10−12~10−1 DC~108 10−11~10−9 –50~50 10−7~10−2 0 [10,11,45-
51] 

Induction 
coils 10−14~1 10~108 10−14~10−8 –200~550 10−3~1 0 [52,53] 

GMR 10−8~10−2 DC~104 10−10~10−9 –40~200 10−7~10−2 10−1 [54-57] 

Hall 10−6~1 DC~104 10−10~10−8 –40~150 10−3~10  10−1 [46,58,59] 

SQUID 10−15~10−1 DC~108 10−15~10−12 –269~ –196 10−3~10−1 >10 [60-62] 

Optically 
pump 10−12~10−2 10~103 10−14~10−11 –269~ –196 10−3~10−1 >10 [63,64] 

 

*  1 T=104 Gauss  104 Oe=79577 A/m in vacuum. 

*  Table cells marked by ‘     ’ suggest that the parameters are below or partially below the performance 

of ME magnetic field sensors.  
 

Table 1.2 shows a general comparison between magnetic field strength-type 

ME sensors and other magnetic field sensors in aspects of detectable magnetic field 

range, frequency response, equivalent magnetic field noise, operation temperature, size 

and power. The sensitivity is not compared in Table 1.2 since it has different unit 

depending on different sensing mechanisms. However, it is necessary to note that the 

ME magnetic field sensors have sensitivity up to 500 mV/Oe, which is more than 100 

times of most Hall magnetic field sensors [21,28]. Moreover, we see from Table 1.2 

that the ME magnetic field sensors have better detectable magnetic field range than 

giant magneto resistance (GMR) and Hall magnetic field sensors because of its high 

sensitivity and low equivalent magnetic field noise (will be further discussed in 

Sec.1.1.4). In addition, the ME magnetic field sensors have broad band frequency 

response range (DC~ 108  Hz), which is better than induction coils for ultra-low 

frequency magnetic fields detection, and better than (GMR) and Hall magnetic field 

sensors for high frequency magnetic fields detection. Compared with Superconducting 

Quantum Interference Device (SQUID) and optically-pumped magnetic field sensors, 
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the ME magnetic field sensors are free of cryogenic system, with an excellent thermal 

stability in temperature range of –50~60 ℃. Last but not least, ME magnetic field 

sensors detect the magnetic field strength passively with compacted size ranges from 

micrometer scale to centimeter scale, which are more competitive for portable 

applications compared with other type of magnetic field sensors.  

1.1.3 Magnetoelectric Sensors Applications 

The superiority in high detection sensitivity, passive sensing, broad-band 

frequency range, cost-effective enables ME sensors promising future applications in: 

(1) electric current sensing for electrical power system condition monitoring and fault 

diagnose, (2) displacement transducer for electromagnetic positioning in automated 

guided vehicles, unexploded ordnance detection system and medical tumor tracking 

system, and (3) eddy current probe for non-destructive testing (NDT) of cracks and 

corrosion in railway tracks.  

Fig. 1.2a shows the possible applications of ME electric current sensors in 

electrical power system to obtain real-time current signatures to perform electric system 

condition monitoring. In these applications, the ME electric current sensors can 

measure the current in cables by detecting the magnetic field strength (𝐻𝐻) around the 

cable based on the product effect of the Ampere’s law and the ME effect. Such current 

signatures include the distributions of the ratio of harmonic-to-fundamental current, 

total harmonic distortion, power factor, and frequency spectrum [6,45,65].  

Fig. 1.2b shows another promising application of ME displacement 

transducer to detect transverse displacements or movements of the inspection vehicles 

with respect to the guiding cables by measuring cable current induced the magnetic 

field strength or magnetic field gradient. This kind of displacement transducers, 
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functioning as feed-back control to the steering systems of the inspection vehicles, are 

especially important in electromagnetic navigation for vehicles or robots in harsh 

environment with high level ambient noise [66,67].  

Fig. 1.2c shows a possible application of ME eddy current probe for real-time 

cracks and corrosion NDT in railway tracks [68-70]. The ME eddy current probe can 

observe the surface cracks of conductive object by exciting the eddy current in the 

surface of the object and detecting disturbed opposite magnetic field strength generated 

by crack disturbed eddy current. 

 
Fig. 1.2 Possible applications of ME sensors for (a) electric current sensing in power 

system, (b) electromagnetic positioning transducer in automated guided 

vehicles and (c) NDT of cracks and corrosion in railway tracks [6,71-75]. 
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1.1.4 Superiorities and Challenges 

With the rapid development of magnetic measurement in above mentioned 

applications, the requirements for the magnetic field sensors have dramatically 

increased. Although the demands on size, power consumption, frequency response, 

operating temperature are varying from each application, the efforts for detecting 

smaller magnetic field is always on going. For a long time, much effort is paid on 

increasing ME voltage coefficient (α𝑉𝑉) by means of optimizing the material (Table 1.1), 

structures (Fig. 1.1) and sensing mechanisms (i.e., phase sensing and frequency shift 

etc.), however, the minimum detectable changes of magnetic field are not only 

determined by the sensitivity, but also the total output voltage noises from ME magnetic 

field sensor. For example, a running trainset may require thousands of current sensors 

to form a sensor network in a harsh operating environment involving high electric field 

noise induced by high voltage (>15 kV) devices, high magnetic field noise caused by 

heavy current (~1 kA) cables, high vibration noise raise from high running speeds (>120 

km/h), and large temperature variation in excess of ~40 ℃. When ME electric current 

sensors are assembled in power systems, their output will be significantly affected by 

the ambient magnetic field noises generated by surrounding cables and power devices. 

Hereby, it is necessary to pay attention to two key parameters, namely, the 

resolution and equivalent magnetic noise density for time-dependent evaluation and 

frequency-dependent evaluation, respectively. For an ME magnetic field sensor, the 

resolution is the smallest change of magnetic field strength that the sensor can detect. 

The resolution is an integrated figure of merit determined by its sensitivity (𝑆𝑆M), total 

output voltage noises density from magnetic field sensor (𝑣𝑣�M) and the bandwidth (∆𝑓𝑓) 

of the measurement circuit as: 
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𝑅𝑅M =
𝑣𝑣�M�∆𝑓𝑓 
𝑆𝑆M

. (1.4) 

On the other hand, the concept of equivalent magnetic noise density (ℎ�) is 

another key parameter for frequency-dependent evaluation of a magnetic field sensor 

defined as [76] 

ℎ� =
𝑣𝑣�M
𝑆𝑆M

.    (1.5) 

It should be noted that both resolution (𝑅𝑅M ) in Eq. (1.4) and equivalent 

magnetic noise density (ℎ�) in Eq. (1.5) are key parameters for a magnetic field sensor, 

because the former provides a direct information of minimum detectable magnetic field 

while the latter offers an inherent and overall spectrum of minimum detectable magnetic 

field independent of measurement circuit. It can be seen for Eqs. (1.4) and (1.5) that, 

both 𝑅𝑅M and ℎ� can be optimized by improving 𝑆𝑆M or suppressing 𝑣𝑣�M. To illustrate this 

problem, it is assumed that AC magnetic field with constant magnitude is measured by 

ME magnetic field sensors with (a) low sensitivity and high output voltage noises, (b) 

high sensitivity but high output voltage noises, and (c) high sensitivity and low output 

voltage noises, respectively. Fig. 1.3 shows a sketched waveform of output voltage 

under above mentioned three conditions, which could be deemed as common 

waveforms appear on the oscilloscopes in experiments.  

For the magnetic field strength-type ME sensor in Fig. 1.3a, the voltage 

output induced by measured magnetic field strength is overlapped by output voltage 

noises, resulting in poor resolution and high equivalent magnetic noise density. This 

can be partially alleviated by increasing the sensitivity of magnetic field strength-type 

ME sensor, but the waveform in Fig. 1.3b indicates the amplitude of output voltage 
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noises are simultaneously amplified. In addition, as review in Sec.1.1.1 and Sec.1.1.2, 

it seems appears a bottle neck for improving sensitivity of magnetic field strength-type 

ME sensors by means of optimization on material and structure design.  

However, Fig. 1.3c indicates that the clear ME sensor output voltage 

waveform well sync with the changes of magnetic field strength by using ME magnetic 

field sensor with high sensitivity and low output voltage noises. It suggests the urgency 

of seeking alternative way to improve the resolution of ME sensors by means of 

suppressing total output voltage noises. Traditional noise supersession techniques 

including filter, lock-in and shielding techniques are verified to be effective to reduce 

non-common-mode noise, however, have no effects on the common-mode noise at the 

same frequency of magnetic field to be measured. Moreover, for the applications of 

magnetic source positioning and eddy-current testing, despite the noise problem just 

mentioned, the conventional magnetic field strength based detection requires magnetic 

field strength-type ME sensors array and detecting the magnetic field strength anomaly, 

resulting in high cost but low accuracy.  

In summary, magnetic field strength-type ME sensors based on the detection 

of the magnetic field strength have merits of:  

(1) High detection sensitivity; 

(2) Passive sensing; 

(3) Broad-band operating frequency; 

(4) Tailor-designed structure; 

(5) Cost-effective.  
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Fig. 1.3 A sketched output voltage waveforms of ME magnetic field strength-type 

sensors with (a) low sensitivity and high output voltage noises, (b) high 

sensitivity but high output voltage noises, and (c) high sensitivity and low 

output voltage noises.  
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Meanwhile, magnetic field strength-type ME sensors are challenged in 

aspects of:  

(1) Less effective in common-mode noise suppression.  

(2) Unacceptable resolution for precision magnetic field measurement. 

(3) Limited information provided by magnetic field strength. 

(4) Unable to obtain the spatial variation of magnetic field. 

  



 
Chapter 1  

  
THE HONG KONG POLYTECHNIC UNIVERSITY 

 
 

ZHANG MINGJI                        14 

1.2 Magnetic Field Gradient Technique 

Magnetic field gradient (MFG) technique is the study and measurement of 

spatial variations of non-uniform magnetic fields. To visually illustrate the concept of 

magnetic field gradient, an example of magnetic field and its gradient generated by a 

solenoid is shown in Fig. 1.4a. The magnetic field along the axial direction of the 

solenoid is uniformly distributed in the middle part, while decreased rapidly at the ends 

of the solenoid (Fig. 1.4b). This results in the non-zero magnetic field gradient at the 

ends of the solenoid as shown in (Fig. 1.4c). Different from traditional magnetic field 

study that focus on its direction and strength, the MFG can provide detailed information 

on the spatial rate of change of magnetic field. By using magnetic field gradient-type 

sensor (also known as magnetic gradiometer to be discussed in Sec. 1.2.1), the MFG 

technique is capable of obtaining both magnetic field and MFG simultaneously with 

excellent performance on common-mode noise suppression [52,77,78].  

 
Fig. 1.4 Illustration of (a) magnetic field strength (|H|) and its directions, (b) magnetic 

field strength (|H|) along its axial direction, and (c) axial magnetic field gradient 

in its axial direction of a solenoid.   

(a) 

(b) 

(c) 

Magnetic field plot 

Magnetic field gradient plot 
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1.2.1 Theoretical Description of Magnetic Field Gradient 

Theoretically, the MFG tensor (𝐆𝐆) are the spatial differential of magnetic field 

(𝐇𝐇) with respect to position vector (𝐫𝐫) in Cartesian coordinate system (x, y, z) expressed 

in Eq. (1.6) or in component form written in Eq. (1.7). 

𝐆𝐆 =
𝜕𝜕𝐇𝐇
𝜕𝜕𝐫𝐫

.    (1.6) 

𝐆𝐆 = �
𝐺𝐺𝑥𝑥𝑥𝑥 𝐺𝐺𝑥𝑥𝑦𝑦 𝐺𝐺𝑥𝑥𝑥𝑥
𝐺𝐺𝑦𝑦𝑥𝑥 𝐺𝐺𝑦𝑦𝑦𝑦 𝐺𝐺𝑦𝑦𝑥𝑥
𝐺𝐺𝑥𝑥𝑥𝑥 𝐺𝐺𝑥𝑥𝑦𝑦 𝐺𝐺𝑥𝑥𝑥𝑥

� =

⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑥𝑥

𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑦𝑦

𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑥𝑥
𝜕𝜕𝐻𝐻𝑦𝑦

𝜕𝜕𝑥𝑥

𝜕𝜕𝐻𝐻𝑦𝑦

𝜕𝜕𝑦𝑦

𝜕𝜕𝐻𝐻𝑦𝑦

𝜕𝜕𝑥𝑥
𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑥𝑥

𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑦𝑦

𝜕𝜕𝐻𝐻𝑥𝑥

𝜕𝜕𝑥𝑥 ⎦
⎥
⎥
⎥
⎥
⎤

.    (1.7) 

1.2.2 Magnetic Field Gradient-Type Sensor  

The sensor for the measurement and determination of MFG is magnetic field 

gradient-type sensor, also known as magnetic gradiometer. A gradiometer generally 

consists of two or more spatially arranged magnetic field sensors with fixed separating 

distance (the baseline, L). The most widely used scaler gradiometer consists two 

spatially arranged magnetic field sensors (subscripted by A and B) with fixed separating 

distance (L) along their baseline direction to measure the specific component of gradient 

tensor (𝐺𝐺𝑖𝑖𝑖𝑖). Since there are nine components in Eq. (1.7), there are nine types of scaler 

gradiometer configurations as shown in Fig. 1.5. For instance, scaler gradiometer for 

measuring 𝐺𝐺𝑧𝑧𝑧𝑧 is formed by separating two z-sensitive magnetic field sensors along x-

axis with distance L.  The gradiometer obtains 𝐺𝐺𝑖𝑖𝑖𝑖 by dividing measured magnetic field 

difference (∆𝐻𝐻𝑖𝑖) by L. This means the differential operation in Eq. (1.7) is practically 

approximated by differencing operation as: 
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𝐺𝐺𝑖𝑖𝑖𝑖 =
𝜕𝜕𝐻𝐻𝑖𝑖
𝜕𝜕𝑗𝑗

≈
∆𝐻𝐻𝑖𝑖
𝐿𝐿𝑖𝑖

  (𝑖𝑖, 𝑗𝑗 = 𝑥𝑥,𝑦𝑦, 𝑥𝑥).    (1.8) 

where ∆ is the differencing operator and 𝐿𝐿𝑖𝑖 is the baseline in 𝑗𝑗 direction. 

 
Fig. 1.5 Nine configurations for scalar magnetic gradiometer. 
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Supposing that each magnetic field sensor has linear output voltage 

corresponding to magnetic field along its sensitive axis i with sensitivity 𝑆𝑆M,𝑖𝑖, Fig. 1.6 

shows that the voltage output of gradiometer (𝑉𝑉G) is obtained by differencing the output 

voltages (𝑉𝑉M,A , 𝑉𝑉M,B) of magnetic field sensor as: 

𝑉𝑉𝐺𝐺 = 𝑆𝑆𝑀𝑀,𝑖𝑖�𝐻𝐻𝑖𝑖,𝐴𝐴 − 𝐻𝐻𝑖𝑖,𝐵𝐵�.   (1.9) 

 
Fig. 1.6 Circuit diagram of a scaler magnetic gradiometer. 

Combining Eqs. (1.8) and (1.9), the measured magnetic field gradient field 

can be reads from voltage output of gradiometer (𝑉𝑉G) as: 

𝐺𝐺𝑖𝑖𝑖𝑖 =
𝑉𝑉𝐺𝐺

𝑆𝑆𝑀𝑀,𝑖𝑖𝐿𝐿𝑖𝑖
.     (1.10) 

The sensitivity of gradiometer (𝑆𝑆G,𝑖𝑖𝑖𝑖 or 𝑆𝑆G for simplicity) is defined by 𝑉𝑉G 

over 𝐺𝐺𝑖𝑖𝑖𝑖 as: 

𝑆𝑆𝐺𝐺,𝑖𝑖𝑖𝑖 =
𝑉𝑉𝐺𝐺
𝐺𝐺𝑖𝑖𝑖𝑖

= 𝑆𝑆𝑀𝑀,𝑖𝑖𝐿𝐿𝑖𝑖 .    (1.11) 

Besides the function of measuring MFG, the other significant function of 

MFG technique is to suppress the common-mode noises in the two magnetic field 

sensors (𝑣𝑣�M,A  and 𝑣𝑣�M,B ). As shown in Fig. 1.7, the output voltage noises in each 
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magnetic field sensor are contributed by magnetic field induced voltage noise (𝑣𝑣�𝐻𝐻), 

electric field induced voltage noise (𝑣𝑣�𝐸𝐸), vibration induced voltage noise (𝑣𝑣�vb) and 

thermal voltage noise (𝑣𝑣�𝑇𝑇) as: 

𝑣𝑣�M,A ≈ 𝑣𝑣�M,B = 𝑣𝑣�𝐻𝐻 + 𝑣𝑣�𝐸𝐸 + 𝑣𝑣�𝑣𝑣𝑣𝑣 + 𝑣𝑣�𝑇𝑇 .   (1.12) 

And the voltage output of gradiometer (𝑉𝑉G) in Eq. (1.9) can be rewritten as 

𝑉𝑉𝐺𝐺 = 𝑆𝑆𝑀𝑀,𝑖𝑖�𝐻𝐻𝑖𝑖,𝐴𝐴 − 𝐻𝐻𝑖𝑖,𝐵𝐵� + 𝑣𝑣�𝐺𝐺�∆𝑓𝑓,  (1.13) 

where 𝑣𝑣�G is the voltage noises in the gradiometer output expressed as the differencing 

of (𝑣𝑣�M,A and 𝑣𝑣�M,B) as: 

𝑣𝑣�𝐺𝐺 = 𝑣𝑣�𝑀𝑀,𝐴𝐴 − 𝑣𝑣�𝑀𝑀,𝐵𝐵 ≈ 0.  (1.14) 

 
Fig. 1.7 Noise coupling diagram of magnetic field gradient technique. 
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Superior to magnetic field-strength type sensors, the magnetic field gradient-

type sensors assumes that 𝑣𝑣�𝐻𝐻, 𝑣𝑣�𝐸𝐸 , 𝑣𝑣�vb and 𝑣𝑣�𝑇𝑇 have same amplitude and phase between 

two magnetic field sensors and can be canceled by using differencing circuit (Fig. 1.6), 

resulting in 𝑣𝑣�G ≈ 0.  

Therefore, in a like manner with magnetic field strength-type sensor, a 

magnetic field gradient-type sensor resolution (𝑅𝑅G) and its equivalent gradient noise 

density (𝑔𝑔�) can be defined by its sensitivity (𝑆𝑆G), gradiometer total output voltage noises 

density (𝑣𝑣�G) and measurement bandwidth (∆f) as 

𝑅𝑅𝐺𝐺 =
𝑣𝑣�𝐺𝐺�∆𝑓𝑓 
𝑆𝑆𝐺𝐺

, (1.15) 

𝑔𝑔� =
𝑣𝑣�𝐺𝐺
𝑆𝑆𝐺𝐺

.   (1.16) 

State-of-the-art of magnetic gradient-type sensor (magnetic gradiometer) 

obtain the difference signal between two spatially separated magnetic field sensors with 

fixed baseline (separating distance) and then normalize it with respect to the separation 

between the two magnetic field sensors to eliminate ambient noise and to assure 

detection sensitivity.  

 
Fig. 1.8 Schematics of coils gradiometers: (a) vertical type, (b) planar type and (c) 

asymmetric type [52].  

(a) (b) (c) 
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Fig. 1.8 presents three typical configurations of coil magnetic gradiometer, 

namely, vertical type (Fig. 1.8a), planar type (Fig. 1.8b) and asymmetric type (Fig. 1.8c). 

In each of them, two coils are anti-serially wounded to perform intrinsic differencing 

and ensure their output voltages proportional to the MFG to be measured. For the 

asymmetric type of coil gradiometer in Fig. 1.8c, a well-designed coils magnetic 

gradiometer should have same effective cross section (turns multiplied by coil area) of 

each coil. This guarantees zero output voltages in uniform magnetic field (zero MFG). 

A widely-used kind of magnetic gradiometer based on superconducting 

quantum interference devices (SQUIDs) is shown in Fig. 1.9. The SQUIDs magnetic 

gradiometer consists a pair of anti-serially connected pick-up coils with a coupler in the 

middle of them and SQUIDs under the coupler. The pick-up coils and coupler are often 

made of superconducting thin-films or wires. The existence of non-zero MFG among 

pick-up coils will induce unbalanced current in the coupler resulting in magnetic flux 

changes through the coupler, which can be measured by ultra-sensitive SQUIDs 

magnetic field sensor.  

 
Fig. 1.9 Schematics of superconducting flux transformer in SQUIDs magnetic 

gradiometer [79]. 
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Another type of portable magnetic gradiometer based on cubic array of flux-

gate magnetic field sensors for electromagnetic positioning is shown in Fig. 1.10. It is 

an integrated MFG sensing system consists of eight fluxgate sensors to form four 

magnetic field gradiometers mounted on a supporting frame. The fluxgate output 

voltages are converted to digital signals by 24-bit analog-digital converters and digitally 

differenced by a CPU to obtain MFGs.  

 
Fig. 1.10 Schematics of a portable flux-gate gradiometer configuration based on 8 cubic 

arrayed flux-gate magnetic field sensors [80].  

To date, few research on ME magnetic gradiometer is reported. Fig. 1.11 

shows a study of common-mode noise rejection based on two Metglas/PZT ME 

laminate magnetic field sensors operation in differencing mode is reported by Y. Shen 

et al. in 2011 [81,82]. The results show that the common-mode noises are 20 times 

rejected, however did not provided detailed investigation on the design, optimization 

and sensitivity of magnetic gradiometer. As matter of fact, this kind of ME magnetic 

gradiometers are ME magnetic sensors operating in differencing mode but not the real 

ME magnetic gradiometers because they fail to consider the important function of a 

magnetic gradiometer, that is, measuring the MFG and provide corresponding output. 
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Fig. 1.11 ME magnetic field sensors operating in differencing mode. (a) one of the ME 

magnetic field sensor, and (b) the signal percussing system [81].  

Table 1.1 Summary of typical magnetic gradiometers. 

Mechanism Baseline 
(m) 

Resolution 
(nT/m) 

Power 
(W) 

Mass 
(kg) 

Temp. 
(K) Ref. 

Magnetoelectric <0.1 -- 0 <0.01 room [81] 
Flux-gate 
GRAD601 1 0.1 0.8 0.83 room [83,84] 

Flux-gate 
Geoscan-FM2556 0.5 1 5.6 2.5 room [85] 

Optically-pumped 0.02 <0.001 >0.15 N/A 4 K [63] 

SQUID 0.1 0.01 N/A N/A 77 K [79] 

Hall ≈0.2 >50 ≈0.1W <0.01 room [46,86] 
 

Table 1.3 summarizes some typical magnetic gradiometers and their major 

parameters including, mechanism, gradient resolution (𝑅𝑅G), baseline, power and mass. 

We see from Table 1.3 that the ME magnetic gradiometer is possible to inherits most 

of advantages of ME magnetic field strength-type sensors and is promising to be applied 

for the detection of MFG. Compared with fluxgate magnetic gradiometers, ME 

magnetic gradiometer is competitive resolutions with passive sensing feature. 

Compared with optically-pumped gradiometers, ME magnetic gradiometer has 

compacted size without the cryogenic refrigeration system. Compared with Hall 

magnetic gradiometer, the ME magnetic gradiometer has more than 10 times better 

resolution and free of power supply.  

(b) (a) 
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1.2.3 Magnetic Field Gradient-Type Sensors Applications  

The MFG technique was promoted by the demands of geomagnetic based 

mineral exploration and earthquake prediction for the purpose of suppressing the 

background magnetic field noise generated by the earth [79,87]. It is known that the 

earth magnetic field strength ranges of 0.25 Oe ~ 0.65 Oe (equivalent to magnetic flux 

density from 25 𝜇𝜇T to 65 𝜇𝜇T). However, the magnetic field variation caused by mineral 

distribution are generally in level of 10 nT . Such a small amount of changes is 

impossible to be detected by magnetic field strength measurement, but detestable by 

using MFG technique. The geomagnetic mineral exploration and earthquake prediction 

based on MFG technique are conducted in kilometer scale by scanning magnetic field 

and its gradient using airborne flying over the detecting areas. An example of 

geophysics MFG system is shown in Fig. 1.12. It offers very high resolution using 

fixed-wing aircraft, the MFG is measured by two optically pumped magnetic field 

sensors with vertical and horizontal baselines of 2.64 m and 19 m, respectively. The 

measurement of magnetic field and its gradient can be obtained simultaneously with an 

overall system resolution of 0.01 nT for magnetic field measurement, and 0.02 nT/m 

for MFG measurement [88].  

Traditional magnetic field strength-type sensor only measures one scaler 

component of magnetic field or magnetic field strength. However, MFG tensor have 

nine components, among which, some of them can provide more detail information to 

be used for inversed problem such as electromagnetic positioning and NDT etc. For 

example, in application of electromagnetic positioning, magnetic field sensor need to 

perform scanning or magnetic field sensors array to detect the magnetic field anomaly 

which is a time-consuming process and expansive method and impossible for large area 
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surveys. Alternatively, the MFG technique can directly obtain the magnetic source 

based on one or several components of MFG tensor. An example of Unexploded 

Ordnance (UXO) electromagnetic positioning based on MFG technique is shown in Fig. 

1.12b.  MFG technique can be also applied for the real-time tumor tracking as a 

supplementary method for medical treatment and diagnoses as shown in Fig. 1.12c [89]. 

The system uses two spatially distributed (SQUID) magnetic field sensors on CT 

scanner. It is reported that implantable transmitter signal sources can be positioned 

within 1000 mm with accuracy smaller than 2 mm.  

 
Fig. 1.12 Magnetic field gradient technique application in (a) geomagnetism survey, (b) 

unexploded ordnance (UXO) detection and (c) real-time tumor tacking 

[83,88,89]. 

2.64 m 

(a) 

(b) (c) 
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1.2.4 Advantages and Limitations  

Different from the magnetic field strength-type sensors, the magnetic field 

gradient-type sensors have advantages in:  

(1) Simultaneously obtaining the magnetic field strength and its gradient. 

(2) Suppressing the common-mode noise. 

(3) Smaller detectable magnetic field.  

(4) Providing rich information for inverse problems such as electromagnetic 

positioning and NDT.  

However, as reviewed above, it is found that most previous studies on ME 

gradiometers have limitations in 

(1) Insufficient investigations on ME magnetic gradiometer. 

(2) Confused figure of merit to evaluate the performance of magnetic 

gradiometer. 

(3) Incomplete design optimizations. 

(4) Limited utilization of MFG in inverse problem for practical applications such 

as current sensing, electromagnetic positioning and NDT. 

1.3 Project Motivation 

The rapid development of magnetic measurement give the birth to higher 

requirements on resolution of magnetic field sensors. So, there is always demand to 

detect smaller change of magnetic field, based on which to characterize and identify 

finer cracks and their type in non-destructive testing, to sensing more precise position 

change in electromagnetic positioning, and to obtain higher accuracy in electric current 

measurement.  

As discussed in Sec. 1.1.4, the resolution of a ME magnetic field sensor is not 
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only determined by its sensitivity, but also the output voltage noises. To date, thousands 

of previous studies on ME magnetic field strength-type sensors are aiming at improving 

the sensitivity either by structure optimization or materials optimization. The ME 

voltage coefficients have been improved by thousands of times. 

 
Fig. 1.13 Diagram of the project motivation. 

However, as illustrated in Fig. 1.3, the output voltage noises increase with the 

increasing of ME magnetic field sensor’s sensitivity, because output ambient magnetic 

field noise induced voltage noises will also be amplified when sensitivity increases. It 

seems that improving the resolution by means of increasing sensitivity is encountering 

a bottleneck. Alternatively, it is necessary to improve the resolution by means of 

suppressing output voltage noises. Although traditional noise suppressing techniques 
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such as filter, phase lock-in and shielding are effective to suppressing most noises, but 

invalid for the common-mode noises (e.g., the ME electric current sensors are subjected 

to high-level magnetic field noises raised from surrounding cables). MFG technique 

has been verified to be most effective way to reduce common-mode noises, therefore, 

becoming and irreplaceable technique to improve the resolution of ME magnetic field 

sensors.  

On the other hand, magnetic field strength-type ME sensors can only provide 

limited information of magnetic field strength at one point. It requires ME magnetic 

field sensors array or sequential scanning to obtain the whole map of magnetic field 

strength for cracks characterization and positioning in applications of non-destructive 

testing and electromagnetic positioning, respectively. This will dramatically increase 

the cost and time. By contrast, magnetic field gradient-type ME sensors are capable of 

obtaining the magnetic field strength and its gradient simultaneously. The physical 

quantities of MFGs are experimentally verified that it can be directly utilized to some 

inverse problem (e.g., the magnetic object positioning based on MFGs tensor). 

Nevertheless, most previous studies focus on the development of magnetic gradiometer 

with high common-mode noise suppression rate but insufficient in investigation on how 

to use MFGs for inverse-problem despite of STAR method for magnetic object 

positioning. As matter of fact, the MFG tensor has nine components in its tensor matrix, 

some of them are promising to be used in applications in applications of non-destructive 

testing and electromagnetic positioning. Also, state-of-art of magnetic gradiometers 

does not have a complete set of figure of merit for systematic evaluation and model for 

configuration optimization. Therefore, based on the facts above, a diagram of the 

project motivation is shown in Fig. 1.13. It is of great significance to investigate ME 
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sensors based on MFG technique, the magnetic field gradient-type ME sensors, by 

integrating the high-sensitivity, low price, self-power, broad-band frequency response 

and compacted size advantages in magnetic field strength-type ME sensors, common-

mode noise suppression and synchronous measurement of magnetic field strength and 

its gradients in magnetic field gradient-type ME sensors. 

1.4 Aim and Objectives 

The aim of present study is to develop magnetic field gradient-type ME 

sensors with high resolution by means of suppressing common-mode output voltage 

noises, and extend their possible applications as ME current sensors, displacement 

transducer, and eddy current sensors based on detection of magnetic field gradients. In 

detail, it includes following objectives:  

(1) To optimize the configurations of magnetic gradiometer in an integrated manner 

for better resolution, higher sensitivity, lower equivalent magnetic noise, smaller 

systematic error, large signal to noise ratio based on theoretical investigation of 

MFG technique.  

(2) To formulate and verify general set of constitutive-equations for ME sensors finite 

element analysis (FEA) based on multi-physical coupling. Built and test the FEA 

model of ME magnetic field sensor and ME gradiometer.  

(3) To develop and fabricate ME current sensor based on MFG technique for 

suppressing common-mode output voltage noises raising from magnetic field, 

electric field, vibration and thermal noises. Design and conduct experiments to 

independently investigate the effects of ambient magnetic field, electric field, 

vibration and thermal noises and evaluate the common-mode output voltage noises 

suppressing performance.  
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(4) To theoretically extend the utilization of MFG for inversed problem of 

electromagnetic positioning. Design, fabricate and evaluate ME displacement 

transducer based on MFG technique for electromagnetic positioning.  

(5) To theoretically extend the utilization of MFG for inversed problem of non-

destructive testing. To design, fabricate and evaluate Eddy current sensor based on 

MFG technique for non-destructive testing.  

1.5 Thesis Outline 

The work of ME sensors based on magnetic field gradient technique will be 

presented as following sequences in this thesis.  

Chapter 1 is initialized by reviewing the applications, superiorities of ME 

sensors; followed by a summary of magnetic field gradient-type ME sensors from the 

perspective of material and structural; then, the challenges of magnetic field gradient-

type ME sensors are indicated. The second part of chapter 1 introduces the MFG 

technique in aspects of common-mode noise suppression and measurement of MFG 

itself; next, several types of exist magnetic gradiometer are introduced and compared. 

Finally, significance, aim and objectives of this work are stressed by integrating the 

advantages of ME sensors and MFG technique.  

Chapter 2 begins with theoretical formulation of MFGs and its properties; 

followed by the modeling of magnetic field and its gradients generated by typical types 

of magnetic sources; then, introducing typical configurations of magnetic gradiometer 

and the mechanism of common-mode noise suppression in magnetic gradiometer; 

Finally, a general optimized procedure for the magnetic gradiometer design is given 

aiming at obtaining better resolution, higher sensitivity, lower equivalent magnetic 

noise, smaller systematic error, large signal to noise ratio.  
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Chapter 3 start with introducing the structure and operating principle of a L–

T mode ME composite. Constitutive-equations of ME sensors are formulated for 

general FEA modeling in a multi-physics coupling form. The dynamic characterization 

process of ME magnetic field sensor and ME magnetic gradiometer are modeled and 

analyzed. 

Chapter 4 introduces the conceptual design, operating mechanism, 

fabrication, characterization and performance evaluation of ME electric current sensor 

based on MFG technique. 

Chapter 5 introduces the operating mechanism, structural optimization, 

fabrication, characterization and calibration results of ME linear displacement 

transducer based on MFG technique for positioning. 

Chapter 6 introduces the operating mechanism, structural optimization, 

fabrication, characterization and calibration results of ME eddy current sensor based on 

MFG technique for non-destructive testing. 1-D and 2-D scanning results of corrosion, 

impacted and scoring cracks are discussed based on both magnetic field strength and 

MFG data.  

Chapter 7 concludes the major finding in this work and indicates the future 

direction of ME sensors based on MFGs.  
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Chapter 2  

Magnetic Field Gradients Analysis and 

Magnetic Gradiometer Optimization 

2.1 Introduction 

As reviewed in Chapter 1, the most significant function of magnetic field 

gradiometer is measuring MFG with suppression of common-mode noises. It is of great 

importance to investigate the magnetic field gradients to be measured. However, it is 

almost impossible to measure each component in MFG tensor point by point to form a 

MFG tensor map in 3-D space by experiments. Although the concept and definition of 

MFG has been proposed since 1944, only few studies investigated 1-D and 2-D 

distribution of MFG [90], which are insufficient to reveal the properties of MFG. The 

difficulty of 3-D analysis of MFG distribution in space lies in the requirements on 

second-order derivable shape function and its corresponding large calculations works. 

In the present chapter, this is solved by using improved third-order shape functions for 

FEM modeling. In Sec. 2.2, governing equations for the FEA on magnetic field 

gradients generated by arbitrary shape magnets, high permeability objects and current-

carrying conductors are formulated. The spatial distribution and patterns of nine 

components of magnetic field gradient tensor are firstly provided.  

On the basis of FEM models in Sec. 2.2, Sec. 2.3 reports a simplified model 

for the investigation on the relationship between figure of merits (FOMs) of a magnetic 
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gradiometer and its configuration parameters of baseline (L) and assembly position (𝑟𝑟s). 

Besides the sensitivity (𝑆𝑆G), resolution (𝑅𝑅G) and equivalent gradient noise (𝑔𝑔� ) reviewed 

in Chapter 1, a complete set of FOMs including gradiometer output voltage (𝑉𝑉G ), 

systematic error (𝑒𝑒sys), common-mode rejection ratio (CMRR) and signal to noise ratio 

(SNR) are developed and studied.  

To fulfill the requirements on magnetic gradiometer for different practical 

applications of MFG technique, a multi-objective functions and multi-constrains 

optimization method is developed based on the integration of FEM and non-linear 

programming theory in Sec. 2.4.  

2.2 Finite Element Analysis of Magnetic Field Gradient 

Most real-world magnetism problems concern geometries with complex 

shapes, and therefore it is difficult to formulate physical fields to satisfy different types 

of boundary conditions by traditional variational and weighted residual methods [91,92]. 

However, the finite element methods (FEM) discretize given domains by a collection 

of simple geometric shapes (i.e., tetragonal, bricks, prisms, and pyramids for 3D 

geometry), and then assemble shape functions of each elements. By solving the shape 

function coefficients subject to boundary conditions using Galerkin’s method, 

distribution of dependent variables in the solving domain can be obtained. The ability 

to discrete arbitrary geometry by irregular elements make the FEM a powerful tool for 

analyzing magnetism problems with complex boundary conditions [93]. Previous 

studies improved the accuracy of FEM model by means of increasing the mesh numbers. 

However, this is only suitable for numerical study of magnetic field but unable to obtain 

magnetic field gradients because of the limitation in maximum orders of shape 
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functions. FEA on MFGs requires not only finer mesh, but also higher order shape 

functions for the dependent variable to be solved. By adopting third-order shape 

function in FEM modeling, the 3D distribution of MFGs raising from magnets, high 

permeability objects in background magnetic fields and current-carrying conductors are 

firstly investigated.  

2.2.1 Element Type and Shape Functions 

In FEM, the shape function is the function that interpolates the dependent 

variable solutions between the discrete values at the mesh nodes. Third-order free 

tetragonal element is adopted for considering of arbitrary geometry subdividing.  For 

static magnetism problem, the magnetic scalar potential (𝜑𝜑m) is often designated as 

dependent variable. This is suitable for current-free magnetism problems such as 

magnetic field generated by magnets and magnetization. And the magnetic field (𝐇𝐇) 

can be represents by 𝜑𝜑m as 

𝐇𝐇 = −∇𝜑𝜑m                                                    (2.1) 

The approximate solution of 𝜑𝜑m  in static magnetism problem can be 

approximated by the sum of nth-order polynomial functions (𝑁𝑁𝑖𝑖) at each element as 

𝜑𝜑m = �𝑐𝑐𝑖𝑖𝑁𝑁𝑖𝑖

𝑁𝑁

𝑖𝑖=0

                                                 (2.2) 

where N is the total number of mesh element, 𝑐𝑐𝑖𝑖 is the coefficients, which represent the 

value of the unknown function at the element i.  For four nodes tetragonal element (each 

node numbered as j=1,2,3,4), the coordinate dependent nth-order polynomial shape 

function (𝑁𝑁𝑖𝑖) can be written as 
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𝑁𝑁𝑖𝑖 = ��𝑎𝑎𝑖𝑖,𝑖𝑖𝑥𝑥𝑝𝑝
4

𝑖𝑖=1

+ 𝑏𝑏𝑖𝑖,𝑖𝑖𝑦𝑦𝑝𝑝 + 𝑐𝑐𝑖𝑖,𝑖𝑖𝑥𝑥𝑝𝑝 + 𝑑𝑑𝑖𝑖,𝑖𝑖 
𝑛𝑛

𝑝𝑝=1

.                      (2.3) 

In Eq. (2.3), the coordinates (𝑥𝑥,𝑦𝑦, 𝑥𝑥) are constant values after meshing. The 

coefficients, (𝑎𝑎𝑖𝑖,𝑖𝑖 ,  𝑏𝑏𝑖𝑖,𝑖𝑖 , 𝑐𝑐𝑖𝑖,𝑖𝑖 , 𝑑𝑑𝑖𝑖,𝑖𝑖 )  for each nodal shape function of the tetrahedral 

element can be calculated considering the Dirac delta condition. Substituting Eq. (2.3) 

into Eq. (2.2), it indicates that the magnetic potential 𝜑𝜑m is essentially formulated as 

function of coordinates (x, y, z) in a polynomial form. Since Eq. (2.1) is the first-order 

differential of 𝜑𝜑m in space, it requires at least first-order shape functions (n≥ 1) to get 

the solution of 𝐇𝐇. And the MFG (𝐺𝐺𝑖𝑖𝑖𝑖) defined in Eq. (1.8) requires at least second-order 

differential (n≥ 2) of 𝜑𝜑m.  

For current induced magnetism problem, the magnetic vector potential (𝐀𝐀) is 

often designated as dependent variable. The magnetic field flux density (𝐁𝐁) in current 

induced magnetism problem is defined by 𝐀𝐀  as 𝐁𝐁 = ∇ × 𝐀𝐀 . Adopting the shape 

function in Eq. (2.3), each component of 𝐀𝐀 can be approximated as 

𝐴𝐴𝑞𝑞 = �𝑐𝑐𝑞𝑞,𝑖𝑖𝑁𝑁𝑞𝑞,𝑖𝑖 (𝑞𝑞 = 𝑥𝑥,𝑦𝑦, 𝑥𝑥)
𝑁𝑁

𝑖𝑖=0

.                           (2.4) 

Combining the B–H constitutive relations for specific materials (i.e., 𝐁𝐁 =

𝜇𝜇0𝜇𝜇𝑟𝑟𝐇𝐇 in vacuum) and Eq. (1.8), the FEM modeling of current induced magnetism 

problem requires at least second-order differential (n≥ 2) of 𝐀𝐀.  

 
Fig. 2.1 FEM example model of shape function order dependence for 2-D static 

magnetism problem. 
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To simplify the discussion, an example of magnetic field and its gradient 

distribution is established in 2-D square with side length of 1 m to illustrate the 

calculating accuracy dependence on the orders of shape function. As shown in Fig. 2.1, 

the domain is meshed by four triangular elements with five notes marked by numbers 

(1–5). Boundary conditions of 𝜑𝜑m = 0, 2, 3, 1 A are constrained on nodes 1, 2, 3 and 4, 

respectively. Results in Fig. 2.2 indicate that first-order shape function has a low quality 

of magnetic field and cannot perform investigation on magnetic field gradients. The 

second-order shape function has better quality of magnetic field but unacceptable 

quality of MFG. Therefore, third-order shape function should be used to obtain higher 

quality of both magnetic field and its gradients.  

 
Fig. 2.2 Numerical accuracy dependence on the orders of shape function. 

Analytical Solution Solution of 𝑛𝑛 = 1 
 

|H|, A/m 𝐺𝐺𝑧𝑧𝑥𝑥, A/m |H|, A/m 𝐺𝐺𝑧𝑧𝑥𝑥, A/m 

|H|, A/m 𝐺𝐺𝑧𝑧𝑥𝑥, A/m |H|, A/m 𝐺𝐺𝑧𝑧𝑥𝑥, A/m 

Solution of 𝑛𝑛 = 2 
  

Solution of 𝑛𝑛 = 3 
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2.2.2 Magnet and High Permeability Object 

FEA on the magnetic field and its gradients generated by ellipsoid magnet is 

conducted on the geometry shown in Fig. 2.3. The geometry of the model involves air 

domains, infinite domains and magnet domain. The ellipsoid magnet has its axis length 

of 100 mm, 100 mm and 200 mm along x, y and z axes, respectively. The magnet has 

remnant flux density of 1 T in z direction. The radius of air domain and the thickness 

of infinite domain is 1 m and 0.2 m, respectively. The function of infinite domain is to 

approximate the magnetic path through infinite place.  

 

Fig. 2.3 Geometry and mesh of magnet FEM model 

Since the magnetic field generated from magnet are commonly static 

magnetism problem, which governing equations can be described by Eq. (2.1) and the 

magnetic flux conservation law 

∇ ∙ 𝐁𝐁 = 0                                                          (2.5) 

The B–H constitutional relationship in air and infinite domain is described by 

Eq. (2.6), and the B–H constitutional relationship of magnet with remnant flux density 

(𝐁𝐁r) is expressed in Eq. (2.7). 

𝐁𝐁 = 𝜇𝜇0𝜇𝜇r𝐇𝐇                                                          (2.6) 

The Infinite Domain 

The Air Domain 

The Magnet 
(High Permeability Object) 

x y 

z 
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𝐁𝐁 = 𝜇𝜇0𝜇𝜇r𝐇𝐇 + 𝐁𝐁r                                                (2.7) 

Magnetic insulation boundary conditions are applied on the exterior 

boundaries of infinite domain as 

𝐧𝐧 ∙ 𝐁𝐁 = 0                                                          (2.8) 

To analyze the magnetic fields and MFGs around a high permeability objects 

in uniform background magnetic field, same geometry is used as shown in Fig. 2.3 for 

the convenience of comparison. The magnet in Fig. 2.6 is replaced by ferrimagnetic 

material with relative magnetic permeability of  𝜇𝜇r=1000. 

The governing equations for this problem is modified from Eq. (2.1) as 

𝐇𝐇 = ∇𝜑𝜑m + 𝐇𝐇b,                                                (2.9) 

where the background magnetic field, 𝐇𝐇b is preset to be 1× 105 A/m in z direction. 

The total magnetic field 𝐇𝐇 is the sum of 𝐇𝐇b  and reduced magnetic field ∇𝜑𝜑m . The 

magnetic flux conservation law in Eq. (2.5) and linear B–H constitutional relationship 

in Eq. (2.6) are applied for all domains 

To increase the magnetic field gradient calculation accuracy, the geometry is 

meshed by 139760 tetrahedral elements and 8472 prism elements, discretized by third-

order shape function and solved by fully coupled iterative conjugate gradient algorithm. 

It takes 12 minutes solving on computer with Intel-i7-4810MQ CPU and 32 G memory.  
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Fig. 2.4 FEM results of magnetic field strength (|𝐇𝐇|) and its directions around (a) an 

ellipsoid magnet and (b) high permeability ellipsoid in uniform background 

fields. 

Results in Fig. 2.4a shows the magnetic field strength (|H|) and its directions 

generated around the ellipsoid magnet. The magnetic fields start from the north pole 

and forms a close path to its south pole. Detailed investigation of magnetic field strength, 

|H| along z-direction in Fig. 2.5 shows that the maximum magnetic field strength 

2.85 × 105 A/m appears at the surface of magnets and cubic order inversely decreased 

as function of the distance. Results in Fig. 2.4b shows the magnetic field strength |H| 

and magnetic field directions around high permeability ellipsoid in uniform background 

fields of |𝐇𝐇b| = 5 × 104 A/m in z-direction. We see from Fig. 2.4b that magnetic field 

near by the surfaces of ellipsoid shape ferrimagnetic material is enhanced due to the 

flux concentration effects raised from high relative permeability of the ellipsoid sample. 

Different from the case of magnet in Fig. 2.4a, there always exist a neglectable 

background magnetic field all around the space, which may lead to over range and poor 

measurement resolution of magnetic field sensor.  This phenomenon is also reflected in 

|H| along z-direction in Fig. 2.5. The maximum magnetic field strength of 

(A/m) 

(a) (b) 
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2.85 × 105 A/m appears at the surface of ellipsoid object and decreased in cubic order 

as function of distance to a constant level of 5× 104 A/m, which is the background 

magnetic field strength. 

 

Fig. 2.5 FEM result of magnetic field strength ( |𝐇𝐇| ) along z-direction around an 

ellipsoid magnet. 

Although there are significant differences between the magnetic field 

distribution around ellipsoid magnet and high permeability ellipsoid in uniform 

background fields, it is interesting to find identical magnetic field gradient distribution 

patterns among the two cases. Fig. 2.6 shows the isosurface plot of magnetic field 

gradient components 𝐺𝐺𝑖𝑖𝑖𝑖 around an ellipsoid magnet and high permeability ellipsoid in 

uniform background fields. This indicate that the magnetic field gradient 𝐺𝐺𝑖𝑖𝑖𝑖 around 

ellipsoid magnet and high permeability ellipsoid in uniform background fields are 

independent from the ambient magnetic field, which evidence of high ambient magnetic 

field noise rejection performance based on the MFG.  

Further investigation between each component of MFG tensor suggest that: 
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(1) The spatial distribution of each 𝐺𝐺𝑖𝑖𝑖𝑖  has a centrosymmetric property around the 

ellipsoid. For example, 𝐺𝐺𝑧𝑧𝑧𝑧, 𝐺𝐺𝑥𝑥𝑥𝑥, 𝐺𝐺𝑧𝑧𝑧𝑧 have centrosymmetric axis of z, this is raised 

from centrosymmetric ellipsoid geometry.  

(2) The symmetric properties of 𝐺𝐺𝑖𝑖𝑖𝑖 matrix can be found in the patterns in Fig. 2.6, this 

is highly coherent with the analytical prediction formulated as 

𝐺𝐺𝑖𝑖𝑖𝑖 = 𝐺𝐺𝑖𝑖𝑖𝑖  (𝑖𝑖, 𝑗𝑗 = 𝑥𝑥,𝑦𝑦, 𝑥𝑥 ; 𝑖𝑖 ≠ 𝑗𝑗).                                   (2.9) 

or equivalently as  

𝐺𝐺𝑧𝑧𝑥𝑥 = 𝐺𝐺𝑥𝑥𝑧𝑧;  𝐺𝐺𝑧𝑧𝑧𝑧 = 𝐺𝐺𝑧𝑧𝑧𝑧;𝐺𝐺𝑥𝑥𝑧𝑧 = 𝐺𝐺𝑧𝑧𝑥𝑥                             (2.10) 

(3) The invariant of zero trace property of G is verified, which can be expressed as 

𝐺𝐺𝑧𝑧𝑧𝑧 + 𝐺𝐺𝑥𝑥𝑥𝑥 + 𝐺𝐺𝑧𝑧𝑧𝑧 = 0,                                        (2.11)  

which theoretical justification is detailed in Appendix I.  

(4) There always exist some zero-gradient place around ellipsoid. (i.e. the x–y plane 

when z=0 in present case). 
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Fig. 2.6 Isosurface plot of magnetic field gradient components 𝑮𝑮𝒊𝒊𝒊𝒊 (𝒊𝒊, 𝒊𝒊 = 𝒙𝒙,𝒚𝒚, 𝒛𝒛) 

generated from an ellipsoid magnet based on FEM modeling. 

𝐺𝐺𝑧𝑧𝑧𝑧 𝐺𝐺𝑧𝑧𝑥𝑥 𝐺𝐺𝑧𝑧𝑧𝑧 
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𝐺𝐺𝑧𝑧𝑧𝑧 𝐺𝐺𝑧𝑧𝑥𝑥 𝐺𝐺𝑧𝑧𝑧𝑧 
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2.2.3 Current-Carrying Conductors 

 

Fig. 2.7 Geometry and mesh of current-carrying conductor FEM model.  

As is well known, magnetic field can be also generated by current following 

Ampere’s Law. Such current can be eddy current in the conductor or current supply in 

the coil or cable. The FEM formulas introduced in this part are suitable for arbitrary 

shape current-carrying conductors. However, for the simplicity and comparability of 

discussion, we use the coil for FEM modeling. As shown in Fig. 2.7, the geometry of 

the current-carrying conductor consists air domains, infinite domains and conductor 

domain. The coil radius, cross section diameter, number of turns are 0.2 m, 0.02 m and 

1000 turns, respectively. The coil is excited by 1 A current per turn.  

The Ampere’s Law governing equations for this current induced magnetic 

field problem can be express by  
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𝛁𝛁 × 𝐇𝐇 = 𝐉𝐉e,                                                  (2.10) 

where 𝐉𝐉e is the current density in the coil determined by 

𝐉𝐉𝐞𝐞 =
𝑁𝑁𝑁𝑁
𝐴𝐴

× 𝐞𝐞coil,                                               (2.11) 

where N, I, A are number of turns, current per turn and cross section area of the coil. 

𝐞𝐞coil is the unit shape vector of the coil geometry for the description of current direction. 

The magnetic flux conservation law in Eq. (2.5) and linear B–H constitutional 

relationship in Eq. (2.6) are applied for all domains.  

Different from the static magnetism modeling in Sec. 2.2.2, the governing 

equations of Eq. (2.5), Eq. (2.6), Eq. (2.10) and Eq. (2.11) are implemented in ‘magnetic 

field formulation’ module of COMSOL Multiphysics. The model consists 133971 

tetrahedral elements with third-order shape function. It takes 115 minutes to solve the 

model using fully coupled iterative solver. 

The FEM results of magnetic field strength (|H|) and its directions generated 

by a current-carrying conductor (the coils) are shown in Fig. 2.8. The maximum 

magnetic field appears at the surfaces of the conductor and decrease rapidly as the 

distance increasing. Different from the results in Fig. 2.5 , the |H| along z-axis in Fig. 

2.9 is relatively flat at the center of the coil and cubic order inversely decreased as 

function of the distance. Similar patterns and symmetric properties can be found in the 

MFG components 𝐺𝐺𝑖𝑖𝑖𝑖   around a current-carrying conductor in Fig. 2.10.  
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Fig. 2.8 FEM results of magnetic field strength (|H|) and its directions around a 

current-carrying conductor.  

 

Fig. 2.9 FEM results of magnetic field strength (|H|) along z-direction around a current-

carrying conductor. 
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Fig. 2.10 Isosurface plot of magnetic field gradient components 𝑮𝑮𝒊𝒊𝒊𝒊 (𝒊𝒊, 𝒊𝒊 = 𝒙𝒙,𝒚𝒚, 𝒛𝒛) 

around a current-carrying conductor.  

2.3 Gradiometer Configuration and Evaluation 

On the basis of FEM modeling in Sec.2.2, A signal–noise model is 

established to investigated the FOMs (𝑉𝑉G , 𝑆𝑆G , 𝑅𝑅G , 𝑔𝑔� , CMRR, SNR and 𝑒𝑒sys ) of 

gradiometer as function of baseline (L) and assembly position (𝑟𝑟s). 

𝐺𝐺𝑧𝑧𝑧𝑧 𝐺𝐺𝑧𝑧𝑥𝑥 𝐺𝐺𝑧𝑧𝑧𝑧 
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2.3.1 Signal–noise Model 

 
Fig. 2.11 Configuration for the gradiometer optimization based on FEM modeling. 

To simplify and generalize the discussion, the signal–noise model consists a 

signal coil and a noise coil with their axis parallel to z–direction, and separated with a 

fixed distance of 1 m. As shown in Fig. 2.11, a 𝐺𝐺zz scaler gradiometer is settled between 

the signal coil and noise coil with adjustable baseline (L) and adjustable assembly 

position (distance to the signal coil, 𝑟𝑟s). The sensitivities of each magnetic field sensor 

and bandwidth of measurement circuit are assumed to be same as 𝑆𝑆M = 10 mV/(A/m) 

and ∆𝑓𝑓 = 1 Hz, respectively. The inner diameter, outer diameter and length of the 

signal coil are assumed to be 0.05 m, 0.055 m and 0.004 m, respectively. The signal 

coil has number of turns of 10 with excitation current 1 A in each turn. The inner 

diameter, outer diameter and length of the noise coil are 0.08 m, 0.09 m and 0.005 m, 

respectively. The noise coil has umber of turns of 10 with excitation current 1 A in each 

turn. The distance from the signal coil and noise coil are fixed to be 1 m, in this way, 

the problem can be easily normalized for general gradiometer design.  
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2.3.2 Analysis of Figure of Merits 

The model in Sec. 2.3.1 is solved by 2-D axis-symmetric magnetic field 

modulus by fully coupled solver in commercialized FEM software, COMSOL multi-

physics 5.2a. The governing equations and boundaries conditions are the same as the 

description in Sec. 2.2. Parametric studies are conducted by simultaneously sweeping 

𝑟𝑟s from 0.05 m to 0.5 m with step of 0.05 m and L from 0.01 m to 0.1 m with step of 

0.01 m. From Fig. 2.11, it is easy to see that such sweeping range corresponds to the 

noise source distance (𝑟𝑟n ) varies from 0.4 m to 0.94 m. Since the most FOMs of 

magnetic gradiometer are theoretically derived from the gradiometer output voltages 

(𝑉𝑉G) and its components. The analysis on magnetic gradiometer FOMs in this section 

will following the sequence of FOMs derivation as 𝑉𝑉G, 𝑆𝑆G, 𝑅𝑅G,𝑔𝑔� , 𝑒𝑒sys, CMRR and SNR.  

2.3.2.1 Gradiometer Output Voltage 

As defined in Eq. (1.13), the gradiometer output voltage ( 𝑉𝑉G ) is the 

superposition of signal components 𝑆𝑆M(𝐻𝐻A − 𝐻𝐻B) and noise component (𝑣𝑣�G�∆𝑓𝑓). The 

study of 𝑉𝑉G are independently conducted on 𝑆𝑆M(𝐻𝐻A − 𝐻𝐻B) and (𝑣𝑣�G�∆𝑓𝑓) by disabling 

and enabling the current excitation on noise coil, respectively. The sensitivities of each 

magnetic field sensor and bandwidth of measurement circuit are assumed to be same as 

𝑆𝑆M = 10 mV/(A/m) and ∆𝑓𝑓 = 1 Hz, respectively. Result in Fig. 2.12 shows the signal 

component of gradiometer output voltage (𝑆𝑆M(𝐻𝐻A − 𝐻𝐻B)) as function of 𝑟𝑟s and L. Fig. 

2.12 indicates that the signal component increases with the increase of L but decreases 

with the increase of 𝑟𝑟s. For the present case, a maximum signal component of 0.3 V 

appears at L=0.1 m and 𝑟𝑟s=0.05 m. The signal component of 0.01 V is achieved at 
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L=0.01 m and 𝑟𝑟s = 0.5 m. It is necessary to note that the value of signal component will 

increase proportional to the current excitation, number of turns of the signal coil and 

the magnetic field sensor’s sensitivity. But the trends is general for magnetic 

gradiometer design and optimization.  

 
Fig. 2.12 The signal component of gradiometer output voltage ( 𝑺𝑺𝐌𝐌(𝑯𝑯𝐀𝐀 −𝑯𝑯𝐁𝐁) ) as 

function of 𝒓𝒓𝐬𝐬 and L. 

By contrast, the noise component of gradiometer output voltage (𝑣𝑣�G�∆𝑓𝑓) is 

evaluated by enabling the current excitation on noise coil and disabling the current 

excitation on signal coil. Results in Fig. 2.13 suggests that noise component increases 

with the increasing of L and 𝑟𝑟s. That means the far field magnetic field noise can be 

reduced by using smaller gradiometer baseline, but at the expanse of reducing the 

gradiometer’s sensitivity to be discussed in the following part. As a matter of fact, the 

increasing trend of 𝑉𝑉G with respect to 𝑟𝑟s can be also interpreted as a closer assembly 

position to the noise source will lead to larger noise contribution in the gradiometers’ 
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output voltage because the distance between the signal source and noise source is fixed 

in the present FEM model.  

 
Fig. 2.13 The noise of gradiometer output voltage (𝒗𝒗�𝐆𝐆�∆𝒇𝒇) as function of 𝒓𝒓𝐬𝐬 and L. 

2.3.2.2 Sensitivity 

For the investigation of gradiometer sensitivity (𝑆𝑆G), the current excitation on 

noise signal coil is turned off. The gradiometer sensitivity is evaluated based on the 

definition in Eq. (1.13). Results in Fig. 2.14 shows the 𝑆𝑆G as function of 𝑟𝑟s and L. It is 

suggested in Fig. 2.14 that gradiometer sensitivity (𝑆𝑆G) is independent of 𝑟𝑟s but linear 

proportional to the baseline (L) for given magnetic field sensor sensitivity (𝑆𝑆M), which 

can be also seen from the expression of Eq. (1.13). It is necessary to note that to increase 

the gradiometer sensitivity by increasing the baseline length is not a best choice because 

baseline will affect other FOMs to be discussed in the following part of this section. 

Alternatively, the best way to improve 𝑆𝑆G is to improve the 𝑆𝑆M.  
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Fig. 2.14 Gradiometer sensitivity (𝑺𝑺𝐆𝐆) as function of 𝒓𝒓𝐬𝐬 and L.  

2.3.2.3 Resolution and Equivlent Gradient Noise Density 

The gradiometer resolution (𝑅𝑅G) is an integrate FOM for the evaluation of 

magnetic gradiometer defined in Eq. (1.16). 𝑅𝑅G as function of 𝑟𝑟s and L are derived by 

dividing data in Fig. 2.13 by data in Fig. 2.14. Since ∆𝑓𝑓 is assumed to be 1 Hz in the 

present signal – noise model and regardless of gradiometer total voltage noises 

contributed by electric field, vibrational acceleration and thermal noises, the equivalent 

gradient noise density (𝑔𝑔� ) shares the same trend but different unit as function of 𝑟𝑟s and 

L. Results in Fig. 2.15 suggest that best 𝑅𝑅G of 0.1 (A/m)/m can be obtained at 𝑟𝑟s=0.05 

m and L=0.01 m. Such resolution is corresponding to flux density gradient resolution 

of 120 nT/m. It is necessary to note that the value of this resolution is less of important 

unless it is evaluated in specified experiment. But, the trends in Fig. 2.15 remind us that 

𝑟𝑟s (m) 
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better gradiometer resolution can be obtained by simultaneously reducing the baseline 

(L) and settle the measurement positon closer to the signal source.  

 
Fig. 2.15 Gradiometer resolution (𝑹𝑹𝐆𝐆) as function of 𝒓𝒓𝐬𝐬 and L.  

2.3.2.4 Common-mode Rejection Ratio 

To quantify the common-mode noise suppression ability of a magnetic 

gradiometer, common-mode rejection ratio (CMRR) is defined as  

𝐶𝐶𝑀𝑀𝑅𝑅𝑅𝑅 = 20 𝑙𝑙𝑙𝑙𝑔𝑔10 �
𝑣𝑣�𝑀𝑀,𝐴𝐴 + 𝑣𝑣�𝑀𝑀,𝐵𝐵

2𝑣𝑣�𝐺𝐺
� 𝑑𝑑𝑑𝑑.                                   (2.12) 

For the present signal–noise model, as a matter of fact, only magnetic field 

induced voltage noise is taking into consideration. Evaluation of CMRR in the signal–

noise model is conducted by disable the current excitation on noise coil. Results in Fig. 

2.16 shows the CMRR as function of 𝑟𝑟s and L. We see from Fig. 2.16 that a maximum 

CMRR of 27 dB is achieved at L=0.01 m and 𝑟𝑟s = 0.05 m, while the minimum CMRR 
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of 0 dB appears at L=0.1 m and 𝑟𝑟s = 0.5 m. Since 𝑟𝑟n decreases with the increase of 𝑟𝑟s, 

results in Fig. 2.16 suggest that higher CMRR can be achieved by assembling the 

gradiometer far away from the noise source or using smaller baseline (at the sacrifice 

of sensitivity).  

 

Fig. 2.16 Gradiometer common-mode rejection ratio (CMRR) as function of 𝒓𝒓𝐬𝐬 and L. 

2.3.2.5 Signal to Noise Ratio 

The signal to noise ratio (SNR) is another important figure of merit defined 

as  

𝑆𝑆𝑁𝑁𝑅𝑅 = 20 × 𝑙𝑙𝑙𝑙𝑔𝑔10 �
𝑉𝑉𝐺𝐺 − 𝑣𝑣�𝐺𝐺
𝑣𝑣�𝐺𝐺

� 𝑑𝑑𝑑𝑑.                                  (2.13) 

The SNR is investigated by independently exciting the signal coil and noise coil and 

evaluating the gradiometer output voltages, respectively. SNR as function of 𝒓𝒓𝐬𝐬 and L 

are derived by dividing data in Fig. 2.12 by data in Fig. 2.13. Result in Fig. 2.17 
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indicates that a maximum 𝑆𝑆𝑁𝑁𝑅𝑅 of 75 dB is achieved at L=0.01 m and 𝑟𝑟s = 0.05 m, 

while the minimum SNR of –12 dB appears at L=0.1 m and 𝑟𝑟s=0.5 m for the present 

case. Fig. 2.17 also shows a trend that SNR increased with the decrease of L and 𝑟𝑟s, 

which means that higher 𝑆𝑆𝑁𝑁𝑅𝑅 can be achieved by assembling the gradiometer far away 

from the noise source and using smaller baseline, however, at the sacrifice of sensitivity. 

 
Fig. 2.17 Signal to noise ratio (SNR) as function of 𝒓𝒓𝐬𝐬 and L. 

2.3.2.6 Systematic Error 

Given the fact that the gradiometer measures the MFG by using magnetic 

field differencing to approximate the spatial differential of magnetic field described by 

Eq. (1.9), it will lead to systematic error defined as 

𝑒𝑒𝑠𝑠𝑥𝑥𝑠𝑠 = 100%
�∆𝐻𝐻𝑖𝑖𝐿𝐿𝑖𝑖

− 𝜕𝜕𝐻𝐻𝑖𝑖
𝜕𝜕𝑗𝑗 �

�𝜕𝜕𝐻𝐻𝑖𝑖𝜕𝜕𝑗𝑗 �
.                                            (2.14) 

Results in Fig.3.14 shows the systematic error as function of 𝑟𝑟s  and L. Fig. 2.18 
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indicates that 𝑒𝑒sys increases with the increase of L but decreases with the increase of 𝑟𝑟s.  

For the present case, a maximum 𝑒𝑒sys of 3% appears when L=0.1 m and 𝑟𝑟s=0.05 m. 

However, the minimum 𝑒𝑒sys of 0.01 % is achieved at L=0.01 m and 𝑟𝑟s=0.5 m. 

 

Fig. 2.18 Gradiometer systematic error (𝒆𝒆𝐬𝐬𝐬𝐬𝐬𝐬) as function of 𝒓𝒓𝐬𝐬 and L.  

2.4 Nonlinear Programming 

Nonlinear programming is a mathematical method of finding a set of 

optimized solutions of concerned variables constrained by a system of equalities and 

inequalities, along with one or more objective functions to be maximized or minimized, 

where constrain functions or relationship between concerned variables and objective 

functions are non-linear [94]. As discussed in Sec. 2.2, the magnetic field strength and 

MFG decreases in third-order and forth-order as function of distance to signal source 

with strong non-linear properties. Hence, for the optimization problem of magnetic 
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gradiometer design, it will be difficult and complex to give analytical expressions of 

the gradiometer output voltage (𝑉𝑉G ), sensitivity (𝑆𝑆G ), resolution (𝑅𝑅G ), equivalent 

gradient noise (𝑔𝑔� ), common-mode rejection ratio (CMRR), signal to noise ratio (SNR) 

and systematic error (𝑒𝑒sys) as function of baseline (L) and assembly position (𝑟𝑟s). Such 

difficulties in driving analytical expressions make the optimization of magnetic 

gradiometer almost impossible. However, this is solved by integrating the FEM 

modeling discussed in Sec.2.3 and nonlinear programming theory to be discussed in 

this section.  

2.4.1 Objective Functions 

In practical applications, people always hope a device with high output 

voltage (𝑉𝑉G), high sensitivity (𝑆𝑆G), finer resolution (𝑅𝑅G), higher common-mode rejection 

ratio (CMRR), higher signal to noise ratio (SNR) and smaller systematic error (𝑒𝑒sys). 

Then the multi-objective functions of the optimization problem become 

𝑚𝑚𝑎𝑎𝑥𝑥𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝑉𝑉𝐺𝐺(𝐿𝐿, 𝑟𝑟𝑠𝑠, 𝑆𝑆𝑀𝑀),                                                  (2.14𝑎𝑎) 

𝑚𝑚𝑎𝑎𝑥𝑥𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝑆𝑆𝐺𝐺(𝐿𝐿, 𝑟𝑟𝑠𝑠, 𝑆𝑆𝑀𝑀),                                                  (2.14𝑏𝑏) 

𝑚𝑚𝑎𝑎𝑥𝑥𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝐶𝐶𝑀𝑀𝑅𝑅𝑅𝑅(𝐿𝐿, 𝑟𝑟𝑠𝑠),                                                 (2.14𝑐𝑐) 

𝑚𝑚𝑎𝑎𝑥𝑥𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝑆𝑆𝑁𝑁𝑅𝑅(𝐿𝐿, 𝑟𝑟𝑠𝑠),                                                    (2.14𝑑𝑑) 

𝑚𝑚𝑖𝑖𝑛𝑛𝑖𝑖𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝑒𝑒𝑠𝑠𝑥𝑥𝑠𝑠(𝐿𝐿, 𝑟𝑟𝑠𝑠),                                                     (2.14𝑒𝑒) 

𝑚𝑚𝑖𝑖𝑛𝑛𝑖𝑖𝑚𝑚𝑖𝑖𝑥𝑥𝑒𝑒: 𝑅𝑅𝐺𝐺(𝐿𝐿, 𝑟𝑟𝑠𝑠, 𝑆𝑆𝑀𝑀,∆𝑓𝑓).                                          (2.14𝑓𝑓) 

2.4.2 Constrains 

The constrains of the optimizing problem may raise from the limitations of 

manufacturing process, instrumentation accuracy, assembly limitations and theoretical 

assumption etc. For the case of signal-noise model discussed in Sec. 2.3, multi-
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constrains on 𝑟𝑟s, L, 𝑆𝑆M and ∆𝑓𝑓 are described in Eqs. (2.15).  

0 ≤ 𝑟𝑟𝑠𝑠 ≤ 𝑟𝑟𝑠𝑠,𝑚𝑚𝑚𝑚𝑧𝑧                                                          (2.15𝑎𝑎) 

𝐿𝐿𝑚𝑚𝑖𝑖𝑛𝑛 ≤ 𝐿𝐿 ≤ 𝐿𝐿𝑚𝑚𝑚𝑚𝑧𝑧                                                        (2.15𝑏𝑏) 

∆𝑓𝑓 = ∆𝑓𝑓0                                                                 (2.15𝑐𝑐) 

𝑆𝑆𝑀𝑀 = 𝑆𝑆𝑀𝑀,0                                                                     (2.15𝑑𝑑) 

2.4.3 Optimization and Solutions 

It is necessary to note that the multi-objective functions in Eqs. (2.14) subject 

to multi-constrains in Eqs. (2.15) may not be satisfied for the most cases. Alternatively, 

it is possible to find some configuration to meet the requirements to the most extent by 

defining some thresholds of each parameter. The thresholds may include minimal 

output voltage (𝑉𝑉G,min), minimal sensitivity (𝑆𝑆G,min), maximal resolution level (𝑅𝑅G,max), 

minimal common-mode rejection ratio (𝐶𝐶𝑀𝑀𝑅𝑅𝑅𝑅min ), minimal signal to noise ratio 

(𝑆𝑆𝑁𝑁𝑅𝑅min) and maximum of systematic error tolerance (𝑒𝑒sys,max).  

For examples, the minimal output voltage (𝑉𝑉G,min) can be set as 2 mV for 

observation on the oscilloscope. A minimal sensitivity (𝑆𝑆G,min) of 0.3 mV/(A/m2) is 

required. Maximal resolution level (𝑅𝑅G,max) is set to be 0.2 (A/m)/m. Requirement on 

𝐶𝐶𝑀𝑀𝑅𝑅𝑅𝑅min , 𝑆𝑆𝑁𝑁𝑅𝑅min  and 𝑒𝑒sys,max  are assumed to be 15 dB and 60 dB and 0.1 %, 

respectively. Then, with the combination of FEM models in Sec. 2.3, we may use the 

following steps to find an optimized magnetic gradiometer configuration. 

(1) Draft a map with discretized  𝑟𝑟s and L constrained by Eq. (2.15a) and Eq. (2.15b) 

as shown in Fig. 2.19.  

(2) Draw the 𝑉𝑉G,min  line regarding to the results in Fig. 2.12 and mark its better 

direction. 
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(3) Draw the 𝑆𝑆G,min  line regarding to the results in Fig. 2.14 and mark its better 

direction. 

(4) Draw the 𝑅𝑅G,max  line regarding to the results in Fig. 2.15 and mark its better 

direction. 

(5) Draw the 𝐶𝐶𝑀𝑀𝑅𝑅𝑅𝑅min line regarding to the results in Fig. 2.16 and mark its better 

direction; 

(6) Draw the 𝑆𝑆𝑁𝑁𝑅𝑅min line regarding to the results in Fig. 2.17 and mark its better 

direction. 

(7) Draw the 𝑒𝑒sys,max line regarding to the results in Fig. 2.18 and mark its better 

direction. 

(8) Determine the solution of optimization problem (𝑟𝑟s and L) from the intersection 

area of step (2) – (7).  

The optimized configuration of 𝑟𝑟s and L are shown by the green area in Fig. 

2.19. Since we have fixed the distance between signal source and noise source to be 1 

m, results in Fig. 2.19 can be also interpreted as the normalized optimization result for 

general gradiometer design. It means that the gradiometer should be assembled close to 

the signal source with smaller baseline. For instance, the 𝑟𝑟s should be smaller than 0.1 

times of 𝑟𝑟n, and the baseline is better to be less than 5% of the distance from signal 

source to noise source. The best way to improve gradiometer sensitivity is to improve 

the magnetic field sensor sensitivity, which has no side-effects of sacrificing CMRR, 

SNR and systematic error.  
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Fig. 2.19 Optimization results of  𝒓𝒓𝐬𝐬 and L shown in the green area. 
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Chapter 3 

Finite Element Analysis of Magnetoelectric 

Sensors 

3.1 Introduction  

The working principle of the ME transverse gradiometer Figure 1 can be 

described by a transverse MFG-induced difference in ME voltage between the two ME 

composites on the basis of the ME effect and the MFG technique. Accordingly, the 

dynamic coupling between the MS and PE effects in the MS (i.e., Terfenol-D) and PE 

(i.e., PZT) plates in the two ME composites, as well as the direct difference in ME 

voltage between the ME composites are physically important. Most previous studies on 

the modeling of ME magnetic field sensor are conducted by equivalent circuit analysis 

to give the expressions of voltage coefficient (α𝑉𝑉), resonance frequency (𝑓𝑓r) of ME 

magnetic field sensor for specific structure [95-100]. These equivalent circuit modeling 

of ME magnetic field sensor could be highly coherent with experiment results, however, 

may limited in providing detailed inspection of physical variables and coupling 

mechanism, and may not suitable for the design and verification of arbitrary structure 

ME magnetic field sensor. To solve this problem, a general set of governing equations 

for the FEM modeling of ME magnetic field sensor is developed in this chapter. The 

emerge of multi-physics FEM modeling enables the fully-coupled investigation on the 

magnetic field strength-type sensors and magnetic gradient-type sensors based on the 
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ME effects. In this chapter, an FEM model of ME magnetic field strength-type sensors 

are established, in which model analysis and harmonic analysis are conducted. A fully-

coupled model integrating ME constitutive relations, magnetic-mechanical-electric 

governing equations is firstly established and compared with the results of conventional 

equivalent circuit modeling in Sec. 3.2. FEM modeling of magnetic field gradient-type 

sensors calibration process are established and analyzed in aspects of gradiometer 

output voltage (𝑉𝑉G), gradiometer sensitivity (𝑆𝑆G).  

3.2 Magnetoelectric Magnetic Field Strength-Type Sensor 

3.2.1 Structure 

 
Fig. 3.1 Schematic of a ME magnetic field strength-type sensor. 

A typical structure of an ME magnetic field strength-type sensor is shown in 

Fig. 3.1. The MS–PE composite is prepared by bonding a PE plate of length (l), width 

(w), and thickness (𝑡𝑡p ) between two MS plates of the same length and width but 

different thickness (𝑡𝑡m) in the thickness direction. Epoxy resin of Araldite GY251 with 

hardener HY956 is selected as the bonding material, with thin typical thickness (~𝜇𝜇m), 

satisfactory bulk modulus (~ 3 GPa), small thermal expansion (37× 10−6 1/K ), high 

operating temperature (~260 ℃). The polarization (P) direction of the PE plate and the 

magnetization (M) direction of the MS plates are oriented along their thickness and 
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length directions, respectively. The AC magnetic field (𝐻𝐻) to be measured magnetized 

the MS plates and results in the change of its strain. The strain is mechanically coupled 

into the PE plate and results in charge accumulation on PE plate surfaces. Consequently, 

the ME magnetic field sensor output voltage (𝑉𝑉G) from the positive and negative sides 

of PE plate will response with respect to the external alternative magnetic field.  

3.2.2 Constitutive Relations 

3.2.2.1 Nonlinear Constitutive Relations of MS Plates 

To enable FEA on the MS plates, the nonlinear constitutive relations between 

the total magnetization (𝐌𝐌t) and the total magnetic field (𝐁𝐁t) can be established from 

saturation magnetization ( 𝑀𝑀s ) and a hyperbolic tangent function of magnetic 

susceptibility (𝜒𝜒m), 𝜇𝜇0, 𝜇𝜇𝑟𝑟, and 𝑀𝑀s to be: 

𝐌𝐌t = 𝑀𝑀s tanh � 𝜒𝜒m
𝜇𝜇0𝜇𝜇𝑟𝑟

∙ 𝐁𝐁t
𝑀𝑀s
� � 𝐁𝐁t

|𝐁𝐁t|
� (3.1) 

where 𝐁𝐁t is the sum of 𝐁𝐁 and 𝐁𝐁bias, and 𝐌𝐌t the sum of 𝐁𝐁-induced AC magnetization 

(M) and 𝐁𝐁bias-induced DC magnetization (𝐌𝐌dc) [101]. 

Due to the anisotropic nature of the MS plates, the magnetostrictive strain 

𝛆𝛆MS can be formulated as:  

𝛆𝛆MS =
3
2

1
𝑀𝑀s
2 �𝜆𝜆001dev�𝑚𝑚𝑝𝑝𝑚𝑚𝑞𝑞� + (𝜆𝜆111 − 𝜆𝜆001)�𝑚𝑚𝑝𝑝𝑚𝑚𝑞𝑞

𝑝𝑝≠𝑞𝑞

𝑒𝑒𝑝𝑝𝑒𝑒𝑞𝑞� (3.2) 

where 𝑚𝑚𝑝𝑝 and 𝑚𝑚𝑞𝑞 are the unit directional vectors of 𝐌𝐌t/𝑀𝑀s in the Cartesian 

coordinate system (p, q = 1, 2, 3); 𝑒𝑒𝑝𝑝 and 𝑒𝑒𝑞𝑞 are the directional cosines between the 1-, 

2-, 3- and x-, y-, z- directions in Figure 1; and the symbol ‘dev’ denotes the deviatoric 

projection operator [102]. 
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3.2.2.2 Constitutive Relations of PE Plate 

Due to the mechanical bonding between the MS and PE plates in the ME 

composites, 𝛆𝛆MS  in Equations (3.2) leads to strain (𝛆𝛆PE ) in piezoelectric plate, in 

accordance with the PE constitutive relations, and induces an electric displacement field 

(𝐃𝐃) in the PE plate as:  

𝐃𝐃 = 𝐞𝐞E𝛆𝛆PE+𝜖𝜖0𝛜𝛜r𝐄𝐄+P, (3.3) 

where 𝜖𝜖0  is the vacuum permittivity, 𝛜𝛜r  is the relative permittivity matrix, P is the 

remnant polarization vector, and 𝐞𝐞E is the PE coupling matrix in stress–charge form 

under a constant electric field [103]. By constraining 𝐃𝐃 in Equation (3.3) with the 

following charge conservation law:  

∇ ∙ 𝐃𝐃 = 0 (3.4) 

and using the boundary conditions to be described in Section 3.2.3.3, the open-circuit 

electric potential distribution (𝑉𝑉) of the PE plate can be obtained by:  

 𝐄𝐄 = −∇𝑉𝑉 (3.5) 

3.2.3 Modal Analysis 

The modal analysis in this section investigates the mechanical properties of 

ME magnetic field strength-type sensor in Fig. 3.1. The mode shapes and its 

corresponding eigenfrequencies are investigated as function of the length (l) of ME 

magnetic field strength-type sensor based on FEM modeling. In the FEM model, the 

geometry parameters are assumed to be w=6 mm, 𝑡𝑡p=1 mm, 𝑡𝑡m=0.8 mm and variational 

length (l) ranges from 8 to 20 mm.  
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3.2.3.1 Mesh 

In modal analysis, the mesh of vibration problem requires the elements size 

no larger than one fifth of the wavelength (𝜆𝜆). Hence the elements number in width, 

length and thickness should be more than 5 for solving primary modes. As shown in 

Fig. 3.2, the mesh consists 24000 hexahedral elements, among which w, 𝑡𝑡p, 𝑡𝑡m and l 

are divided by 20, 10, 5 and 40 elements, respectively.  

 

Fig. 3.2 Mesh of the ME magnetic field strength-type sensor for FEM modal analysis. 

3.2.3.2 Governing Equations 

Since the two ME composites are mechanically enclosed in two separate 

insulating boxes with Superwool surrounding for thermal insulation, the MS static 

strain of the MS plates due to Bbias can be considered as the main contributor to the total 

static strain (𝛆𝛆0) in the ME composites. By defining the MS dynamic strain (𝛆𝛆MS) as 

𝛆𝛆MS = 1 2⁄ [(𝛻𝛻𝐮𝐮MS)′ + 𝛻𝛻𝐮𝐮MS] , the f dependence of the dynamic mechanical 

displacement of the MS plates (𝐮𝐮MS) in the ME composites can be expressed as: 

−𝜌𝜌(2π𝑓𝑓)2𝐮𝐮MS = 𝛻𝛻 ∙ [𝐂𝐂B: (𝛆𝛆MS − 𝛆𝛆0)], (3.6) 

where 𝜌𝜌 is the density, 𝐂𝐂B  the fourth-order elastic matrix of the MS plates under a 
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constant static magnetic field, and the symbol ‘:’ represents the double-dot product 

operator.  

As the ambient electric fields are minimized by the copper shield, their effects 

on the PE static and dynamic strains of the PE plate can be neglected. By defining the 

PE dynamic strain (𝛆𝛆PE ) as 𝛆𝛆PE = 1 2⁄ [(𝛻𝛻𝐮𝐮PE)′ + 𝛻𝛻𝐮𝐮PE], the f dependence of the 

dynamic mechanical displacement of the PE plate (𝐮𝐮PE) in the ME composites can be 

written as:  

−𝜌𝜌(2π𝑓𝑓)2𝐮𝐮PE = 𝛻𝛻 ∙ [𝐂𝐂E: (𝛆𝛆PE − 𝛆𝛆0)] (3.7) 

where 𝐂𝐂E is the fourth-order elastic matrix of the PE plate under constant static electric 

field.  

3.2.3.3 Boundary Conditions 

The Superwool surrounding for the ME composites can be approximated by 

applying free boundary condition to the outermost boundaries of the ME composites. 

Due to the small typical thickness(~𝜇𝜇m), high bulk modulus (~ 3GPa) properties  of the 

bonding material, the mechanical bonding between the MS and PE plates can be 

described using continuous boundary condition at the adjacent boundaries between the 

MS and PE plates as: 

𝐮𝐮PE = 𝐮𝐮MS (3.8) 

The two ME composites with a back-to-back capacitor configuration can be 

modeled by applying floating boundary condition in Equation (3.9), ground boundary 

condition in Equation (3.10), and terminal boundary condition in Equation (3.11) to the 

negative electrode surfaces of the two PE plates, the positive electrode surface of one 
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PE plate, and the positive electrode surface of another PE plate, respectively:  

�𝐃𝐃 ∙ 𝐧𝐧
 

𝛤𝛤

d𝑆𝑆 = 0 (3.9) 

𝑉𝑉 = 0 (3.10) 

�𝐃𝐃 ∙ 𝐧𝐧
 

𝛤𝛤

d𝑆𝑆 = 𝑄𝑄 (3.11) 

where the symbol ‘𝛤𝛤’ indicates the surface geometry of a positive electrode, d𝑆𝑆 is the 

surface element of a positive electrode, and Q the total charge accumulation on each 

positive electrode surface. The output voltage of a gradiometer (𝑉𝑉G) can be expressed 

as:  

𝑉𝑉G = 𝜔𝜔𝑅𝑅L𝑄𝑄 (3.12) 

where 𝑅𝑅L ≥ 1 MΩ is the input resistance of external circuit under open-circuit condition. 

3.2.3.4 Solver Configuration 

The modal analysis of ME magnetic field strength-type sensor is 

implemented in COMSOL multi-physics 5.2a and solved by eigenfrequency method 

using multifrontal massively parallel sparse (MUMPS) direct solver with parametric 

sweeping of length (l) ranges from 8 to 20 mm in step of 1 mm.  

3.2.3.5 Results and Discussion 

Material properties of Terfenol-D and PZT-8 in Appendix. 2 and Appendix. 

3 are applied for the MS plates and PE plates, respectively, for the modal analysis. 

Results in Fig. 3.1 shows the mode shapes (normalized total mechanical displacement 
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(|𝐮𝐮|) and corresponding eigenfrequencies of ME magnetic field strength-type sensor 

when l=12 mm. The four principle modes, namely, longitudinal Bending mode, 

transverse bending mode, shear mode and longitudinal-thickness are obtained at 

eigenfrequencies of 45.4, 79.7, 107.9 and 120.3 kHz, respectively. As introduced in Sec. 

3.2.1, the easy magnetized direction of MS plates is along the length direction, therefore, 

the longitudinal vibration mode is the should be selected as the operating mode of ME 

magnetic field sensor.  

 
Fig. 3.3 Principle mode shape of normalized total mechanical displacement (|𝐮𝐮|). 

(a) Longitudinal Bending Mode (b) Transverse Bending Mode 

(c) Shear Mode (d) Longitudinal-Thickness Mode 

𝑓𝑓=45.4 kHz 𝑓𝑓=79.7 kHz 

𝑓𝑓=120.3 kHz 𝑓𝑓=107.9 kHz 
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Fig. 3.4 Normalized mechanical displacement vector (𝒖𝒖𝒙𝒙,𝒖𝒖𝒚𝒚,𝒖𝒖𝒛𝒛) of L–T mode vibration. 

 
Fig. 3.5 L–T mode resonance frequency (𝒇𝒇𝐫𝐫 ) as function of length (l) 

Further investigation on the L–T mode in Fig. 3.3d, the mechanical 

displacement vector (𝑢𝑢𝑧𝑧,𝑢𝑢𝑥𝑥,𝑢𝑢𝑧𝑧 ) along the length of ME magnetic field sensor are 

-6 -4 -2 0 2 4 6
-1

0

1
 uz

 uy

 ux

 

 

N
or

m
al

iz
ed

 D
isp

la
cm

en
t

z (mm)

8 10 12 14 16 18 20
50

100

150

200

 FEM Results
 Analytical Results

 

 

f r (k
H

z)

l (mm)



 
Chapter 3  

  
THE HONG KONG POLYTECHNIC UNIVERSITY 

 
 

ZHANG MINGJI                        68 

shown in Fig. 3.4. It provides a detailed insight of L–T mode vibration in ME magnetic 

field sensor, that is, the maximum displacement along thickness (𝑢𝑢𝑧𝑧) is 6.5 percent of 

the maximum longitudinal displacement (𝑢𝑢𝑧𝑧). This can be explained by the longitudinal 

displacement (𝑢𝑢𝑧𝑧) raised from magnetostriction in MS plate will lead to displacement 

along thickness (𝑢𝑢𝑧𝑧) governed by the Poisson effect. In addition, results in Fig. 3.4 also 

suggest the half-wavelength of L–T mode at resonant frequency of 120.3 kHz is 12 mm. 

Consequently, the average wave speed (𝐶𝐶0 ) in Terfenol-D/PZT-8/ Terfenol-D ME 

magnetic field sensor can be estimated to be 𝐶𝐶0 = 𝜆𝜆𝑓𝑓 = 2887.2 m/s. Since the L–T 

mode appears when 𝑙𝑙 = 0.5𝜆𝜆, the design L–T mode resonance frequency (𝑓𝑓r ) can be 

analytically written as function of 𝑙𝑙 as  

𝑓𝑓r =
𝐶𝐶0
2𝑙𝑙

. (3.13) 

By parametric sweeping of length (l) ranges from 8 to 20 mm in step of 1 m, 

A decreasing trend of L–T mode resonance frequency (𝑓𝑓r ) as function of l can be seen 

in Fig. 3.5, which is highly coherent with analytical results predicted by Eq. (3.13). 

3.2.4 Harmonic Analysis 

Harmonic analysis based on FEM modeling is conducted to obtain the 

frequency response when ME magnetic field strength-type sensor is subjected to 

alternative magnetic field excitation.  
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3.2.4.1 Model Description 

 

Fig. 3.6 Meshed geometry of ME magnetic field sensor calibration process. 

Considering a general measurement calibration scenario, two ME composites 

are independently settled at the center of a pair of Helmholtz coils in FEM model. The 

FEM geometry in Fig. 3.6 consists Helmholtz coils domains, MS–PE plates domains 

and air domains. The inner and outer diameter of Helmholtz coils are 100 mm and 120 

mm with their length of 3 mm. The coils separating distance is 55 mm. The length, 

width of the ME magnetic field sensor are 12 mm and 6 mm, respectively. The 

thicknesses of MS and PE plates are 0.8 mm and 1 mm, respectively. The distance 

between tow ME magnetic field strength-type sensors is 40 mm. The meshed results 

consist 234465 elements.  
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3.2.4.2 Governing Equations of Magnetic Field 

Besides the constitutive relations in Sec. 3.2.2 and governing equations in Sec 

3.2.3, the magnetic field in the calculation domains is governed by Maxwell’s equation 

in frequency dependent form as 

𝐁𝐁 = ∇ × 𝐀𝐀, (3.14) 

∇ × (𝜇𝜇0𝜇𝜇r)−1𝐁𝐁 = 𝐉𝐉, (3.15) 

𝐄𝐄 = −𝑗𝑗(2π𝑓𝑓)𝐀𝐀, (3.16) 

𝐉𝐉 = 𝜎𝜎𝐄𝐄 + 𝑗𝑗(2π𝑓𝑓)𝐃𝐃. (3.17) 

where B is the curl of the magnetic vector potential (𝐀𝐀) in Equation (3.14) and is related 

to the current density (𝐉𝐉), the vacuum permeability (𝜇𝜇0), and the relative permeability 

(𝜇𝜇r) by Ampere’s Law in Equation (3.15). 𝐀𝐀 in Equation (3.14) is related to the electric 

field (𝐄𝐄) by Faraday’s Law in Equation (3.16). 𝐉𝐉 in Equation (3.15) is formed by the 

conductive current density (𝜎𝜎𝐄𝐄 ) and the displacement current density (𝑗𝑗(2π𝑓𝑓)𝐃𝐃) in 

Equation (3.17), where 𝜎𝜎 is the electrical conductivity and 𝑓𝑓 the frequency. 

In the FEA of current-carrying cables, B in Equation (3.15) can be obtained 

by implementing current density boundary condition to quantify 𝐉𝐉. For current-carrying 

coils, B can be acquired by expressing 𝐉𝐉 as: 

𝐉𝐉 =
𝑁𝑁𝑁𝑁coil
𝐴𝐴

𝒆𝒆coil (3.18) 

where 𝑁𝑁coil is the current amplitude per unit turn, 𝑁𝑁 the total number of turns, 

𝐴𝐴 the cross-section area, and 𝐞𝐞coil the geometric shape vector.  
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3.2.4.3 Boundary Conditions 

To allow FEA on B, the outermost boundaries of the whole FEA domains can 

be taken by magnetic insulation constraint as: 

𝐧𝐧 × 𝐀𝐀 = 𝟎𝟎 (3.19) 

where 𝐧𝐧  is the normal vector of a boundary. Equation (3.19) is a Dirichlet-type 

boundary condition for improving convergence in calculation. 

3.2.4.4 Solver Configuration 

The FEA is implemented in a commercial multiphysics simulation software. 

(COMSOL Multiphysics® version 5.2a released by COMSOL Inc. Stockholm, Sweden) 

The FEM models are implemented in five steps, including: (1) building geometry in 

accordance with experimental configuration; (2) mesh generation and optimization; (3) 

setting material properties; (4) multiphysics coupling of magnetic field, solid mechanics, 

electrostatics, and electrical circuit modules; and (5) configuring solvers and processing 

calculated results. The governing equations of the above modules, which have been 

presented and discussed in Section 3.2.3, are applied to create two FEA models for the 

evaluation of the ME voltage coefficients of the two ME composites and for the 

calibration of the detection sensitivity of the gradiometer in accordance with the 

respective experimental arrangements using the frequency-dependent solver of 

COMSOL Multiphysics®. The material parameters of Terfenol-D and PZT, as shown 

in Appendix. 2 and Appendix. 3, respectively, are employed for the FEA. 
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3.2.4.5 Results and Discussion 

Fig. 3.7 shows the FEA modeling results of ac magnetic field strength when 

frequency f =1 kHz. The inset figure in Fig. 3.7 indicates that both magnetic field 

sensors have in-phase deformation when subjected to same magnetic field excitation. 

The voltage coefficients of the two ME composites are obtained by sweeping the solver 

frequency from 1 Hz to 170 kHz with step of 100 Hz, FEA results in Fig. 3.8 shows the 

magnetic field sensors resonate at 120 kHz, corresponding to a half wave length of 12 

mm. Fig. 3.8 suggests that overall sensitivity of 0.16 mV/(A/m) is achieved from 1 Hz 

to 170 kHz, among which, maximum ME voltage coefficients of 1.23 mV/(A/m) 

appears at resonant frequency 120 kHz. For the ideal assumption, the similarity between 

two magnetic field sensors guarantees the voltage coefficient of each ME composites 

have the same spectrum. 

 
Fig. 3.7 Numerical results of magnetic field strength (|𝐇𝐇|) and its directions plot by red 

arrows during the magnetic field sensor calibration at f =1 kHz. Inset figure is 

zoomed view of two magnetic field sensors.  
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Fig. 3.8 FEA results of ME voltage coefficients and their difference.  

Fig. 3.9 shows the numerical results of magnetization (|𝐌𝐌 |), mechanical 

displacement field (|𝐮𝐮|) and the electric displacement field (|𝐃𝐃|) of two magnetic field 

sensors at specific frequencies 50 Hz, 20, 120, 165 kHz. For the magnetization, we see 

from Fig. 3.9 that the results at lower frequency has even and higher average 

magnetization, while higher frequency results in smaller magnetization inside the MS 

plates but larger magnetization on the surfaces of MS plates because of eddy currents 

effect. This is confirmed by further investigation on the volume average of |𝐌𝐌| in MS 

plates is evaluated to be 386.16, 385.40, 363.20, 349.58 A/m at each frequency, 

correspondingly. The eddy currents induced frequency dependent magnetization in Fig. 

3.9 explained the slightly decreasing trend of ME voltage coefficients in Fig. 3.8 from 

1 Hz to 80 kHz.  The mechanical displacement field in Fig. 3.9  indicates that the two 

ME magnetic field sensors vibrate mainly in L–T mode, which deformation and external 

MF are in-phase from 50 Hz to resonant frequency 120 kHz, and anti-resonance begins 

after 120 kHz, results in maximum deformation and stress at 120 kHz. As the results of 
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mechanical coupling and piezoelectric effects, the induced electric displacement field 

in PE plates reaches its maximum value at 120 kHz, and directly results in maximum 

ME voltage coefficients spectrum in Fig. 3.8.  

 

Fig. 3.9 FEA results of ME composites under a uniform 𝐁𝐁 at four different frequencies 

of 50 Hz, 20 kHz, 120 kHz, and 165 kHz: (a) AC magnetization (|𝐌𝐌|, A/m) in 

rainbow colors and its directions in black arrows; (b) 𝟓𝟓 × 𝟏𝟏𝟎𝟎𝟒𝟒-scaled total 

dynamic mechanical displacement (|𝐮𝐮𝐌𝐌𝐌𝐌| or |𝐮𝐮𝐏𝐏𝐄𝐄|, 𝝁𝝁𝝁𝝁) in traffic colors and its 

directions in red arrows; and (c) electric displacement field (|𝐃𝐃|, 𝛍𝛍C/m2).  
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3.3 Magnetoelectric Magnetic Gradient-Type Sensor 

3.3.1 Structure Design 

As shown in Fig. 3.10, a scaler ME gradiometer consist two ME magnetic 

field sensors by orientating their lengths along z axis and separating them with baseline, 

L in x-direction. The MS phase had their highly magnetostrictive axis in the z-direction 

so that their magnetizations were relatively easy in that direction. The output voltage 

differencing is implemented by connecting negative electrodes and terminating the 

positive electrodes of PE plates from each magnetic field sensor as gradiometer output.   

 

 

Fig. 3.10 Schematic diagram of ME gradiometer 

3.3.2 Model description 

To design and verify the configuration for gradiometer sensitivity calibration, 

the FEM model consists air domain, a straight cable and a scaler ME magnetic 
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gradiometer is established as shown in Fig. 3.11. The gradiometer is fixed in z–x plane 

and a straight cable in y-direction so that each magnetic field sensor is tangent to the 

circumferential magnetic field generated by cable. The distance from each magnetic 

field sensor to cable are fixed to be 15 mm and 50 mm, respectively, corresponding to 

baseline L=35 mm. The governing equations and solvers are configurated in the same 

way as descripted in Sec. 3.2. 

 

Fig. 3.11 Meshed geometry of ME gradiometer calibration process. 

3.3.3 Results and Discussion 

FEA results in Fig. 3.12 illustrates the magnetic field (|𝐇𝐇|) generated by 

straight cable and mechanical displacement field (|𝐮𝐮|) of ME intrinsic gradiometer 

when cable is excited by 1 A (RMS value) current at 1 kHz. We see from Fig. 3.12 that 

the magnetic field sensor subjects to larger magnetic field have larger deformation and 

stress, resulting in larger output voltage. It is interesting to find in inset of Fig. 3.12 that 
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a small bended deformation appears due to magnetic field component (𝐻𝐻𝑧𝑧) transverse 

to the sensitive axial (z) of ME intrinsic gradiometer. The reasons for small bending 

deformation are L–T mode dominant vibration due to structure and anisotropic MS 

properties of Terfenol-D plates. This implicit a possible solution of full tensor magnetic 

field gradiometer based on ME effect. 

 
Fig. 3.12 FEA results of magnetic field (|𝐇𝐇|) shown by rainbow colors and its directions 

plot by red arrows for the gradiometer calibration process at 1 kHz. Inset 

figure is 𝟐𝟐 × 𝟏𝟏𝟎𝟎𝟔𝟔 scaled mechanical displacement field (|𝐮𝐮|) by traffic colors.  

Further examination on the z-component of magnetic field (𝐻𝐻𝒛𝒛) distribution 

along x-direction in Fig. 3.13 suggests that the magnetic field strength has first order 

decreasing trend as function of |x| (the blue curve), which strictly follow the Ampere’s 

law. However, the existence of ME magnetic field sensor will lead to a magnetic field 

distortion around the MS plates because of the high relative permeability of MS plates. 

This detail is shown by the inset figures of Fig. 3.13. Practically, as indicated by Eq. 

(1.9), the measured 𝐺𝐺𝑧𝑧𝑧𝑧 is physically the slope of the dash line in Fig. 3.13 
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Fig. 3.13 𝑯𝑯𝒛𝒛 along x (inset figure is the magnetic field strength and its directions of the 

two magnetic field sensors) 

Parametric sweep of cable current excitation among 0–6 A (RMS value) is 

conducted at each frequency based on FEM modeling above. FEA results of 𝑆𝑆G 

spectrum in Fig. 3.14 have the similar trend as ME voltage coefficients spectrum in Fig. 

3.8, suggesting that  𝑆𝑆G  is physically determined by the voltage coefficients of two 

magnetic field sensors described by Eq. (1.13). An overall 𝑆𝑆G  of 6.2 µV/(A/m2) is 

achieved over broad frequency band from 1 Hz up to 170 kHz, among which the 

maximum 𝑆𝑆G of 45.8 µV/(A/m2) is achieved at resonance frequency 120 kHz.  

Perfect linear 𝑉𝑉G responses to 𝐺𝐺 over a broad frequency from 1 Hz to 170 kHz 

is obtained from the FEM model. Results in Fig. 3.15 shows 𝑉𝑉G as function of 𝐺𝐺 at 

critical frequencies of 50 Hz, 20, 120, 165 kHz corresponding to 𝑆𝑆G spectrum in Fig. 

3.14. 
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Fig. 3.14 FEA results of frequency dependent intrinsic ME gradiometer sensitivity (𝑺𝑺𝐆𝐆). 

 
Fig. 3.15 FEA results of gradiometer output voltage (𝑽𝑽𝐆𝐆) as function of magnetic field 

gradient (𝑮𝑮) at frequencies 50 Hz, 20, 120, 165 kHz.  
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Chapter 4 

Gradient-Type Magnetoelectric Current 

Sensor for Electrical Condition Monitoring 

4.1 Introduction 

Current sensors are of great importance in electrical condition monitoring for 

the purposes of planning for effective energy usage and fault prediction in modern 

electrical systems [104-110]. They are usually mounted on cables to sense cable 

currents and to produce signals proportional to the cable currents. A major challenge to 

the current sensors is the increasing types and levels of noises from multiple sources 

(i.e., multisource noises) as a result of the increasingly complicated application 

environment. The rapid development of smart and safe electrified cities worldwide, 

especially for the enabling of smart grids and e-mobilities, has imposed a great demand 

for high-performance current sensors with an improved common-mode noise rejection 

rate (CMRR) for electric field noise, magnetic field noise, vibration noise, thermal noise, 

and simultaneously possessing high sensitivity, small input-output nonlinearity, small 

thermal drift, passive detection (i.e., power-free), compact size, and low cost 

[105,106,109]. For example, a running trainset may require thousands of current 

sensors to form a sensor network in a harsh operating environment involving high 

electric field noise induced by high voltage (>15 kV) devices, high magnetic field noise 

caused by heavy current (~1 kA) cables, high vibration noise raise from high running 

speeds (>120 km/h), and large temperature variation in excess of ~40 ℃ [5,6,109].  
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State-of-art of contactless current sensors measure the current in cables by 

detecting the magnetic field strength in vicinity of the cable using current transformers, 

Rogowski coils, fluxgate elements, Hall elements and ME composites [6,13,104,110-

121]. A current transformer can generally achieve an accuracy of < 5% within the range 

of ~1 A –1 kA in the frequency range of ~1–100 kHz. However, a bulky core size and 

large core cross section area is required to avoid saturation effect and significant eddy 

current loss for high frequency current sensing. Also, a high winding ratio leading to 

increased parasitic capacitance, resulting in small measurement bandwidth and low 

CMRR [110,114,115]. In a like manner to current transformers, the Rogowski coils has 

a core-free design to achieve extremely small nonlinearity of <24 ppm, and high 

measurement range up to 1 MA at the expense of small sensitivity of ~ 0.1 mV/A. 

Besides, their bandwidth may also be limited by the high number of turns of the coil 

[112,113,122]. The fluxgate current sensors can generally achieve a high sensitivity of 

~28 V/A, sensing range up to 20 A and frequency range up to 10 kHz at the expense of 

introducing notable voltage noise into the primary wing and requiring complicated 

control electronics [120,123]. The Hall current sensors, because of the inherently weak 

Hall voltages in their Hall elements, have sensitivity of ~0.1 mV/A with sensing range 

of 1 – 130 A and frequency range of DC–1 kHz. Moreover, they need a highly stable 

DC current supply to excite the Hall effect and a high-quality signal conditioner to 

process the weak Hall voltages. Besides, serious thermal drift has to be compensated in 

the Hall elements [119,124].  

Recently, the magnetic field strength-type ME current sensors have received 

considerable research and application attention for AC current sensing by detecting 

magnetic field strength in vicinity of the cable based on the product effect of Ampere’s 
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effect and conventional ME effect in one ME composite [13,121,125]. This is because 

of their distinct features of compacted size (~10 mm) and easy installation in 

comparison to current transformer and Rogowski coils, large sensitivity (up to 0.5 V/A) 

in excess of 100 times over the Hall current sensors, free of external power supplies, 

signal conditioners, and/or other auxiliary means as normally required in the fluxgate 

elements, as well as the added merits of small input-output nonlinearity (<0.5 %), small 

thermal drift (<1 %/℃) [17,23,125-127]. However, it is found that these strength-type 

ME current sensors are subjected to simultaneously electric field, magnetic fields and 

vibration noises sources when installed in multisource noise environment (i.e., 

electrical mobility system). In this case, the ME voltage in the output will be submerged 

in voltage noises induced by multiple noise sources, and hence make the measurement 

of current inaccurate, even impossible. Therefore, we turn to develop a novel ME 

current sensor based on magnetic field gradient (MFG) technique by integrating MFG 

technique’s advantages of detecting magnetic gradient with high immunity to ambient 

noise and the ME effects advantages of high detection sensitivity, power supply free, 

wide operating frequency range, cost-effective.  

In this chapter, we theoretically and experimentally report the realization of 

a novel gradient-type ME current sensor with gained merits of high sensitivity and high 

common-mode multisource noises rejection rate from current-induced MFG effect and 

the MFG-induced ME effect. An analytical model is derived to disclose the working 

principles of the sensor. Multisource noises coupling mechanism (i.e., magnetic fields 

noises, electric field noises, vibration noises and thermal noises) are investigated and 

semi-empirically formulated. The performances of a sensor porotype are systematically 

characterized to achieve a high sensitivity of 0.65–12.55 mV/A in the frequency range 
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of 10 Hz–170 kHz, strong multisource CMRR of 17–28 dB, small input-output 

nonlinearity of <500 ppm, small thermal drift of <0.2 %/℃ within the measurement 

range of 0–20 A.  

4.2 Structure and Operating Principles 

Fig. 4.1, shows the assembly configuration, structure, and prototype of the 

proposed gradient-type ME current sensor. The sensor consists of a pair of plate-shaped 

Terfenol-D/PZT/Terfenol-D tri-layer ME composites separated with a baseline (L = 16 

mm) in the radial (r-) direction, biased by two pair of NdFeB magnets (𝐻𝐻bıas������� = 420 Oe) 

tangentially to the circumferential (𝜑𝜑-) direction, and surrounded by foamed rubber in 

a plastic box with copper screen shielding (see Fig. 4.1a and Fig. 4.1b). The usage of 

copper screen is to minimize the influence of ambient electric field noises based on the 

conductive shielding effect, and to reduce the magnetic field attenuation due to eddy 

current effect by reducing effective eddy current vortexes. As in Fig. 4.1b, the 

magnetization (M) direction of the Terfenol-D plates and the polarization (P) direction 

of the PZT plate are oriented in their length (3-) and thickness (1-) directions, 

respectively. The negative electrode surfaces of the PZT plate in the two ME 

composites are electrically connected together to form a back-to-back capacitor 

configuration, while the positive electrode surfaces of the first and second PZT plates 

are connected to the signal core and ground shield of the coaxial cable with BNC 

termination, respectively. Therefore, the output voltage is directly obtained from the 

ME composites pair and is directly calibrated against current amplitude to give the 

current sensitivity characterized by a unit output voltage per unit ampere in the cable.  
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Fig. 4.1 The gradient-type ME current sensor based on the product effect of current-

induced MFG effect and the MFG-induced ME effect: (a) top-view of current 

sensor assembly configuration  and magnetic fields (𝐇𝐇) and its gradient (G) 

generated in the vicinity of a current (I) -carrying cable (b) structure of ME 

composites pair in the sensor, where M denotes the magnetization direction of 

the magnetostrictive layers and P indicates the polarization direction of the 
piezoelectric layer; (c) packaged prototype.   
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The working principle of the sensor can be described by detecting the current 

(𝑁𝑁 )-induced MFG (𝐺𝐺 ) and converting the detected 𝐺𝐺  into voltage (𝑉𝑉𝐺𝐺 ) (i.e., MFG 

detection and conversion) in accordance with the product effect of the current-induced 

MFG effect and the MFG-induced ME effect. As shown in Fig. 4.1a, the magnetic field 

strength B at the position r around a current-carrying cable are governed by:  

𝐻𝐻 =
𝑁𝑁

2𝜋𝜋𝑟𝑟 
, (4.1) 

which gradient (𝐺𝐺) is defined as the spatial differential of 𝑑𝑑 in the radial (-r) direction 

as: 

𝐺𝐺 =
d𝐻𝐻
d𝑟𝑟

=
d

d𝑟𝑟
�
𝑁𝑁

2𝜋𝜋𝑟𝑟 
�. (4.2) 

When an ME gradiometer with gradient sensitivity (𝑆𝑆𝐺𝐺 ) is assembled at 

certain position R (Figure. 1a), the current-induced gradient-ME voltage (𝑉𝑉𝐺𝐺) reads: 

𝑉𝑉𝐺𝐺 = 𝑆𝑆𝐺𝐺𝐺𝐺. (4.3) 

Defining the sensitivity of the gradient-type ME current sensor (𝑆𝑆𝐼𝐼) as a unit 

voltage output per unit current, 𝑆𝑆𝐼𝐼 can be derived from Equations (4.1)–(4.3) as: 

𝑆𝑆𝐼𝐼 =
d𝑉𝑉𝐺𝐺
d𝑁𝑁

=
d𝑉𝑉𝐺𝐺
d𝐺𝐺

d𝐺𝐺
d𝑁𝑁

= 𝑆𝑆𝐺𝐺
d
d𝑁𝑁
�

d𝐻𝐻
d𝑟𝑟
�. (4.4) 

The right-hand side in Equation (4.4) demonstrates the products mechanism of 

current-induced MFG effect and the MFG-induced ME effect in the proposed current 

sensor, where the MFG-induced ME effect is quantified by 𝑆𝑆𝐺𝐺 and the current-induced 

MFG is represented by the remaining. The middle parts in Equations (4.4) also provide 
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an alternative interpretation on the working principle of the sensor as an MFG-mediated 

ME current sensor.  

Practically, the spatial differential of 𝐻𝐻 in Equation (4.4) is obtained by spatially 

differencing 𝐻𝐻A and 𝐻𝐻B over the baseline L in radial (r-) direction as 

d𝐻𝐻
d𝑟𝑟

=
𝐻𝐻A − 𝐻𝐻B

𝐿𝐿
=

𝑁𝑁
2𝜋𝜋𝑅𝑅 (𝑅𝑅 + 𝐿𝐿)

. (4.5) 

By substituting Equation (4.5) into Equation (4.4), the designed 𝑆𝑆𝐼𝐼  of the 

sensor as function of assembly parameters (𝑅𝑅 and 𝐿𝐿) turns out to be 

𝑆𝑆𝐼𝐼 =
𝑆𝑆𝐺𝐺

2𝜋𝜋𝑅𝑅 (𝑅𝑅 + 𝐿𝐿). (4.6) 

4.3 Fabrication 

4.3.1 Preparing ME Composites 

To enable the MFG-induced ME effect for current measurement, the two ME 

composites are prepared by bonding a layer of PZT (Pb(Zr, Ti)O3, Ceram-Tec P8) 

piezoelectric ceramic plate of 12 mm length, 3 mm width, and 1 mm thickness between 

two layers of [112]-textured Terfenol-D (Tb0.3Dy0.7Fe1.92, Baotou Rare Earth, Baotou, 

China) magnetostrictive alloy plates of the same dimensions. As in Fig. 4.1b, the 

magnetization (M) direction of the Terfenol-D plates and the polarization (P) direction 

of the PZT plate are oriented in their length (3-) and thickness (1-) directions, 

respectively.  

In detail, as shown in the fabrication process includes (1) Preparing Terfenol-

D alloy plates, (2) Preparing PZT-8 single-crystal plates, and (3) Bonding the laminated 

composites. The PZT-8 single-crystal plate was sandwiched and bonded between the 
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two Terfenol-D alloy plates using mixed. A mass of 10 kg was added on the sensing 

element during the cure of the adhesive at room temperature for 24 h to ensure good 

interface adhesion.  

 
Fig. 4.2 Preparation process of ME composites. 

4.3.2 Packaging 

The packaging of gradient-type ME current sensor concerns wiring, ME 

composites assembly and shielding design are shown in Fig. 4.3.  

 

Fig. 4.3 Packaging process of gradient-type ME current sensor. (a) wired electrode, (b) 

basic materials, and (c) assembled ME current sensor.  
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In detail, the first step is to wire each ME composite using full-fired silver 

electrodes on the external surfaces top and bottom surfaces of Terfenol-D plates as 

shown in Fig. 4.3a. Secondly, fix the two ME composites in superwool foam rubber, 

and assemble them in plastic boxes enveloped by copper screen with 0.05 mm wire 

diameter and 0.25 mm2 hole area as shown in Fig. 4.3b and Fig. 4.3c. It is necessary to 

note that the two ME composites are deliberately selected from 10 samples by both 

static and dynamic characterization to minimize the difference between their voltage 

coefficients less than 3% (to be discussed in Sec. 4.4). Finally, the base line of the ME 

current sensor is optimized to be 16 mm. The negative electrode surfaces of the PZT 

plate in the two ME composites are electrically connected together to form a back-to-

back capacitor configuration, while the positive electrode surfaces of the first and 

second PZT plates are connected to the signal core and ground shield of the coaxial 

cable with BNC termination, respectively. Therefore, the output voltage is directly 

obtained from the ME composites pair, and is directly calibrated against current 

amplitude to give the current sensitivity characterized by a unit output voltage per unit 

ampere in the cable.  

 
 
Fig. 4.4 FEM results of the optimized design of electric field impenetrable, magnetic 

field penetrable shielding at 120 kHz (a) magnetic field strength (|H|) and its 

(a) (b) 
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direction (b) electric field strength (|E|) and its directions.  

For the design of shielding, it is well known that the electric field in conductor 

enclosed charge-free space is zero. However, since the ME composites of the current 

sensor sense current induced magnetic gradient by the dynamic coupling of MS–PE 

effect, the key of ME current sensor shielding design is to balance magnetic field 

shielding caused by eddy current in shield conductor. Improper shielding will 

significantly reduce the sensitivity of the ME current sensor. The optimization of 

shielding design is implemented by solving the frequency domain Maxwell equations 

and Poisson equations based on 2-D axis-symmetric FEM modelling. A broad band 

(0~120 kHz) optimized shielding design was found using copper screen, with 0.05 mm 

wire diameter and 0.25 mm2 hole area. In FEM modelling, the magnetic field was 

generated by two coils with separating distance of 80 mm, the ambient electric field 

was created by applying voltage boundary conditions between top and bottom 

boundaries of solving areas. Results in Fig. 4.4 indicates that the optimized design of 

shielding is permeable to magnetic field while impermeable to electric field.  This is 

because the grounded copper screen balances the electric potential inside the shielding, 

and simultaneously reduce the magnetic field induced eddy currents in the shielding 

layer.  

4.4 Experiment Design 

4.4.1 Characterization of ME Voltage Coefficient 

Equation. (1.13) suggest the dependence of 𝑆𝑆𝐺𝐺 on 𝛼𝛼𝑉𝑉 (or SM), while equation 

(4.6) the dependence of 𝑆𝑆𝐼𝐼 on 𝑆𝑆𝐺𝐺. Hence, it is of great importance to characterize the 

voltage coefficient (𝛼𝛼𝑉𝑉 ), and then to investigate the sensitivity (𝑆𝑆𝐼𝐼) of the gradient-type 
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ME current sensor. Fig. 4.5 illustrates the schematic diagram of the experimental setup 

for the evaluation of voltage coefficients of two ME composites (𝛼𝛼𝑉𝑉,A and 𝛼𝛼𝑉𝑉,B ) in the 

gradient-type ME current sensor. The evaluation involves: 1) applying a sinusoidal 

electric current of controlled amplitude to the Helmholtz coils with frequency ranges 

from 10 Hz to 170 kHz, and 2) measuring the corresponding 𝑉𝑉M output from the ME 

composites at discrete frequency (𝑓𝑓) intervals of 500 Hz/step. To give the 𝑓𝑓 dependence 

of ME composites voltage output (𝑉𝑉M) at various 𝐻𝐻AC , the swept sinusoidal 𝑁𝑁  was 

provided by a constant-current supply amplifier (Techron 7572) connected to reference 

signal output of a lock-in amplifier (SRS SR865) and was monitored by a current probe 

(Tektronix TCP312) and its amplifier (Tektronix TCPA300). The monitored 𝑉𝑉M was 

fed into the lock-in amplifier. While the monitored 𝑁𝑁 on the oscilloscope was used to 

readout real-time AC magnetic field magnitude generated by Helmholtz coils. The 

Helmholtz was pre-calibrated using the Hall probe (CH-Hall) and gaussmeter (CH-

1800).  

 
Fig. 4.5 Schematic diagram of the experimental setup for the characterization of ME 
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composites voltage coefficients (𝜶𝜶𝑽𝑽 ).  

 
Fig. 4.6 Photograph of experimental setup for the characterization of ME composites. 

(a) the system view, and (b) the ME composite assembly view.  

4.4.2 Thermal Stability Test of ME Composites 

The temperature dependence of ME composite voltage coefficient (𝛼𝛼𝑉𝑉 ) was 

characterized in a modified turbo convection oven made of non-magnetic materials. As 

shown in Fig. 4.7, the ME composite was fixed in at the center of the Helmholtz coils 

by vibration isolation rubber (inset figure of Fig. 4.7), and was placed in the turbo 

convection oven. The schematic diagram of ME composite thermal stability test is the 

same as the characterization of ME composites voltage coefficients (𝛼𝛼𝑉𝑉 ) in Fig. 4.5. 

The temperature was slowly increased from 20 ℃ to 65 ℃ with step of 5 ℃. The 

temperature was held for 10 min to ensure thermal equilibrium state of the system at 

each measurement point. The experiment was conducted at frequency of 1 kHz.  
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Fig. 4.7 Photograph of experimental setup for ME composite thermal stability 

characterization.  

4.4.3 Sensitivity Calibration 

The sensitivity of the gradient-type ME current sensor (𝑆𝑆𝐺𝐺) was calibrated by 

the experiment setup as shown in Fig. 4.8, which schematic diagram is shown in Fig. 

4.9. The gradient-type ME current sensor with baseline (L) of 16 mm was fixed in in z–

x plane with 8 mm distance to a straight cable (diameter 3mm, length 1.6 m). 

corresponding to the source distance (R) of 8 mm (See Fig. 4.1a). In a like manner with 

Sec.4.4.1, the evaluation involves: 1) applying a sinusoidal electric current of controlled 

amplitude to the straight cable with frequency ranges from 10 Hz to 170 kHz, and 2) 

measuring the corresponding 𝑉𝑉G output from the gradient-type ME current sensor at 

discrete frequency (𝑓𝑓) intervals of 500 Hz/step. To give the 𝑓𝑓 dependence of gradient-
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type ME current sensor voltage output (𝑉𝑉G) at various I, the swept sinusoidal 𝑁𝑁 was 

provided by a constant-current supply amplifier (Techron 7572) connected to reference 

signal output of a lock-in amplifier (SRS SR865) and was monitored by a current probe 

(Tektronix TCP312) and its amplifier (Tektronix TCPA300). 

 
Fig. 4.8 Experimental setup for gradient-type ME current sensitivity calibration. 

 
Fig. 4.9 Schematic diagram of the experimental setup for the characterization of ME 

composites.  
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4.4.4 Multisource Noise Evaluation  

An integrated test system is established to investigate the voltage noise in ME 

composites (𝑣𝑣�vb,A∆𝑓𝑓, 𝑣𝑣�vb,B∆𝑓𝑓) and in gradient-type ME current sensor (𝑣𝑣�𝐺𝐺∆𝑓𝑓) under 

simultaneous interferences of multi-source noises as shown in Fig. 4.10, which 

schematic diagram is shown in Fig. 4.11. In details, the system can analogate ambient 

magnetic field noise (𝐇𝐇�) by Helmholtz coils, generate ambient electric field noise (𝐄𝐄�) 

by a pair of copper plates, provide acceleration (𝐚𝐚�) by moving controlled head, and test 

thermal noises in under controlled temperature in a turbo convention oven. The 

evaluation methods of ambient magnetic field noise (𝐇𝐇�), ambient electric field noise 

(𝐄𝐄� ), vibrational acceleration ( 𝐚𝐚� ) and temperature induced voltage noise in ME 

composite and in gradient-type ME current sensor are discussed in the following parts 

of this section.  

 

Fig. 4.10 Integrated experiment system for multisource noise suppression performance 
evaluation. Labels with colors of magenta, brown, blue, green and red 
represent for 𝐇𝐇�, 𝐄𝐄�, 𝐚𝐚�, 𝑰𝑰, T related equipment, respectively. (1. Vibration head; 
2. Holder; 3. Cable; 4. Sensor; 5. Helmholtz coils; 6. Copper plates; 7. Vibration 
controller; 8. Convection oven; 9. Current probe amplifier; 10. Oscilloscope; 
11. Lock-in amplifier; 12. Arbitrary waveform generator;13. Constant-current 
supply amplifier; 14. Constant-voltage amplifier.)  
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Fig. 4.11 Schematics diagram of experiment setup for multisource noise suppression 

performance evaluation. Labels, lines and arrows with colors of magenta, 
brown, blue, green and red represent for 𝐇𝐇� , 𝐄𝐄� , 𝐚𝐚� , 𝑰𝑰 , T related equipment, 
respectively.  

4.4.4.1 Magnetic Field Noise 

To investigate ambient magnetic field noise (𝐇𝐇� ) induced magnetic field 

induced voltage noise in ME composite (𝑣𝑣�𝐻𝐻∆𝑓𝑓) and in gradient-type ME current sensor 

(𝑣𝑣�G∆𝑓𝑓), as shown in Fig. 4.10 and Fig. 4.11, the magnetic field noise source is created 

by current feed Helmholtz coils excited by a current supply amplifier (Techron 7572) 

connected to an arbitrary waveform generator (Agilent 33210A) and was monitored by 

a current probe (Tektronix TCP312) and its amplifier (Tektronix TCPA300). The 

proposed gradient-type ME current sensor is settled with fixed distance away from 

Helmholtz coils so that the hypothesis of 𝑣𝑣A ≅ 𝑣𝑣B can be approximately satisfied. The 

voltage outputs from ME composites ( 𝑉𝑉M,A, 𝑉𝑉M,B) and gradient-type ME current sensor 

(𝑉𝑉G) are simultaneously recorded by oscilloscope (Tektronix MSO 2014).  
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4.4.4.2 Electric Field Noise 

For the investigation of ambient electric field noise (𝐄𝐄�) induced magnetic 

field induced voltage noise in ME composite (𝑣𝑣�𝐸𝐸∆𝑓𝑓) and in gradient-type ME current 

sensor (𝑣𝑣�G∆𝑓𝑓), an electric field generator is designed by FEM modeling and fabricated 

using two copper plates as shown in Fig. 4.12a and Fig. 4.12b, respectively. The width, 

length and thickness of copper plates are 100 mm, 100 mm and 1 mm, respectively. 

Result in Fig. 4.12a shows the electric field strength (|𝐄𝐄�|) under the voltage excitation 

of 25 V. The electric field strength (|𝐄𝐄�|) is evaluated to be 250 V/m. The two electrodes 

are excited by voltage amplifier (Techron 7572 with gain factor 8 in voltage-mode) 

connected to an arbitrary waveform generator (Agilent 33210A). The ME gradiometer 

are assembled in the middle between the two electrodes by keeping baseline direction 

parallel to the 𝐄𝐄� direction. The voltage outputs 𝑉𝑉M,A, 𝑉𝑉M,B and 𝑉𝑉G are simultaneously 

recorded by oscilloscope (Tektronix MSO 2014).  

 
Fig. 4.12 (a) FEM modeling result of electric field strength (|𝐄𝐄�|), and (b) photograph of 

electric field generator. 
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4.4.4.3 Vibration Noise 

To physical analogate the vibration induced voltage noise in ME composites 

(𝑣𝑣�vb,A∆𝑓𝑓, 𝑣𝑣�vb,B∆𝑓𝑓) and in gradient-type ME current sensor (𝑣𝑣�G∆𝑓𝑓), the gradient-type 

ME current sensor are fixed on Polytetrafluoroethylene (PTFE) made holder clamped 

by non-magnetic clamps in Micro Testers (Instron 5948) as shown in Fig. 4.10. The 

displacement of tester head is program controlled to move in triangular wave form with 

period of 0.64 s and amplitude of 5 mm, which results in a square wave form of velocity 

with amplitude of 15.6 mm/s and period of 0.64 s. The velocity wave form of the head 

is monitored by the tester with rising edge of 0.85 ms results in pulsed acceleration of 

18.35 m/s2 with period of 0.32 s. The voltage outputs  𝑉𝑉M,A , 𝑉𝑉M,B  and 𝑉𝑉G  are 

simultaneously recorded by oscilloscope (Tektronix MSO 2014).  

4.4.4.4 Thermal Noise and Noise Density Measurement 

The noise density spectra were independently measured from the output of 

the two ME composites and that of the gradient sensor, respectively, in a magnetically 

unshielded laboratory environment at 20 °C using a lock–in amplifier (SRS SR865) in 

the range of 1 Hz–170 kHz with a bandwidth (∆𝑓𝑓) of 2.6 Hz.  

4.5 Results and Discussions 

4.5.1 ME Voltage Coefficients 

Fig. 4.13 shows that overall ME voltage coefficients of 7.3 mV/Oe is 

achieved from 1 Hz to 170 kHz, among which, maximum ME voltage coefficients of 

55 mV/Oe appears at resonant frequency 120 kHz. Results in Fig. 4.13 indicates that 

the selected ME composites are in highly similarity with relative difference less than 
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3%. This guarantees the ME voltage coefficients of each ME composites follow the 

ideal assumption of 𝛼𝛼𝑉𝑉,A = 𝛼𝛼𝑉𝑉,B . Consequently, 𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B  fluctuates around zero 

over a broad frequency up to 170 kHz. It can be seen from Fig. 4.13 that the difference 

between each ME composite is also amplified results in larger 𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B at resonance 

frequency 120 kHz. A slight drop of 𝛼𝛼𝑉𝑉,A  and 𝛼𝛼𝑉𝑉,B can be observed at lower frequency 

1 Hz–80 kHz, which can be attribute to Lenz effect caused by eddy current in electrical 

conductive Terfenol-D plates. The larger transition frequency band in experiment 

results may due to the dielectric and mechanical loss as well as the small assembly 

friction around the magnetic field sensors. Experiment results in Fig. 4.13 has smaller 

ME voltage coefficients than FEA results at high frequency may attribute to mechanical 

damping and dielectric losses. 

 
Fig. 4.13 ME Voltage coefficients of the two ME composites (𝜶𝜶𝑽𝑽,𝐀𝐀and 𝜶𝜶𝑽𝑽,𝐁𝐁) and FEM 

results (𝜶𝜶𝑽𝑽,𝐅𝐅𝐄𝐄𝐀𝐀). 
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4.5.2 Sensitivity of Gradient-Type ME Current Sensor 

As shown in Fig. 4.14, The sensitivity of gradient-type ME current sensor (𝑆𝑆𝐼𝐼) 

is calibrated by the experiment setup described in Sec. 4.4.3. Experiment are conducted 

by sweeping cable current (I, RMS value) from 0 to 20 A with step of 0.5 A. Results in 

Fig. 4.14 shares the similar trends to ME voltage coefficients spectrum in Fig. 4.13, 

which can be explained by Eqs. (1.13) and (4.6). An average 𝑆𝑆𝐼𝐼 of 1.5 mV/A is achieved 

over broad frequency band from 1 Hz up to 170 kHz, among which the maximum 𝑆𝑆𝐼𝐼 of 

8.3 mV/A is achieved at resonance frequency 120 kHz. Results of ME gradiometer 

sensitivity is derived simultaneously according to the definition in Eq. (1.13), An 

overall 𝑆𝑆G of 2.8 𝜇𝜇V/((A/m)/m) is achieved over broad frequency band from 1 Hz up to 

170 kHz, among which the maximum 𝑆𝑆G  of 22.6 𝜇𝜇 V/((A/m)/m) is achieved at 

resonance frequency 120 kHz. 

 
Fig. 4.14 Experiment results of gradient-type ME current sensor sensitivity (𝑺𝑺𝐆𝐆,𝑰𝑰 ) 

calibration and ME gradiometer sensitivity (𝑺𝑺𝐆𝐆).  
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Fig. 4.15 plots the measured gradient-type ME current sensor output voltage 

(𝑉𝑉G) as function of current amplitude RMS value (I) at frequencies of 50 Hz, 20, 120, 

160 kHz, respectively. It is clear that 𝑉𝑉G responses I display excellent linear input–

output relationships at different f within the current ranges of 0–20 A. A very small 

input-output nonlinearity is evaluated to be <500 ppm in the current range of 0–20 A. 

 
Fig. 4.15  Experiment results of gradient-type ME current sensor output voltage (𝑽𝑽𝑮𝑮) as 

function of current amplitude RMS value (I) at frequencies of 50 Hz, 20, 120, 

160 kHz, respectively.  

Fig. 4.16 shows the measured (symbols) and calculated (solid lines) 𝑆𝑆𝐼𝐼  at 

various R. The 𝑆𝑆𝐼𝐼 was obtained by evaluating the slopes of 𝑉𝑉𝐺𝐺– 𝑁𝑁 curves as in Fig. 4.15. 

Fig. 4.16 indicates that a maximum 𝑆𝑆𝐼𝐼 of 1.3 mV/A is achieved at R=8 mm. This result 

suggests an optimal assembly configuration that fixing the current sensor closer to the 

cable center will results in higher sensitivity. The difference between measured and 

calculated results, when R< 10 mm can be explained by the flux distraction effects in 

the Terfenol-D plates when the ME composites is close to the cable.  
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Fig. 4.16  Measured (symbols) and calculated (solid lines) 𝑺𝑺𝑰𝑰 at various R of 8–20 mm at 

50 Hz. 

4.5.3 The Noise Density Spectra 

Fig. 4.17 shows the Measured voltage noise density spectra of each ME 

composites (𝑣𝑣�M,A and 𝑣𝑣�M,B), the current sensor (𝑣𝑣�𝐺𝐺), and the lock-in amplifier noise 

floor (𝑣𝑣�Amp ), together with the calculated thermal noise density (𝑣𝑣�𝑇𝑇 ) spectra in a 

magnetically-unshielded laboratory environment at 20 °C without intentional 

interference. The 𝑣𝑣�𝑇𝑇 contributed by dielectric loss noise and 1/f noise in equation (4.7) 

are calculated at 𝛿𝛿 = 0.0015,∆𝑓𝑓= 2.60 Hz, 𝑅𝑅𝐿𝐿 = 100 MΩ and 𝐶𝐶 = 580 pF.  
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constant and temperature, respectively. ∆𝑓𝑓 and 𝐶𝐶  are the equivalent frequency band 

width of measurement equipment and capacitor of the ME composite, respectively.  

Since the effect of the ambient electric field noise is minimized by the copper 

screen shielding, the spectra in Fig. 4.17a are dominated by the thermal noises from 1 

Hz to 3 kHz. In the 20–150 Hz range, the power-frequency noise arising from the 

magnetically-unshielded laboratory environment has an obviously added effect on 

𝑣𝑣�M,A ,𝑣𝑣�M,B and 𝑣𝑣�𝐺𝐺 . In the further elevated frequency range of 3–170 kHz, the noise 

associated with measurements circuit is active since 𝑣𝑣�M,A  ,𝑣𝑣�M,B  and 𝑣𝑣�𝐺𝐺  all fluctuate 

over constant values. Beyond 3 kHz, 𝑣𝑣�𝐺𝐺  becomes double of 𝑣𝑣�M,A and 𝑣𝑣�M,B, which can 

be explained by the phase-lag between the voltage noises (𝑣𝑣�M,A�∆𝑓𝑓 and 𝑣𝑣�M,B�∆𝑓𝑓) in 

the two ME composites at high f because the voltage noises have random phases at high 

f (i.e., 𝑓𝑓 > 3 kHz). Results in Fig. 4.17a also suggests that voltage noise densities vary 

little with the frequency when the frequency is high (i.e., 𝑓𝑓 > 3 kHz), which can be 

explained by the dominant of voltage noise floor of the measurement system (𝑣𝑣�Amp) 

regarding to the thermal noises (𝑣𝑣�𝑇𝑇).  

Fig. 4.17b shows the intrinsic equivalent current noise density (i) spectrum in 

a magnetically-unshielded laboratory environment at 20 °C without intentional 

interference. The i spectrum was evaluated using measured 𝑣𝑣�𝐺𝐺  in Fig. 4.17a devided by 

measured 𝑆𝑆𝐼𝐼 in Fig. 4.14 at each frequency. It is found that the proposed gradient-type 

ME current sensor has intrinsic equivalent current noise density of 0.3 𝜇𝜇A/√Hz –7.2 

mA/√Hz in the frequency range of 1 Hz–170 kHz.  
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Fig. 4.17  (a) Measured voltage noise density spectra of each ME composites (𝒗𝒗�𝐌𝐌,𝐀𝐀 and 

𝒗𝒗�𝐌𝐌,𝐁𝐁), the current sensor (𝒗𝒗�𝑮𝑮), and the lock-in amplifier noise floor (𝒗𝒗�𝐀𝐀𝐌𝐌𝐏𝐏), 

together with the calculated thermal noise density (𝒗𝒗�𝐓𝐓) spectra. (b) Measured 

(symbols) and fitted (solid lines) equivalent current noise density (i) spectra in 

a magnetically-unshielded laboratory environment at 20 °C without intentional 

interference. 
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4.5.4 Thermal Stability 

As the experiment setup described in Sec. 4.4.2, the temperature (T) 

dependence of ME voltage coefficients (𝛼𝛼𝑉𝑉) is shown in Fig. 4.18. We see from Fig. 

4.18 that an increasing trend of 𝛼𝛼𝑉𝑉 as function of T can be found from 20 ℃ to 65 ℃. 

The increasing percentage is approximately 8%. Fig. 4.18 indicates that the increasing 

ratio decreases at higher temperature when T >50 ℃. The trend in Fig. 4.18 is in 

agreement with previous studies, and may explained by increasing trend in temperature-

dependent piezoelectric charge coefficient in PZT-8 plates [51,128] and the soften 

effects of epoxy hardener at higher temperatures. In detail, at low temperature (20– 50 

℃), the rapid increasing trend of  𝛼𝛼𝑉𝑉 can be attribute to piezoelectric charge coefficient 

in PZT-8 plates. However, when temperature continue to increase (T >50 ℃), the epoxy 

becomes soft and consequently weaken the mechanical coupling between Terfenol-D 

plates and PZT-8 plates resulting in the slowly increase of 𝛼𝛼𝑉𝑉  as function of 

temperature (T). It is expected to loss ME effect when the temperature continuously 

increase close to the Curie Temperature of Terfenol-D (i.e., >120 ℃). 

 

Fig. 4.18 Experiment results of temperature (T) dependence of voltage coefficients (𝜶𝜶𝑽𝑽) 

of an ME composite. 
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4.5.5 Multi-Source Noise Suppression 

4.5.5.1 Evaluation of Magnetic Fields Noise 

Fig. 4.19 shows the experiment waveforms of 𝐇𝐇�  induced voltage noises in 

𝑉𝑉M,A  and 𝑉𝑉M,B , and 𝑉𝑉𝐺𝐺  when the 𝐇𝐇�  is artificially created in sine, pulse, and square 

waveforms, respectively. As shown in Fig. 4.10, the waveforms in Fig. 4.19 are 

experimentally obtained by settling a Helmholtz coil approximately 0.2 m away from 

the current sensor, by exciting the Helmholtz coil with a constant current supply 

amplifier (AE Techron® 7548, IN, USA) connected to an arbitrary waveform generator 

(Agilent® 33210A, CA, USA), by monitoring the current in the coil with a current probe 

(HIOKI® 9273, Japan) and it signal conditioner (HIOKI® 3271, Japan), and by 

recording 𝑉𝑉M,A, 𝑉𝑉M,B and 𝑉𝑉G using an oscilloscope (Tektronix® MSO2014, OR, USA).  

Results in Fig. 4.19a indicate that the 50 Hz component of 𝑣𝑣�M,A�∆𝑓𝑓 and 

𝑣𝑣�M,B�∆𝑓𝑓 are of same amplitude of 1.5 mV, while the 50 Hz component of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 

𝑉𝑉𝐺𝐺 is 0.2 mV. The 𝑣𝑣�G�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is evaluated to be 7 times smaller than 𝑣𝑣𝐇𝐇��∆𝑓𝑓 in 𝑉𝑉M,A 

and 𝑉𝑉M,B, corresponding to a CMRR of 17 dB in  𝐇𝐇�   interfered environment raising from 

ambient power cables. Results in Fig. 4.19b are obtained by exciting the Helmholtz coil 

using pulse width modulated current signal with pulse width of 10 𝜇𝜇s, rising edge of 40 

ns and period of 20 ms in analogous to possible discharge current induced  𝐇𝐇� . 

Waveforms in Fig. 4.19b indicates that the peak value of 𝑣𝑣�M,A�∆𝑓𝑓 and 𝑣𝑣�M,B�∆𝑓𝑓 are of 

same amplitude of 5 mV, while the suppressed peak value of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 waveforms 

is less than 0.2 mV. The 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉G is evaluated to be 12 times smaller than 𝑣𝑣𝐇𝐇��∆𝑓𝑓 

in 𝑉𝑉M,A and 𝑉𝑉M,B, corresponding to a CMRR of 28 dB. The larger CMRR in this case can 

be explained by can be explained by high frequency component in the pulse signal and 

high 𝑆𝑆𝐺𝐺 in Fig. 4.14. The zero-crossing waveform in Fig. 4.19b can be explained by 
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eddy current effects and magnetostrictive effects in Terfenol-D plates. Results in Fig. 

4.19c are obtained by exciting the Helmholtz coil using square wave current signal with 

period of 20 ms and rising edge of 0.1 ms in analogous to possible 𝐇𝐇�  induced by pulse-

width modulated actuator in the electrical system. Results in Fig. 4.19c has the similar 

trends of Fig. 4.19b except the larger transition time at the edge of square wave, which 

can be explained by the parasitic capacitance, eddy current effects and magnetostrictive 

effects in Terfenol-D plates. The 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is evaluated to be 12 times smaller than 

𝑣𝑣𝐇𝐇��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B, corresponding to a CMRR of 21 dB.  

To summarize, results in Fig. 4.19 obviously suggest that 𝐇𝐇�  induced 𝑣𝑣𝐇𝐇��∆𝑓𝑓 

can be suppressed up to 25 times, corresponding to a CMRR up to 28 dB in the present 

gradient-type ME current sensor. However, it is interesting to find that the high 

frequency noise component of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 are almost 1.4 times that of 𝑣𝑣𝐇𝐇��∆𝑓𝑓 because 

high frequency thermal noises with random phase lag between 𝑉𝑉M,A and 𝑉𝑉M,B result in 

doubled 𝑣𝑣�𝐺𝐺�∆𝑓𝑓.  

 

Fig. 4.19 Experiments results of ambient magnetic fields noises (𝐇𝐇� ) induced voltage 

noises in 𝑽𝑽𝐌𝐌,𝐀𝐀, 𝑽𝑽𝐌𝐌,𝐁𝐁 and 𝑽𝑽𝑮𝑮 when  𝐇𝐇� is created by (a) sine wave, (b) pulse and 

(c) square wave current excitation, respectively.  
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4.5.5.2 Evaluation of Electric Field Noise 

Fig. 4.20 shows the experiment waveforms of 𝐄𝐄� induced 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 

𝑉𝑉M,B , and 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺  when the 𝐄𝐄�  is artificially created in sine, pulse, and square 

waveforms, respectively. As illustrated in Fig. 4.12, experiments are conducted by 

assembling the sensor in the middle of two home-made copper plates with separating 

distance of 50 mm, by applying voltage excitation to the two copper plates by voltage 

amplifier (AE Techron® 7572, IN, USA) connected to an arbitrary waveform generator 

(Agilent® 33210A, CA, USA), and by recording 𝑉𝑉M,A , 𝑉𝑉M,B  and 𝑉𝑉𝐺𝐺  using an 

oscilloscope (Tektronix® MSO2014, OR, USA). The two coppers plates both have 

width, length and thickness of 100 mm, 100 mm and 1 mm, respectively. Fig. 4.20a 

shows the waveforms of 𝑉𝑉M,A, 𝑉𝑉M,B and 𝑉𝑉𝐺𝐺 when the excitation voltage is sine wave 

with amplitude of 50 V (�𝐄𝐄�� = 1000 V/m). Fig. 4.20a suggest that 50 Hz components 

of 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B  amplitudes are approximately 2.1 mV, while the 50 Hz 

component of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is 0.18 mV. The 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is evaluated to be 11 times 

smaller than 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B, and the CMRR is evaluated to be 21 dB without 

the copper screen shielding. Fig. 4.20b shows the 𝐄𝐄� induced waveforms of 𝑉𝑉M,A, 𝑉𝑉M,B 

and 𝑉𝑉𝐺𝐺 when the copper plates are driven by pulse width modulated voltage signal with 

pulse width of 10 𝜇𝜇s, rising edge of 40 ns and period of 20 ms in analogous to possible 

voltage induced 𝐄𝐄� raising from the ON/OFF action of the electrical system. Fig. 4.20b 

suggests that the peak values of 𝑣𝑣𝐄𝐄��∆𝑓𝑓  in 𝑉𝑉M,A  and 𝑉𝑉M,B  are approximately 5 mV, 

while peak values of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺  is 0.7 mV. The 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺  is evaluated to be 7 

times smaller than 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B, and the CMRR is evaluated to be 17 dB 

without the copper screen shielding. Fig. 4.20c shows the 𝐄𝐄� induced waveforms of 𝑉𝑉M,A, 

𝑉𝑉M,B and 𝑉𝑉G when the copper plates are driven by square voltage signal at 50 Hz. Fig. 
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4.20c suggests that the peak values of 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B are approximately 5.8 

mV, while peak values of 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is 0.8 mV. The 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 in 𝑉𝑉𝐺𝐺 is evaluated to be 

7.2 times smaller than 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B, and the CMRR is evaluated to be 17 dB 

without the copper screen shielding.  

Detail investigation on 𝑉𝑉𝐺𝐺  waveforms in Fig. 4.20 indicates that the 𝐄𝐄� 

induced voltage noises are not completely suppressed, which may attribute to the 

unbalanced charge accumulation on the output electrodes of the sensor, as well as the 

sensor’s asymmetry assembly errors among the copper plates. However, by adding a 

grounded copper screen, 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B are significantly reduced to give an 

extremely small 𝑣𝑣�𝐺𝐺�∆𝑓𝑓  in 𝑉𝑉𝐺𝐺  as shown in the bottom parts in Fig. 4.20. For the 

grounded copper screen to shielded gradient-type ME current sensor, 𝑣𝑣�𝐺𝐺�∆𝑓𝑓 can be as 

60 times smaller than that of 𝑣𝑣𝐄𝐄��∆𝑓𝑓 in 𝑉𝑉M,A and 𝑉𝑉M,B under un-shielded condition.  

 
Fig. 4.20 Experiments results of ambient electric field noises (𝐄𝐄�) induced voltage noises 

in 𝑽𝑽𝐌𝐌,𝐀𝐀 , 𝑽𝑽𝐌𝐌,𝐁𝐁  and 𝑽𝑽𝑮𝑮  when 𝐄𝐄�  is created by exciting (a) sine wave, (b) pulse 

width modulated, and (c) square voltage signals on two copper plates, 

respectively. (The peak-value of �𝐄𝐄�� is approximately 1000 V/m for all cases) 
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4.5.5.3 Evaluation of Vibration Noise 

Fig. 4.21 shows the experiment waveforms of 𝐚𝐚� induced 𝑣𝑣𝐚𝐚��∆𝑓𝑓 in 𝑉𝑉M,A and 

𝑉𝑉M,B , and 𝑣𝑣�𝐺𝐺�∆𝑓𝑓  in 𝑉𝑉𝐺𝐺 . The experiment is conducted by fixing the sensor on 

Polytetrafluoroethylene (PTFE) made holder clamped by non-magnetic clamps on a 

variation micro testers (Instron® 5948, MA, USA); by controlling the head to move in 

triangular wave form with period of 0.64 s and amplitude of 5 mm to a square wave 

form of velocity with amplitude of 15.6 mm/s and period of 0.64 s, and pulsed 

acceleration with peak value of 18.35 m/s2 with period of 0.32 s; and by recording 

𝑉𝑉M,A, 𝑉𝑉M,B and 𝑉𝑉𝐺𝐺 using an oscilloscope (Tektronix® MSO2014, OR, USA). Results in 

Fig. 4.21 indicate that a pulsed 𝐚𝐚� with |𝐚𝐚�| = 18.35 m/s2 will raise 𝑣𝑣𝐚𝐚��∆𝑓𝑓 in  𝑉𝑉M,A and 

𝑉𝑉M,B up to 4.3 mV in conventional strength-type ME current sensor, however, 𝑣𝑣𝐚𝐚��∆𝑓𝑓 

in 𝑉𝑉G is more than 8 times reduced to 0.49 mV based on the MFG-induced ME effect 

in the gradient-type current sensor. The CMRR is evaluated to be 18 dB in the present 

case. A little difference between waveforms of 𝑉𝑉M,A and 𝑉𝑉M,B can be found in Fig. 4.21, 

which may cause by difference in mode shape asymmetry of the holder. But it is safety 

to say that the CMRR will be much higher in the moving trains sets of high speed 

railway system since larger platform vibrate more evenly resulting in smaller 

acceleration difference at each ME composite.  

 
Fig. 4.21 Experiments results of vibrational acceleration noises (𝐚𝐚� ) induced voltage 

noises in 𝑽𝑽𝐌𝐌,𝐀𝐀, 𝑽𝑽𝐌𝐌,𝐁𝐁 and 𝑽𝑽𝑮𝑮.  
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4.5.5.4 Multisource Noise Suppression 

Fig. 4.22 shows the experiment waveforms of 𝑉𝑉M,A and 𝑉𝑉M,B, and 𝑉𝑉𝐺𝐺 when 

measuring I under simultaneously interference of 𝐇𝐇� , 𝐄𝐄� , 𝐚𝐚�  using the integrated 

experiment system for multisource noise suppression performance evaluation described 

in Section 4.4.4. It can be seen from Fig. 4.22 that the 𝑣𝑣𝐇𝐇��∆𝑓𝑓,𝑣𝑣𝐄𝐄��∆𝑓𝑓, 𝑣𝑣𝐚𝐚��∆𝑓𝑓 and 

𝑣𝑣𝑇𝑇�∆𝑓𝑓  in 𝑉𝑉M,A and 𝑉𝑉M,B has peak values of 1.5 mV, ~0 mV, 1.6 mV, and 0.7 mV, 

while the amplitude of 50 Hz sine waveform component in 𝑉𝑉M,A is 1 mV. The 𝑣𝑣𝐄𝐄��∆𝑓𝑓 

is too small to be observe because of the MFG-induced ME effect in the sensor and 

shielding effect of the copper screen.  The signal to noise ratio in is evaluated to be 0.63 

without applying gradient-type ME current sensor. When applied, the amplitude of 50 

Hz sine waveform component in 𝑉𝑉𝐺𝐺 is evaluated to be 0.8 mV. We may find that the 

high frequency component 𝑣𝑣𝑇𝑇�∆𝑓𝑓 are doubled because of random phase lag between 

𝑉𝑉M,A and 𝑉𝑉M,B, however, this can be solved with the help of a low-pass filter. With the 

help of a 2-kHz low-pass FFT filter, the obtained thermal noise in 𝑉𝑉𝐺𝐺 is less than 0.15 

mV, and the obtained signal to noise ratio is evaluated to be 5.3 in the present case. 

During the experiment, it is interesting to find the average level of 𝑉𝑉𝐺𝐺 is much stable 

than that of 𝑉𝑉M,A  and 𝑉𝑉M,B . This can be explained by the low-frequency 𝑣𝑣𝑇𝑇�∆𝑓𝑓 

suppression enabled by MFG-induced ME effect in the sensor. For summary, in the 

present experiment, the suppressions of 𝑣𝑣𝐁𝐁��∆𝑓𝑓, 𝑣𝑣𝐚𝐚��∆𝑓𝑓  are enabled by the MFG-

induced ME effect, 𝑣𝑣𝐄𝐄��∆𝑓𝑓  by combining MFG-induced ME effect and shielding 

technique, low-frequency 𝑣𝑣𝑇𝑇�∆𝑓𝑓 by the MFG-induced ME effect, and high-frequency 

𝑣𝑣𝑇𝑇�∆𝑓𝑓 by the low-pass filter. The results in Fig. 4.22 demonstrate a strong multisource 
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noise suppression performance in the proposed gradient-type ME current sensor, and 

promising applications for small current measurement with high-level interference of 

ambient magnetic fields noises, electric field noises, and vibration noises.  

 
Fig. 4.22 Experiment waveforms of 𝑽𝑽𝐌𝐌,𝐀𝐀  and 𝑽𝑽𝐌𝐌,𝐁𝐁 , and 𝑽𝑽𝑮𝑮  (green for raw data 

waveform, and black for 2-kHz low-pass filtered waveform) when measuring I 

in the cable under simultaneously interference of 𝐇𝐇�, 𝐄𝐄�, 𝐚𝐚�, and thermal noises.  

4.6 Conclusions 

We have developed a small-scale and standalone gradient-type ME current 

sensor for a passive and direct converting electrical current in the power cables into 

electrical voltages while simultaneously suppressing common-mode ambient noise 

from multiple sources (including magnetic fields noises, electric field noises, vibration 

noises and low frequency thermal noises). The sensor is based on the product effect of 

current-induced MFG effect and the MFG-induced ME effect in a magnetic biased, an 

electrically-shielded and mechanically-enclosed ME composite pair. The performances 

of the sensor porotype are systematically characterized to achieve a high sensitivity of 

-2
-1
0
1
2

-2
-1
0
1
2

0.00 0.02 0.04 0.06 0.08 0.10
-1

0

1

 

 

 

  

  

𝑣𝑣𝑇𝑇�∆𝑓𝑓 

𝑉𝑉 M
,A
 
(
mV

) 
𝑉𝑉 M

,B
 
(
mV

) 
𝑉𝑉 𝐺𝐺

 
(
mV

) 

𝑣𝑣𝐇𝐇��∆𝑓𝑓  𝑣𝑣𝐚𝐚��∆𝑓𝑓 

t (s) 



 
Chapter 4  

  
THE HONG KONG POLYTECHNIC UNIVERSITY 

 
 

ZHANG MINGJI                        112 

1.3–8.4 mV/A in the frequency range of 10 Hz–170 kHz, strong multisource CMRR 

of 17–28 dB, small input-output nonlinearity of <500 ppm, small thermal drift of 

<0.2 %/℃  within the measurement range of 0–20 A. The high sensitivity, strong 

multisource CMRR in conjunction with the passive, direct, and broadband current 

detection ability in a small-scale and standalone package, enables a high reliability 

current measuring technique for electrical condition monitoring in hash environment 

such as electrical mobility system and power plants.  
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Chapter 5 

Gradient-Type Magnetoelectric Linear 
Displacement Transducer for 
Electromagnetic Positioning 

5.1 Introduction 

As reviewed in Chapter 1, a gradient-type magnetoelectric sensor is capable 

of detecting magnetic field gradient with high immune to ambient noise, and the 

obtained magnetic field gradient could be possible applied in electromagnetic 

positioning applications. Electromagnetic positioning is a complementary guiding 

technique often used in navigation systems in conjunction with optical, visual, inertial, 

and global positioning navigations [129-132]. It is especially important for inspection 

vehicles or robots working in severe environments and requiring high levels of accuracy, 

stability, and cost-effectiveness. One of the most demanding applications is to navigate 

inspection vehicles along high-voltage guiding cables in electric power transmission 

networks, particularly for those distributed over complex landforms, large areas, and/or 

long distances [133]. In fact, long-term exposure of the guiding cables to outdoor 

environments with large temperature variations, high moisture and chemical contents, 

strong ultraviolet radiations, great mechanical stresses, etc. increases risks of insulation 

failures. If the potential and existing defects are not properly inspected and fixed, 

widespread blackouts may occur, leading to inestimable economic losses and grave 

social consequences.  
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To enable navigation capability in inspection vehicles, it is significant to 

develop high-performance linear displacement transducers (LDTs) [134]. Currently, 

there are two major types of LDTs for electromagnetic positioning, namely sensing 

arrays and inductance comparators [135-137]. In sensing arrays, multiple magnetic core 

inductors or Hall effect sensors are used as the sensing elements and arranged in an 

array form to measure magnetic fields generated by the guiding cables [135,138]. By 

optimizing the layouts and responses of the sensing elements in the sensing arrays, the 

transverse displacements or movements of the inspection vehicles with respect to the 

guiding cables can be determined and then adjusted by the steering systems of the 

inspection vehicles [135]. By increasing the number of sensing elements in the sensing 

arrays, the navigation accuracy can be improved at the expense of reducing the 

navigation stability and increasing the cost of the navigation systems [139]. The 

nonlinearity caused by discrete signals from the sensing arrays also imposes challenges 

on the control algorithms [140,141]. In inductance comparators, one referencing 

magnetic core inductor is designated to pick up ambient noise levels and several 

measuring magnetic core inductors are employed to acquire magnetic fields of the 

guiding cables [136,138]. The transverse displacements of the inspection vehicles from 

the guiding cables are determined from the signal differences between the referencing 

and measuring magnetic core inductors so as to suppress ambient noises and improve 

the signal-to-noise ratios of the inductance comparators. However, the measured 

transverse displacement values are usually affected by bulk size of magnetic cores, 

which in turn increases the uncertainty in the responses of the inductance comparators 

as well as the difficulty in the control of the inspection vehicles. These complexities 

have greatly impeded quantitative analyses of the effects of assembled parameters on 

the sensitivity, nonlinearity, etc. of this type of LDTs. 
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In this chapter, we propose a novel gradient-type magnetoelectric LDT for 

electromagnetic positioning formed by a pair anti-serially connected ME composites 

surrounded by foamed rubber in a plastic tube as a magnetic gradiometer to detect 

magnetic field gradients associated with the guiding cables. In contrast to traditional 

magnetic field strength-type layout in an array configuration, gradient-type 

magnetoelectric linear displacement transducer takes the distinct advantage of the 

magnetic field gradient technique and the giant ME effects to determine magnetic field 

gradient-related transverse displacements with a suppression of far-field noises [142]. 

An electromagnetic model is theoretically established to describe the sensing principle 

of the LDT. The expression of output voltage of the LDT as a function of both 

transverse displacement and assembled height is obtained by Faraday’s law with a time 

derivative of the magnetic field gradient of the LDT. The linear response condition of 

the LDT where the nonlinearity of voltage response to transverse displacement is 

essentially zero is found. Such findings are numerically analyzed and supported by 

COMSOL Multiphysics finite element analysis. With the guides of the FEA and 

analytical designs, a prototype of gradient-type ME LDT is fabricated and deployed in 

a 1/10-scaled inspection vehicle–guiding cable model to experimentally evaluate its 

sensitivity, nonlinearity, and errors between the theoretical, numerical, and 

experimental data at different transverse displacements and assembled heights. A 

practical implication of the LDT is also discussed for electromagnetic positioning. Also 

an improved fabrication process of ME composites for gradient-type ME sensors is 

introduced, which guarantees the same ME voltage coefficients of each ME composites 

to the most extent. ME voltage coefficients of the composites prepared by improved 

process is experimentally compared with results in Chapter 4.  
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5.2 Conceptual Design 
5.2.1 Structure and Operating Principles 

Fig. 5.1 shows the schematic diagram and configuration of the gradient-type 

ME LDT, inspection vehicle, and guiding cable at a prescribed path of sensing and 

navigation. The inspection vehicle moves along the length of the guiding cable during 

inspection. The LDT consists of a pair of anti-serially connected ME composites with 

a baseline, defined as the separating distance between tow ME composites as in Fig. 

5.1, (L) is installed in the front of the inspection vehicle with their lengths oriented in 

two orthogonal directions. There is a mechanism on the inspection vehicle for adjusting 

the assembled height (h) of the LDT toward the guiding cable.  

 

Fig. 5.1 Schematics of proposed gradient-type magnetoelectric linear displacement 

transducer for electromagnetic positioning.  
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In operation, a transverse displacement (𝑑𝑑), defined as the horizontal distance 

between centers of LDT and the cable as in Fig. 5.1,  of the inspection vehicle from the 

guiding cable distorts the geometric symmetry between ME composite 1–guiding cable 

and ME composite 2–guiding cable, resulting in different distances (𝑅𝑅A and 𝑅𝑅B) as 

follows: 

𝑅𝑅𝐴𝐴 = �ℎ2 + (0.5𝐿𝐿 − 𝑑𝑑)2,                                     (5.1𝑎𝑎) 

𝑅𝑅𝐵𝐵 = �ℎ2 + (0.5𝐿𝐿 + 𝑑𝑑)2.                                     (5.1𝑏𝑏) 

The magnetic field (𝐻𝐻𝑧𝑧,A and 𝐻𝐻𝑧𝑧,B) detected by ME composite-A and ME 

composite-B can be expressed following Ampere’s law as: 

𝐻𝐻𝑧𝑧,𝐴𝐴 =
ℎ
𝑅𝑅𝐴𝐴

𝑁𝑁
2𝜋𝜋𝑅𝑅𝐴𝐴

,                                                      (5.2𝑎𝑎) 

𝐻𝐻𝑧𝑧,𝐵𝐵 =
ℎ
𝑅𝑅𝐵𝐵

𝑁𝑁
2𝜋𝜋𝑅𝑅𝐵𝐵

,                                                     (5.2𝑏𝑏) 

where 𝑁𝑁  is the alternating current of root-mean-square in the guiding cable. The 

magnetic field gradient (𝐺𝐺𝑧𝑧𝑧𝑧, simplified as 𝐺𝐺) of the LDT can be related to 𝐻𝐻𝑧𝑧,A, 𝐻𝐻𝑧𝑧,B, 

and 𝐿𝐿 as 

𝐺𝐺 =
𝐻𝐻𝑧𝑧,𝐴𝐴 − 𝐻𝐻𝑧𝑧,𝐵𝐵

𝐿𝐿
.                                                    (5.3) 

Then, the output voltage 𝑉𝑉LDT of the LDT can be derived from Faraday’s law 

and related to magnetic field gradient (𝐺𝐺) as  

𝑉𝑉LDT = 𝑆𝑆G𝐺𝐺.                                                       (5.4) 

By substituting Eqs. (5.1)– (5.3) into Eq. (5.4), the phasor amplitude of 𝑉𝑉LDT, 

denoted as 𝑉𝑉LDT, can be obtained as 

𝑉𝑉𝐿𝐿𝐿𝐿𝑇𝑇 =
𝑆𝑆𝐺𝐺𝑁𝑁
2𝜋𝜋𝐿𝐿

�
ℎ

ℎ2 + (0.5𝐿𝐿 − 𝑑𝑑)2 −
ℎ

ℎ2 + (0.5𝐿𝐿 + 𝑑𝑑)2� .          (5.5) 
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In Eq. (5.5), the transverse displacement (𝑑𝑑) is the only dependent variable in 

the navigation process and can be minimized or even reset by adjusting the steering 

system of the inspection vehicle once 𝑉𝑉LDT is detected by the LDT. Assuming that there 

exists a linear relationship between 𝑉𝑉LDT  and 𝑑𝑑  in Eq. (5) so that Eq. (5) can be 

expanded by McLaurin series to be 

𝑉𝑉𝐿𝐿𝐿𝐿𝑇𝑇 = 𝐾𝐾 �
32ℎ𝐿𝐿

(𝐿𝐿2 + 4ℎ2)2 𝑑𝑑� + ∆,                               (5.6)  

where  

𝐾𝐾 =
𝑆𝑆𝐺𝐺𝑁𝑁

16𝜋𝜋𝐿𝐿2
,                                                                (5.7) 

is the sensitivity factor and ∆ represents high-order residuals.  

5.2.2 Linearity Optimization 

Comparing Eqs. (5.5) and (5.6), ∆ can be written as 

∆= 𝐾𝐾 �
ℎ

ℎ2 + (0.5𝐿𝐿 − 𝑑𝑑)2 −
ℎ

ℎ2 + (0.5𝐿𝐿 + 𝑑𝑑)2 −
32ℎ𝐿𝐿

(𝐿𝐿2 + 4ℎ2)2 𝑑𝑑� .   (5.8) 

For an effective navigation, it is required to constrain 𝑑𝑑 in the operational 

range of ±50% of 𝐿𝐿 as well as to satisfy the theoretical (ideal) linear response condition: 

∆= 0  in Eq. (5.6). Accordingly, ∆= 0  can now be released to be practical linear 

response condition: ∆|𝑑𝑑=0.5𝐿𝐿 = 0  with the operation of 𝑑𝑑  in the ±0.5𝐿𝐿  range. By 

substituting 𝑑𝑑 = 0.5𝐿𝐿 into Eq. (5.8) and setting 𝑝𝑝 = ℎ/𝐿𝐿 as the height-to-baseline ratio, 

we have 

∆|𝑑𝑑=0.5𝐿𝐿 =
𝐾𝐾
𝐿𝐿
�
1
𝑝𝑝
−

𝑝𝑝
1 + 𝑝𝑝2

−
16𝑝𝑝

(1 + 4𝑝𝑝2)2� = 0.                   (5.9) 

The solution to Eq. (5.9) is 𝑝𝑝2 = (ℎ/𝐿𝐿)2 = 1/8 or 𝑝𝑝 = ℎ/𝐿𝐿 = 1/√8, which 

gives the optimal height-to-baseline ratio for the successful realization of LDT in the 
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practical linear response condition. From Eq. (5.7), the sensitivity of the LDT (𝑆𝑆LDT) 

depends on gradient sensitivity of the ME gradiometer (𝑆𝑆G) and the current amplitude 

(I) as  

𝑆𝑆LDT =
d𝑉𝑉LDT

d𝑑𝑑
=

𝑆𝑆G𝑁𝑁
16π𝐿𝐿

32ℎ
(𝐿𝐿2 + 4ℎ2)2                              (5.10) 

5.2.3 Numerical Verification 

To obtain an insight into the magnetic interaction between the guiding cable 

and the gradient-type ME LDT, a three-dimensional dynamic simulation was 

implemented using finite element method described in Chapter 3. As illustrated in Fig. 

5.2, the FEA model is meshed by 104636 tetrahedral elements and consists of an air 

domain, an infinite domain, tow ME composites and coil domains. The guiding cable 

is modeled by a multi-turn coil domain with current excitation boundary condition. The 

cylindrical air domain is applied to surround the guiding cable domain with a higher 

mesh density for enabling computation of magnetic fields generated by the guiding 

cable. The cylindrical (hollow) infinite domain is added to surround the air domain in 

order to increase the computational accuracy. The LDT is modeled by two ME 

composites described in Chapter 3.4. The frequency solvers are used to compute the 

induced ME voltages the composites, as well as the magnetic field gradient and hence 

the output voltage of the LDT (𝑉𝑉LDT ), in response to a parametric sweep of the 

transverse displacement (𝑑𝑑) of the inspection vehicle (also the LDT) from the guiding 

cable.  

Fig. 5.3 plots the FEM and analytical results of 𝑉𝑉LDT versus 𝑑𝑑 at ℎ = 6.4 cm, 

𝐿𝐿 = 18 cm, 𝑁𝑁rms=5 A, and 𝑓𝑓 = 20 kHz. It is noted that the ℎ and 𝐿𝐿 values fulfill the 

optimal height-to-baseline ratio requirement of 𝑝𝑝 = ℎ/𝐿𝐿 = 1/√8 for the realization of 
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LDT in the practical linear response condition: ∆|𝑑𝑑=0.5𝐿𝐿 = 0 as described by Eq. (5.9). 

The FEA and analytical results reported here are determined under the optimal 𝑝𝑝 using 

the FEA model in Fig. 5.2 and Eq. (5.6), respectively. It is clear that both FEA and 

analytical plots exhibit good linear relationships between 𝑉𝑉LDT and 𝑑𝑑 in the 𝑑𝑑 range of 

±9 cm (corresponding to ±50% of 𝐿𝐿) and with an extremely small error less than 0.5%. 

From the slopes of the plots, the sensitivity 𝑆𝑆LDT and nonlinearity 𝑁𝑁LDT of the LDT are 

found to 53 µV/cm and 0%, respectively.  

 
Fig. 5.2 FEA verification model of magnetic field (|H|, A/m) shown by rainbow colors 

and its directions plot by red arrows for the gradiometer calibration process at 

1 kHz. Inset figure is 2×107 scaled mechanical displacement field (|u|, um) by 

traffic colors. 
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Fig. 5.3 Comparison between FEA (symbol) and analytical (line) results of 𝑽𝑽𝐋𝐋𝐃𝐃𝐓𝐓 versus 

𝒅𝒅 . 𝒉𝒉=6.4 cm and 𝑳𝑳=18 cm is used to fulfill the optimal 𝒑𝒑 = 𝒉𝒉/𝑳𝑳 = 𝟏𝟏/√𝟖𝟖  

requirement for realizing LDT in practical linear response condition: 

∆|𝒅𝒅=𝟎𝟎.𝟓𝟓𝑳𝑳 = 𝟎𝟎.  

5.3 Fabrication 

5.3.1 Preparing ME Composites 

Different from the preparing process described in Sec. 4.3, an improved 

process of preparing ME composites for in gradient-type ME LDT were found. In detail, 

first, a ME composites with dimensions of 12 mm long, 6 mm wide, and 1 mm thick is 

fabricated described in Sec. 4.3. Followed by cutting the ME composites along its 

length direction using dicing saw (DAD 321, see Fig. 5.4) with lowest blade feeding 

speed of 0.2 mm/s, blade depth of 3 mm, and finally obtained two ME composites with 

dimensions 12 mm long, 3 mm wide, and 1 mm thick as shown in Fig. 5.5.  
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Fig. 5.4 Dicing saw (DAD 321) for preparing ME composites in gradient-type 

magnetoelectric linear displacement transducer.  

Different from the cutting technology in previous studies [45,143,144], which 

separately prepares the Terfenol-D and PZT-8 plates, the improved preparing process 

of ME composites has advantages of  

(1) Enabling the same ME voltage coefficients (𝛼𝛼𝑉𝑉) of each ME composites to the 

maximum extent since the two ME composites are cut from one laminated the 

ME composites.  

(2) Controlling dimension differences below 10 𝜇𝜇m.  

(3) Efficient preparation process saving 80% operating time.  

(4) Avoid the mechanical broken and damage by using ultra-low blade feeding 

speed of 0.2 mm/s.  

ME Composites to be Cut 
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Fig. 5.5 ME composites in gradient-type linear displacement transducer.  

5.3.2 Packaging 

The packaging process of gradient-type ME LDT includes electrode wiring, 

shielding design and mechanical assembly. In detail, to begin with the electrode wiring, 

a copper wire is connected between negative surfaces (Terfenol-D plates attached on 

the negative polarized side of PZT-8 plates) of the two ME composites using silver 

loaded epoxy adhesive and hardener (RS186-3616) as shown in Fig. 5.6a. Secondly, 

wiring the negative surfaces as the output of electrodes using the same method 

described above. Thirdly, fix the two ME composites in superwool foam rubber with 

designed baseline, and assemble them in plastic tube enveloped by copper screen with 

0.05 mm wire diameter and 0.25 mm2 hole area as shown in Fig. 5.6b and Fig. 5.6c. 

Finally, connecting the BNC connector to the output of electrodes of ME composites 

and grounded the BNC shielding to the copper shielding. The prototype of the ME 

intrinsic gradiometer is shown in Fig. 5.6d.  
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Fig. 5.6 Packaging process of gradient-type magnetoelectric linear displacement 

transducer. (a) wired electrode, (b) output wiring, (c) packaging materials (d) 

the prototype.  
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5.4 Experiment Setup 

The characterization process of ME composites and their thermal stability test 

are performed using the same experiment setup described in Secs.4.4.1 and 4.4.2. Since 

the gradient-type ME LDT in present chapter is different from the gradient-type ME 

current sensor in aspects of the gradiometer configuration categorized in Fig. 1.8. The 

gradient-type ME LDT is essentially an axial-type gradiometer, however, the gradient-

type ME current sensor is essentially a transverse-type gradiometer. The magnetic field 

gradient sensitivity (𝑆𝑆G ) calibration experiment setup of axial-type gradiometer is 

presented in Sec. 5.4.1 and follow the by the positioning sensitivity (𝑆𝑆LDT) calibration 

experiment setup to be described in Sec. 5.4.2.  

5.4.1 Axial-Type ME Gradiometer Sensitivity Calibration 

Eq. (5.10) suggests that the axial-type ME gradiometer sensitivity (𝑆𝑆G) is of 

great significance that directly determine the sensitivity of gradient-type LDT (𝑆𝑆LDT). 

Different from the ME gradiometer described in Chapter 4, which is capable of sensing 

magnetic field gradient in the transvers direction to the magnetic field, the axial-type 

gradiometers in the present chapter is capable of measuring the magnetic field gradient 

parallel to its baseline by separating two ME composites with their sensitive-axis along 

baseline. In the sensitivity calibration of the axial-type gradiometers, the magnetic field 

gradient (𝐺𝐺𝑥𝑥𝑥𝑥) is generated by home-made anti-serially connected tri-axial Helmholtz 

coils (Fig. 5.7), which design parameter listed in Table 5.1 is obtained by finite element 

analysis (FEA) using the governing equations described Sec. 3.2.4. Fig. 5.8 shows the 

FEA results of y component of magnetic flux density (𝑑𝑑𝑦𝑦) of the designed tri-axial 

Helmholtz coils under the current excitation of 1 A on anti-serially connected coil pairs 



 
Chapter 5  

  
THE HONG KONG POLYTECHNIC UNIVERSITY 

 
 

ZHANG MINGJI                        126 

Y. Detail examination on the magnetic flux density (𝑑𝑑𝑥𝑥) is shown in Fig. 5.9. It can be 

seen from Fig. 5.9 that a uniform magnetic field gradient 𝐺𝐺𝑥𝑥𝑥𝑥 of 0.0169 T/m or 13461 

(A/m)/m could be generated within the y-coordinate range of -26–26 mm. By sweeping 

the current excitation on the FEM model, current–magnetic field gradient factor of the 

designed tri-axial Helmholtz coils is obtained to be 13461 1/m2 or 0.0169 T/m/A.  

 

Fig. 5.7 (a) Structure dimension, and (b) prototype of home-made tri-axial Helmholtz 

coils.  

Table 5.1 Design parameter of tri-axial Helmholtz coils 

Parameter Value 

Coil Radius X 70 mm 

Coil Radius Y 90 mm 

Coil Radius Z 80 mm 

Coil Turns X 100 

Coil Turns Y 132 

Coil Turns Z 117 

Wire Diameter 0.1 mm 
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Fig. 5.8 FEA results of y-component of magnetic flux density (𝑩𝑩𝒚𝒚) of the designed tri-

axial Helmholtz coils under the current excitation of 1 A on anti-serially 

connected coil pairs Y.  

 

Fig. 5.9 FEA results of y-component of magnetic flux density (𝑩𝑩𝒚𝒚) and magnetic field 

(𝑯𝑯𝒚𝒚) along y-axis.  
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Fig. 5.10 illustrates the schematic diagram of the experimental setup for the 

calibration of axial-type ME gradiometer sensitivity (𝑆𝑆G). The calibration involves: 1) 

applying a sinusoidal electric current of controlled amplitude to the anti-serially 

connected Helmholtz coils with frequency ranges from 10 Hz to 170 kHz, and 2) 

measuring the corresponding 𝑉𝑉G output from the axial-type ME gradiometer at discrete 

frequency (𝑓𝑓) intervals of 500 Hz/step. To give the 𝑓𝑓 dependence of 𝑉𝑉G at various 𝐻𝐻AC, 

the swept sinusoidal 𝑁𝑁 was provided by a constant-current supply amplifier (Techron 

7572) connected to reference signal output of a lock-in amplifier (SRS SR865) and was 

monitored by a current probe (Tektronix TCP312) and its amplifier (Tektronix 

TCPA300). The monitored 𝑉𝑉G was fed into the lock-in amplifier. While the monitored 

𝑁𝑁  on the oscilloscope was used to readout real-time AC magnetic field magnitude 

generated by Helmholtz coils. The photograph of experimental setup for the calibration 

of axial-type ME gradiometer sensitivity is shown in Fig. 5.11.  

 

Fig. 5.10 Schematic diagram of the experimental setup for the calibration of axial-type 

ME gradiometer sensitivity (𝑺𝑺𝐆𝐆). 
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Fig. 5.11 Photograph of experimental setup for the calibration of axial-type ME 

gradiometer sensitivity (𝑺𝑺𝐆𝐆). 

5.4.2 Linear Displacement Transducer Sensitivity Calibration 

The sensitivity of the gradient-type ME LDT (𝑆𝑆LDT) was calibrated by the 

experiment setup as shown in Fig. 5.12, which schematic diagram is shown in Fig. 5.13. 

The gradient-type ME current sensor with adjustable baseline (L) was assembled on a 

ruler with sliding rail and with adjustable assembling height (h). The guiding cable has 

a diameter of 3 mm, length 1.6 m. The calibration process involves: 1) applying a 

sinusoidal electric current of controlled amplitude to the straight cable with given 

frequency (i.e., 20 kHz), and 2) measuring the corresponding 𝑉𝑉LDT output from the 

gradient-type ME LDT. Current in the guiding cable (𝑁𝑁) was provided by a constant-

current supply amplifier (Techron 7572) connected to reference signal output of a lock-

in amplifier (SRS SR865) and was monitored by a current probe (Tektronix TCP312) 

and its amplifier (Tektronix TCPA300).  
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Fig. 5.12 Photograph of experimental setup for the calibration of the gradient-type 

magnetoelectric linear displacement transducer (𝑺𝑺𝐋𝐋𝐃𝐃𝐓𝐓).  

 

Fig. 5.13 Schematic diagram of the experimental setup for the calibration of the 

gradient-type magnetoelectric linear displacement transducer (𝑺𝑺𝐋𝐋𝐃𝐃𝐓𝐓). 
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5.5 Results and Discussions 

5.5.1 ME Voltage Coefficient 

 

Fig. 5.14 Measured and FEM results of ME voltage coefficients of the two ME 

composites (𝜶𝜶𝑽𝑽,𝐀𝐀 , 𝜶𝜶𝑽𝑽,𝐁𝐁  and 𝜶𝜶𝑽𝑽,𝐅𝐅𝐄𝐄𝐀𝐀 ) in gradient-type magnetoelectric linear 

displacement transducer.  

Fig. 5.14 shows that overall ME voltage coefficients of 3.62 mV/Oe is 

achieved from 1 Hz to 170 kHz, among which, maximum ME voltage coefficients of 

40.8 mV/Oe appears at resonant frequency 120 kHz. Comparing the results in Fig. 4.13, 

it is found that the ME composites in the gradient-type magnetoelectric linear 

displacement transducer has the same resonance frequency of 120 kHz because of the 

longitudinal length are of the same dimension. However, the FEM ME voltage 

coefficients (𝛼𝛼𝑉𝑉,𝐅𝐅𝐄𝐄𝐀𝐀) in Fig. 5.14 are approximately 75 % of the results in Fig. 4.13, 

because the electrode area in Fig. 5.14 is 75 % of that in Fig. 4.13.  

In addition, the measured results in Fig. 5.14 indicates that the selected ME 
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composites are in highly similarity with relative difference ((𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B)/(𝛼𝛼𝑉𝑉,A  +

𝛼𝛼𝑉𝑉,B))  less than 0.5% which is much smaller than the case Fig. 4.13 due to improved 

fabrication process described in Sec. 5.3.1. This guarantees the ME voltage coefficients 

of each ME composites follow the ideal assumption of 𝛼𝛼𝑉𝑉,A = 𝛼𝛼𝑉𝑉,B . Consequently, 

𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B fluctuates around zero over a broad frequency up to 170 kHz. A slight drop 

of 𝛼𝛼𝑉𝑉,A  and 𝛼𝛼𝑉𝑉,B can be observed at lower frequency 1 Hz–20 kHz (1 Hz–80 kHz in 

Fig.4.13), which suggests that eddy current in electrical conductive Terfenol-D plates 

can be reduced by using smaller size at the sacrifice of sensitivity.  

Results in Fig. 5.14 also suggest a better Q factor with smaller transition 

frequency band in comparison with results in Fig. 4.13, and a similar 𝛼𝛼𝑉𝑉 spectrum to 

the FEA results. This implicit that the improved preparing process of ME composite 

may also reduce the dielectric and mechanical loss.  

5.5.2 Gradiometer Sensitivity 

As shown in Fig. 5.15, The sensitivity of axial-type ME gradiometer 

sensitivity (𝑆𝑆G) as function of frequency (f) at different baseline (L) is calibrated by the 

experiment setup described in Sec. 5.4.1. Experiment are conducted by exciting the 

anti-serially connected Helmholtz coil with current of 1 A (RMS value). Results in Fig. 

5.15 shares the similar trends to ME voltage coefficients spectrum with same resonance 

frequency of 120 kHz in Fig. 5.14, which can be explained by Eq. (1.13). An increasing 

trend of (𝑆𝑆G) as function of baseline (L) can be found, which well agrees with the 

theoretical derivations in Eq. (1.13). Detailed examination of (𝑆𝑆G ) as function of 

baseline (L) at 1 kHz is shown in Fig. 5.16. It is shown that 𝑆𝑆G linearly increases with 

respect to L when L is larger than 30 mm, below which, the 𝑆𝑆G is smaller than the linear 
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prediction in Eq. (1.13) because of magnetic flux distraction effects explained in Fig. 

3.13 raising from the high permeability of Terfenol-D plates.  

 

Fig. 5.15 Measured axial-type ME gradiometer sensitivity (𝑺𝑺𝐆𝐆) as function of frequency 

(f) at different baseline (L) 

 

Fig. 5.16 axial-type ME gradiometer sensitivity (𝑺𝑺𝐆𝐆) as function of baseline (L) at 1 kHz.  
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5.5.3 Linear Displacement Transducer Output Voltage 

Fig. 5.17 shows the analytical and experimental gradient-type 

magnetoelectric linear displacement transducer output voltage (𝑉𝑉LDT) as function of 

displacement (d) at different assembly height (h) at baseline L=18 cm. The current 

excitation (𝑁𝑁rms) on anti-serially connected Helmholtz coils is 5 A at 120 kHz.  It is seen 

that the response of 𝑉𝑉LDT to d exhibits an obvious nonlinearity at a small h of 2 cm, 

making the response curve to be S-shape. The nonlinearity decreases with increasing h, 

and the response curve becomes essentially linear at h=6.4 cm. Beyond this critical h, 

the nonlinearity increases again, distorting the response curves even though the 

nonlinearity contribution is smaller compared to the cases with small h.  

 

Fig. 5.17 Measured and analytical gradient-type magnetoelectric linear displacement 

transducer output voltage (𝑽𝑽𝐋𝐋𝐃𝐃𝐓𝐓) as function of displacement (d) at different 

assembly height (h) at baseline L=18 cm. (The analytical results are obtained 

based on experiment results of 𝑺𝑺𝐆𝐆 in Fig. 5.15 and Eq. (5.5)) 
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5.5.4 Systematic Error 

The inset shows the errors between the experimental and analytical 𝑉𝑉LDT. It 

is found that the experimental and analytical 𝑉𝑉LDT  agree well with each other for 

different combinations of d and h. The maximum error is about 2% when d is close to 

±0 cm (±50% of L). This error may be caused by measurements noises, especially when 

the LDT prototype is working at a small magnetic field gradient (G) level.  

 

Fig. 5.18 The systematic error between experimental and analytical results of gradient-

type magnetoelectric linear displacement transducer output voltage (𝑽𝑽𝐋𝐋𝐃𝐃𝐓𝐓) 

5.5.5 Sensitivity and Nonlinearity of Gradient-Type LDT 

To further investigate the sensitivity (𝑆𝑆LDT) and nonlinearity (𝑁𝑁LDT) of the 

gradient-type ME LDT, the slopes of the experimental 𝑉𝑉LDT–d plots at different h in 

Fig. 5.18 are evaluated to construct the dependence of h on both 𝑆𝑆LDT and 𝑁𝑁LDT in Fig. 
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32.5 µV/cm when h is increased from 2 to 10 cm. Second, 𝑁𝑁LDT is minimized at h = 6.4 

cm with a small value of 3.7%. The former observation can be explained by the use of 

a larger assembled height or vertical separation between the LDT (or the inspection 

vehicle) and the guiding cable, which in turn weakens the interaction of magnetic fields 

with the LDT. The latter observation can be understood by the fulfillment of the optimal 

height-to-baseline ratio requirement of p=h/L=1/√8 for the realization of the LDT in 

the practical linear response condition: ∆|𝑑𝑑=0.5𝐿𝐿 = 0 as presented by Eq. (5.9) in Sec. 

5.2.2. Nonetheless, the experimental 𝑆𝑆LDT  and 𝑁𝑁LDT  of the LDT operating in the 

practical linear response condition with h = 6.4 cm are found to be 40.8 µV/cm and 

3.7%, respectively. These imply the existence of millimeter-scale navigation accuracy 

in our LDT for use with most of steering control systems. In fact, the favorable 

performance can further be enhanced if the LDT design can be improved.  

 

Fig. 5.19 Experiment results sensitivity (𝑺𝑺𝐋𝐋𝐃𝐃𝐓𝐓) and nonlinearity (𝑵𝑵𝐋𝐋𝐃𝐃𝐓𝐓) of the gradient-

type magnetoelectric linear displacement transducer 
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5.6 Summary 

A novel gradient-type ME LDT for electromagnetic positioning based on by 

a pair anti-serially connected ME composites. The proposed LDT has been theoretically 

designed, numerically verified using FEA and practically prototyped and deployed to 

evaluate its sensitivity, nonlinearity, and systematic errors between the analytical and 

experimental data at different assembled and excitation parameters. The high sensitivity 

of 40.8 µV/cm, together with the small nonlinearity of 3.7% realized in the LDT 

prototype make it promise to enable continuous displacement feedback with millimeter-

scale navigation accuracy in comparison with traditional magnetic field-based LDTs 

with discontinuous response and high level of nonlinearity.  

Besides, an improved ME composites preparing process is investigated, 

characterization results of the new preparing process suggests that the voltage 

coefficients differences of ME composites ((𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B)/(𝛼𝛼𝑉𝑉,A  + 𝛼𝛼𝑉𝑉,B)) in gradient-

type ME sensor could be controlled less than 0.5%.  
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Chapter 6 

Gradient-Type Magnetoelectric Eddy-
Current Testing Probe for Non-destructive 
Testing 

6.1 Introduction 

Non-destructive testing (NDT) is a widely-applied analysis technique for 

evaluating the properties of a material or component without causing damage to the 

object in areas of transportation, aerospace, automotive, and manufacturing industries. 

Because the NDT will not change nor damage to the object being tested, it is now a 

highly valuable technique with advantages of cost-effecting and time saving. The eddy-

current testing (ECT) is a complementary method in shoulder with acoustic [145-147], 

thermal [148,149], optical [150,151], radiographic NDTs [152], among which the ECT 

method is capable of detecting and characterizing surface and sub-surface flaws in 

conductive material based on the electromagnetic induction effects.  

Conventionally, a basic configuration of ECT probe consists of a magnetic 

field strength sensing element, a coil, and conductive object to be inspected. The coil 

excited by AC current generates magnetic field with the same frequency. When the 

ECT probe approaches the conductive object, eddy currents will be induced and 

generate a magnetic field in the opposite direction to magnetic field generated by the 

coil. Thus, the total magnetic field strength detected by the sensing element will varies 
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corresponding to the changes of conductivity and magnetic permeability of the test 

object, which are directly determined by the presence of flaws in the test object.  

However, state-of-art of ECT dimensional resolution of surface and sub-

surface flaws is still subjects to major challenge, which is mainly limited by the size of 

sensing element and the magnetic field strength sensing mechanism. In detail, size of 

sensing element essentially determines the average area that the eddy current induced 

magnetic flux density pass through. The large area of the sensing element will blur the 

magnetic field fluctuations around the small-dimension flaws and resulting in worse 

dimensional resolution. On the other hand, the magnetic field strength sensing 

mechanism uses only one sensing element which output voltage is corresponding to the 

superposition of magnetic field generated by the coil and eddy current. Since the 

magnetic field generated by the coil is often much larger than that generated by eddy 

current, the output voltage component contributed from eddy current will be submerged 

by the component contributed by coil, and resulting in worse dimensional resolution.  

Fortunately, as reviewed in Chapter 1, these problems are possible to be 

alleviated by the integrating of the giant magnetostrictive (ME) effects and magnetic 

field gradient (MFG) technique. In detail, the giant ME effects enable the voltage 

coefficients in small size ME composite and the convenience of complex structure 

manufacturing. In addition, the MFG technique enables the possibility of suppressing 

common mode noise contributed from the coil. Therefore, in the present chapter, a 

gradient-type ME ECT probe for non-destructive testing is designed, fabricated, 

characterized, and tested on artificially flawed copper plates.  
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6.2 Conceptual Design 

6.2.1 Structure and Operating Principles 

Fig. 6.1 shows the schematics and configuration of the proposed gradient-

type ME ECT probe for NDT. It consists of a coil, a gradient-type ME sensor in a 

copper screened plastic tube fixed over the conductive object with lift distance (ℎLD). 

The gradient-type ME sensor in ECT probe is formed by two anti-serially connected 

ME composites as shown in Fig. 6.2. The working principle of the proposed gradient-

type ME ECT probe can be described by exciting the coil with harmonic constant 

amplitude current (𝑁𝑁) to create a magnetic field (𝐇𝐇coil) at the same frequency (f), and 

inducing eddy current (𝐉𝐉eddy, A/m2) in the conductive object governed by Faraday’s 

law. The induced 𝐉𝐉eddy will in turn generate a magnetic field (𝐇𝐇eddy) in opposition to 

the primary magnetic field generated by the coil (𝐇𝐇coil). On the basis of MFG technique, 

the ME composites are symmetrically assembled with respect to the center of the coil, 

therefore, the common-mode magnetic field generated by the coil (𝐇𝐇coil ) will be 

suppressed and resulting in ME gradiometer output voltage (𝑉𝑉G) directly responses to 

the vertical gradient of 𝐇𝐇eddy . Since the 𝐉𝐉eddy  induced 𝐇𝐇eddy  could be theoretically 

analogized as thin coil model described in Chapter. 2 following Ampere’s law, the 

changes of vertical gradient of 𝐇𝐇eddy is essentially determined by lift distance (ℎLD) 

and the material, the surface and subsurface topography, the electric conductivity and 

magnetic permeability of the object. The presence of a flaw in the surface or subsurface 

will disturb or impede induced eddy currents (𝐉𝐉eddy) and in turn will also change the 𝑉𝑉G 

measured as an indicator of the flaw.  
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Fig. 6.1 Schematics of proposed gradient-type magnetoelectric eddy-current testing 

probe for non-destructive testing.  

 

Fig. 6.2 Electric diagram of proposed gradient-type magnetoelectric eddy-current 

testing probe for non-destructive testing.  
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6.2.2 Finite Element Analysis and Modeling 

Since it is impossible to analyze the eddy current effects of testing objects 

with arbitrary shape flaws using analytical method, finite element analysis (FEA) is 

performed to for the design, optimization and revealing the multi-physic coupling 

mechanisms in the proposed gradient-type ME ECT probe. As shown in Fig. 6.3, the 

geometry of FEA model is built regarding the structure described in Fig. 6.1. The FEA 

geometry in Fig. 6.3 consists of multi-turn coil feature, testing object of copper plates, 

air domain and two ME composites described in Sec. 3.2.4. In the FEA model, two ME 

composites are settled symmetrically with respect to the center of a multi-turn coil. 

Parametric geometry modeling is adopted which typical values are shown in Table 6.1. 

Geometric mesh distribution type is adopted on the copper plate to investigate the skin 

effect of eddy current in the vicinity of surfaces according to the skin-depth (𝛿𝛿 ) 

estimation formula  

𝛿𝛿 = �
1

π𝑓𝑓𝜎𝜎𝜇𝜇0𝜇𝜇r
��1 + (

2π𝑓𝑓𝜖𝜖0𝜖𝜖r
𝜎𝜎

)2 +
2π𝑓𝑓𝜖𝜖0𝜖𝜖r

𝜎𝜎
.                      (6.1) 

where 𝜎𝜎 is the electric conductivity, 𝜇𝜇0, 𝜖𝜖0 are free space magnetic permeability and 

electric permittivity, respectively. 𝜖𝜖r  and 𝜇𝜇r  are relative magnetic permeability and 

electric permittivity of the material, respectively. For low frequency estimation, Eq. 

(6.1) could be simplified as  

𝛿𝛿 = �
1

π𝑓𝑓𝜎𝜎𝜇𝜇0𝜇𝜇r
.                                                   (6.2) 

Complete mesh consists of 193418 domain elements, 18180 boundary elements, and 

1065 edge elements.  
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Fig. 6.3 FEA meshed geometry of gradient-type ME eddy current probe. 

Table 6.1 FEA modeling parameters of gradient-type ME ECT probe. 

Parameter Typical Max Min 
Coil Length (mm) 21  40 10 
Coil Inner Radius (mm) 3  5 2.5 
Coil Outer Radius (mm) 4  6 3.5 
Length of Air Cylinder (mm) 60 120 30 
Radius of Air Cylinder (mm) 30 50 28 
Length of ME Composite (mm) 6 12 6 
Width of Me Composite (mm) 3 6 3 
Terfenol-D Plate Thickness (mm) 0.8 1 0.8 
Lift Distance (mm) 2 5 0.2 
Baseline (mm) 15 32 7 
PZT-8 Plate Thickness (mm) 1 1 1 
Coil Turns (1) 100 1000 10 
Coil Wire diameter (mm) 0.1 1 0.05 

The FEA model is established COMSOL 5.2a using magnetic field, solid 

mechanics, electrostatics and electrical circuit modules, which governing equations are 

discussed from 3.4.2.3 to 3.4.2.6. FEM modeling is conducted to simulate experiment 

configuration and solved by frequency-domain solver with fully coupled direct method. 

Materials properties of MS and PE plates are assumed to be Terfenol-D and PZT-8 as 

specified in Table A.2 and Table A.3 in appendix, respectively.  

ME Composite 

Copper Plate 

Air 

Coil 
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6.3 Fabrication 

6.3.1 Preparing ME Composites 

Different from the sandwich structure presented in Chapter 4 and Chapter 5, 

the ME composites in proposed gradient-type ME eddy current probe are fabricated by 

Terfenol-D/PZT-8 structure, among which, only one Terfenol-D plates are used in each 

ME composites to minimize the eddy current in conductive Terfenol-D plates. The 

length, width of Terfenol-D and PZT-8 plates are cut to be 6 mm, 3 mm, respectively, 

using dicing saw (DAD321) described in Sec. 5.3.1. The thickness of Terfenol-D plates 

is 0.8 mm, while the thickness of PZT-8 is 1 mm.  

 

Fig. 6.4 ME composites in gradient-type linear displacement transducer. (a) top view 

and (b) side view.  

6.3.2 Packaging 

In a like manner with the gradient-type ME LDT described in Chapter 5, the 

packaging process of gradient-type ME ECT probe includes electrode wiring, coil 

winding, shielding design and mechanical assembly. In detail, to begin with the 

electrode wiring, copper wire is connected between negative surfaces (Terfenol-D 

plates attached on the negative polarized side of PZT-8 plates) of the two ME 

composites using silver loaded epoxy adhesive and hardener (RS186-3616) as shown 

in Fig. 6.5a. Secondly, output of electrodes using coaxial wire (40AWG) as shown in 

(a) (b) 
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and connect coaxial wire to a SMA connector. Thirdly, fix the two ME composites in 

superwool foam rubber with designed baseline, and assemble them in the inner plastic 

tube as shown in Fig. 6.5b. Then, winding the coil on the inner plastic tube with 30AWG 

wire as shown in Fig. 6.5c. And, followed by the fifth step of assembling outer plastic 

tube to protect the coil as shown in  Fig. 6.5d and enveloping the outer plastic tube by 

copper screen with 0.1 mm wire diameter and 1.44 mm2 hole area as shown in Fig. 6.5e. 

Finally, connecting the BNC connector to the output of electrodes of ME composites 

and grounded the BNC shielding to the copper shielding. The prototype of the ME 

intrinsic gradiometer is shown in Fig. 6.5e. Design parameters for the proto type are 

shown by the typical value column in Table 6.1.  

 

Fig. 6.5 Packaging process of gradient-type magnetoelectric eddy current probe. (a) 

wired electrode, (b) assembly with foam rubber (c) coil winding, (d) plastic 

protector (e) the prototype. 
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6.3.3 Preparing Testing Specimen 

Two copper plates (GB H62) with artificially created flaws are prepared for 

1-D scanning and 2-D scanning as shown in Fig. 6.6a and Fig. 6.6b, repectively. The 

thickness of the copper plates is 1 mm.The 1-D scanning testing specimen in Fig. 6.6a 

has length of 67.5 mm and width of 50 mm with flaw length of 25 mm width of 0.3 

mm, and depth of 0.1 mm created by stainless saw blade. The 2-D scanning testing 

specimen in Fig. 6.6b has length of 40 mm and width of 24 mm. Three types of flaws, 

namely, groove flaw, scractch flaw, dent flaw and corrosion flaw are artificially created 

by stainless saw blade, abrasive paper (P60), punching pin and nitric acid (CAS AR65-

68%).  

 

Fig. 6.6 Prepared testing objects with artificially flawed flaws for (a) 1-D scanning and, 

(b) 2-D scanning.  
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6.4 Experiment Setup 

The characterization process of ME composites in proposed gradient-type 

ME ECT probe and their thermal stability test are performed using the same experiment 

setup described in Secs.4.4.1 and 4.4.2. In a like manner with the gradient-type ME 

LDT in Chapter 5, the sensitivity of gradient-type ME ECT probe (𝑆𝑆G) in present 

chapter is calibrated using the same experiment configuration in Sec. 5.4.1. As 

introduced in Sec. 6.2.1, the sensing mechanism of gradient-type ME ECT probe is 

based on the suppression of common-mode magnetic field generated by the coil (𝐇𝐇coil) 

and detecting ME gradiometer output voltage (𝑉𝑉G) in responses to the vertical gradient 

of 𝐇𝐇eddy, the zero-setting experiment is discussed in Sec. 6.4.1 and followed by the 

testing system setup to be detailed in Sec. 6.4.2.  

6.4.1 Zero-Setting 

The aim of zero-setting of gradient-type ME ECT probe is to obtain zero 

output voltage (𝑉𝑉G) in absence of the object (specimen) to be tested. This is performed 

by setting the probe in the environment without conductive objects in the vicinity of 0.5 

m, slightly adjusting the baseline while fixing the front ME composites as illustrated in 

Fig. 6.7a, and simultaneously exciting the coil and monitoring 𝑉𝑉G  using lock-in 

amplifier. This method utilizes the non-uniform distributed magnetic field nearby the 

ends of solenoid (coil) as show in Fig. Fig. 6.7b. By adjusting the baseline with distance 

of ∆𝐿𝐿, it is possible to find a balanced position where 𝑉𝑉G ≈ 0 and to compensate the 

asymmetry caused by fabrication process and conductive connectors in packaging.  
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Fig. 6.7 (a) Illustration and (b) mechanism of zero-setting of gradient-type 

magnetoelectric eddy current probe.  

6.4.2 Non-destructive Testing Platform 

 

Fig. 6.8 Non-destructive testing system diagram based on proposed gradient-type 

magnetoelectric eddy current probe.  

Fig. 6.8 illustrates the non-destructive testing system diagram based on 

proposed gradient-type magnetoelectric eddy current probe. The testing system consists 

of the proposed gradient-type ME ECT, the manual controlled 3-D platform (RWD 
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Stereotaxic), the testing sample and the lock-in amplifier (SRS SR865). In detail, coil 

excitation current (𝑁𝑁) is directly provided by the reference output signal from the lock-

in amplifier using constant voltage mode (30 minutes setting up time for thermal 

stability of the probe) at ME composites resonance frequency of 240 kHz, and the probe 

output voltage (𝑉𝑉G) is synchronously measured by lock-in amplifier’s input channel.  

 
Fig. 6.9 Experiment step-up of non-destructive testing system diagram based on 

proposed gradient-type magnetoelectric eddy current probe. 
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Experiment setup of the testing system is shown in Fig. 6.9. Practically, the 

operating process involves 

(1) Settle the 3-D platform and assemble the probe.  

(2) Adjust the lift-off distance (ℎLD) to approximately 1mm.  

(3) Move the probe to the origin point of 3-D platform.  

(4) Turn on the lock-in amplifier and warming up 30 min.  

(5) Adjust the reference output signal from the lock-in amplifier with amplitude 

2V at 240 kHz and connect to the input terminal of gradient-type ME ECT 

probe.  

(6) Connect the output terminal of gradient-type ME ECT probe to the input 

channel of lock-in amplifier. 

(7) Adjust the range and sensitivity of lock-in amplifier accordingly [153].  

(8) Recording the current coordinate (x, y) and corresponding 𝑉𝑉G. 

(9) Move to next point and repeat step. (8).  

6.5 Results and Discussions 

6.5.1 ME Voltage Coefficient 

Fig. 6.10 shows that average ME voltage coefficients (𝛼𝛼𝑉𝑉) of 1.45 mV/Oe is 

achieved from 1 Hz to 340 kHz, among which, maximum ME voltage coefficients of 

13.5 mV/Oe appears at resonant frequency 238 kHz. The resonance frequency ME 

composite in proposed gradient-type ME ECT probe is approximately doubled of those 

in ME LDT in chapter 5 because the length of ME composites is half of those in ME 

LDT. Experiment results of resonant frequency of 238 kHz in Fig. 6.10 is slightly 

different from the theoretical prediction of 240 kHz in Eq. (3.12), the difference may 
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attribute to the assembling error and the mechanical loss caused by the adhesive epoxy. 

A small resonance at 100 kHz can be seen from  Fig. 6.10, which may explained by the 

mechanical coupling of the differencing copper wire between two ME composites.  

The measured results in Fig. 6.10 indicates that the selected ME composites 

are in highly similarity with relative difference ((𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B)/(𝛼𝛼𝑉𝑉,A  + 𝛼𝛼𝑉𝑉,B)) less 

than 0.5% which guarantees the ME voltage coefficients of each ME composites follow 

the ideal assumption of 𝛼𝛼𝑉𝑉,A = 𝛼𝛼𝑉𝑉,B. Consequently, 𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B fluctuates around zero 

over a broad frequency up to 340 kHz. The drop of 𝛼𝛼𝑉𝑉,A  and 𝛼𝛼𝑉𝑉,B  as function of 

frequency is not obvious because the ME composite in proposed gradient-type ME ECT 

probe is fabricated by Terfenol-D/PZT-8 structure with only one Terfenol-D plate with 

small dimension. This structure significantly reduces the eddy current effect in 

Terfenol-D plate.  

 
Fig. 6.10 Measured and FEM results of ME voltage coefficients of the two ME 

composites (𝜶𝜶𝑽𝑽,𝐀𝐀 , 𝜶𝜶𝑽𝑽,𝐁𝐁  and 𝜶𝜶𝑽𝑽,𝐅𝐅𝐄𝐄𝐀𝐀 ) in gradient-type magnetoelectric eddy 

current testing probe.  
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6.5.2 Gradiometer Sensitivity 

As shown in Fig. 6.11, the sensitivity of axial-type ME gradiometer 

sensitivity (𝑆𝑆G) as function of frequency (f) at L=15 mm is calibrated by the experiment 

setup described in Sec. 5.4.1. Experiment are conducted by exciting the anti-serially 

connected Helmholtz coil with constant current of 1 A (RMS value). Results in Fig. 

6.11 shares the similar trends to ME voltage coefficients spectrum with same resonance 

frequency of 238 kHz in Fig. 6.10, which can be explained by Eq. (1.13). An average 

sensitivity (𝑆𝑆G) of 0.27 𝜇𝜇V/((A/m)/m) is achieved from 1 Hz to 340 kHz, among which, 

maximum sensitivity (𝑆𝑆G) of 2.54 𝜇𝜇V/((A/m)/m) appears at resonant frequency 238 kHz. 

 
Fig. 6.11 Measured axial-type ME gradiometer sensitivity (𝑺𝑺𝐆𝐆) as function of frequency 

(f) at L=15 mm in gradient-type magnetoelectric eddy current testing probe. 
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6.5.3 Impedance Analyzing 

The input coil impedance (𝑍𝑍coil) and output impedance (𝑍𝑍ECT) spectrum of 

the proposed gradient-type ME ECT probe are measured by impedance analyzer 

(Agilent 4294A), which results are shown in Fig. 6.12 and Fig. 6.13, respectively. We 

see from Fig. 6.12 that the coil has its maximum impedance at 2.6 MHz, below which, 

𝑍𝑍coil has a steady increase as function of f and indicates its inductive property of input 

terminals. Fig. 6.13 shows that the ECT probe output impedance (𝑍𝑍ECT) decrease as 

function of frequency below the resonance frequency of 238 kHz indicates its capacitive 

property of output terminals. Fig. 6.13 also shows that ECT probe has an anti-resonance 

of 247 kHz. The DC input resistance (coil resistance) and output resistance of the ECT 

probe measured to be 846 mΩ and 20.4 MΩ, respectively. The coil impedance 𝑍𝑍coil and 

output impedance (𝑍𝑍ECT ) are readout to be 30.8Ω  and 2 kΩ  at probe resonance 

frequency 238 kHz.  

 
Fig. 6.12 Measured input coil impedance (𝒁𝒁𝐜𝐜𝐜𝐜𝐜𝐜𝐜𝐜) as function of frequency (f). 
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Fig. 6.13 Measured eddy current testing probe output impedance (𝒁𝒁𝐄𝐄𝐂𝐂𝐓𝐓) as function of 

frequency (f) 

6.5.4 FEA 

Fig. 6.14 shows the FEA results of total magnetic flux density z-component 

(𝑑𝑑z), eddy current distribution, and eddy current induced magnetic field z-component 

𝑑𝑑eddy,z at 0.5 mm above the testing specimen of non-flawed and flawed specimen, 

respectively. The dimension of the specimen is the same as parameters described in Sec. 

6.3.4. with lift-off distance (ℎLD) of 1 mm. Results in Fig. 6.14a shows that 𝑑𝑑z are 

different between non-flowed specimen and flawed specimen in the vicinity around the 

flaw, which is caused by flaw disturbed eddy current distribution shown in Fig. 6.14b. 

eddy current induced magnetic field z-component 𝑑𝑑eddy,z indicates possible  method of 

NDT by detecting the vertical gradient of 𝑑𝑑eddy,z using magnetic gradient technique.  
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Fig. 6.14 FEA results of (a) total magnetic flux density z-component (𝑩𝑩𝐇𝐇) at 0.5 mm 

above the testing specimen, (b) eddy current distribution on the surface of 

testing specimen, and (c) the eddy current induced magnetic field z-component 

𝑩𝑩𝐞𝐞𝐞𝐞𝐞𝐞𝐬𝐬,𝐇𝐇  at 0.5 mm above the testing specimen of non-flawed and flawed 

specimen, respectively.  
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6.5.5 One Dimensional Scanning 

1-D scanning was conducted on an artificially flawed copper plate described 

in Sec.6.3.4. The constant excitation voltage of 2 V was applied on the coil at 238 kHz 

corresponding to constant current of 65 mA. The scanning path was illustrated in the 

inset figure of Fig. 6.15. The scanning is started at position of 15 mm and ended at 

positon of 83mm with step of 0.5 mm. The proposed gradient-type ME ECT probe 

output voltage (𝑉𝑉G) with reference to the edge value is synchronously recorded at each 

measurement position which results in show in Fig. 6.15a. We see from Fig. 6.15a that 

a fluctuation of 0.25 mV of 𝑉𝑉G can be detected when the probe moving cross the flaw. 

Large slope of 𝑉𝑉G can be found at the start and end scanning points, this could be 

explained by the edge effects. In detail, when the coil approaching the edge of 

conductive detecting object, eddy current could not form complete loop and resulting 

smaller 𝑉𝑉G at the start and end scanning points. The asymmetry of measured results in 

Fig. 6.15a may explained by lift-off Effect described in Sec. 6.5.5. (may cause by 

uneven surface of testing object). This problem is alleviated by differencing the present 

result (𝑉𝑉G,n ) and previous result (𝑉𝑉G,n−1 ), we entitled as backward point-by-point 

differencing method, which results is shown in  Fig. 6.15b. An obvious Z-shaped curve 

when the probe moving cross the flaw could be found in  Fig. 6.15b. This signal feature 

can be possibly used as the flaw detection and identification.  
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Fig. 6.15 One dimensional scanning results of groove flaw on the surface of a copper 

plate. (a) raw data of output voltage (b) backward point-by-point differencing 

results.  
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6.5.6 2-D Scanning 

Fig. 6.16 shows the normalized gradient-type ME ECT probe output voltage 

(𝑉𝑉G) in 2-D scanning experiment of artificially flawed specimen described in Sec. 6.3.4. 

The 2-D magnetic field gradient measurement in Fig. 6.16 is conducted by line-by-line 

recording with step of 1 mm at lift-off distance of 1 mm. The measured results consists 

of 1092 data.  

By comparing the artificially flawed specimen and 2-D scanning results, we 

find from Fig. 6.16 that groove flaws, scratched flaw and erosion flaw can be observed 

and positioned from the 2-D scanning of magnetic field gradient image. The positioning 

accuracy can be approximately estimated to be 1.5 mm. However, the dent flaw could 

not be obviously observed. Fig. 6.16 suggest that the measured magnetic field gradient 

can reflect the existence of flaws on the surface of a conductive specimen, however, 

may limited in the reorganization of flaw types.  

It can be also seen from Fig. 6.16 that the measured magnetic field gradient 

has significant difference between the values at the edges and the central region of 

specimen. This could be explained by edge effects, that is, when the excitation coil 

approaching the edge of testing specimen, the effective area for eddy current become 

smaller and resulting in smaller eddy current induced magnetic field (𝐇𝐇eddy) and its 

gradient (𝐺𝐺eddy,zz). Since, the spatial resolution in Fig. 6.16 is limited by the manual 

conducted scanning step. It is believed that higher resolution can be obtained by using 

automatic scanning with finer step and arraying the gradient-type ME ECT probe to 

perform simultaneously imaging.  
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Fig. 6.16 Normalized gradient-type ME ECT probe output voltage (𝑽𝑽𝐆𝐆) in 2-D scanning 

experiment of artificially flawed copper plate specimen.  
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Chapter 7 

Conclusions and Suggestions for Future 
Work 

7.1 Conclusions 

The work has developed magnetic field gradient-type magnetoelectric (ME) 

sensors with high resolution by means of suppressing common-mode output voltage 

noises, and extend their possible applications as ME current sensors, displacement 

transducer, and eddy current sensors based on detection of magnetic field gradients. In 

contrast to conventional magnetic field strength-type ME sensors can only provide 

limited information of magnetic field strength at one point, the magnetic field gradient-

type ME sensors are capable of obtaining the magnetic field strength and its gradient 

simultaneously with high immune to ambient noise.  

The work has deployed a multi-objective functions and multi-constrains 

optimization method is developed based on the integration of finite element analysis 

and non-linear programming for the optimization of magnetic gradiometer design. A 

complete set of gradiometer’s figure of merits including sensitivity, resolution, 

equivalent gradient noise gradiometer output voltage, systematic error, common-mode 

rejection ratio (CMRR) and signal to noise ratio (SNR) as function of its baseline and 

assembling position. It is found that the gradiometer should be assembled close to the 

signal source to be measured with smaller baseline. In detail, the assembling distance 

to the signal source should be smaller than 0.1 times of the distance to the noise source, 
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and the baseline is better to be less than 5% of the total distance from signal source to 

noise source. Moreover, it is found that the best way to improve gradiometer sensitivity 

is to improve the sensitivity of magnetic field detection, which has no side-effects of 

sacrificing CMRR, SNR and systematic error.  

A fully-coupled model integrating ME constitutive relations, magnetic-

mechanical-electric governing equations is firstly established for finite element analysis 

based on COMSOL multi-physics 5.2a. The numerical results are in high coherent with 

experiments results.  

A small-scale and standalone gradient-type ME current sensor for a passive 

and direct converting electrical current in the power cables into electrical voltages while 

simultaneously suppressing common-mode ambient noise from multiple sources 

(including magnetic fields noises, electric field noises, vibration noises and low 

frequency thermal noises). The sensor is based on the product effect of current-induced 

MFG effect and the MFG-induced ME effect in a magnetic biased, an electrically-

shielded and mechanically-enclosed ME composite pair. The performances of the 

sensor porotype are systematically characterized to achieve a high sensitivity of 1.3–

8.4 mV/A in the frequency range of 10 Hz–170 kHz, strong multisource CMRR of 17–

28 dB, small input-output nonlinearity of <500 ppm, small thermal drift of <0.2 %/℃ 

within the measurement range of 0–20 A. The high sensitivity, strong multisource 

CMRR in conjunction with the passive, direct, and broadband current detection ability 

in a small-scale and standalone package, enables a high reliability current measuring 

technique for electrical condition monitoring in hash environment such as electrical 

mobility system and power plants. 

A novel gradient-type ME LDT for electromagnetic positioning based on by 

a pair anti-serially connected ME composites. The proposed LDT has been theoretically 
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designed, numerically verified using FEA and practically prototyped and deployed to 

evaluate its sensitivity, nonlinearity, and systematic errors between the analytical and 

experimental data at different assembled and excitation parameters. The high sensitivity 

of 40.8 µV/cm, together with the small nonlinearity of 3.7% realized in the LDT 

prototype make it promise to enable continuous displacement feedback with millimeter-

scale navigation accuracy in comparison with traditional magnetic field-based LDTs 

with discontinuous response and high level of nonlinearity. Besides, an improved ME 

composites preparing process is investigated, characterization results of the new 

preparing process suggests that the voltage coefficients differences of ME composites 

((𝛼𝛼𝑉𝑉,A  − 𝛼𝛼𝑉𝑉,B)/(𝛼𝛼𝑉𝑉,A  + 𝛼𝛼𝑉𝑉,B)) in gradient-type ME sensor could be controlled less 

than 0.5%. 

A novel gradient-type ME eddy current testing probe is developed by two 

anti-serially connected ME composites by detecting the eddy current induced magnetic 

field gradient. Characterization results show that the proposed probe has average ME 

voltage coefficients (𝛼𝛼𝑉𝑉) of 1.45 mV/Oe is achieved from 1 Hz to 340 kHz, among 

which, maximum ME voltage coefficients of 13.5 mV/Oe appears at resonant frequency 

238 kHz. An average gradient sensitivity of 0.27 𝜇𝜇V/((A/m)/m) is achieved from 1 Hz 

to 340 kHz, among which, maximum sensitivity of 2.54 𝜇𝜇V/((A/m)/m) appears at 

resonant frequency 238 kHz. 1-D and 2-D non-destructive testing results suggests that 

the proposed probe is capable of detecting groove, scratched and erosion flaws with the 

resolution of millimeter scale. The test results indicate an alternative sensing 

mechanism and bright future for eddy current sensing based on the giant 

magnetoelectric effect.   
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7.2 Suggestions for Future Work 

7.2.1 Full Tensor Magnetoelectric Gradiometer 

Since the magnetoelectric composites has an obvious sensitive direction, it is 

possible to develop full tensor magnetoelectric gradiometer for fully investigation on 

the magnetic field gradient.  

As shown in Fig. 7.1 the full tensor gradiometer consists seven tri-axial 

magnetometers around the center of the gradiometer with separating same distance L 

along the positive and negative directions of x, y, z axes, respectively. For this type of 

gradiometer, the specific component of gradient tensor 𝐺𝐺𝑖𝑖𝑖𝑖 is practically obtained by 
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Assume that each tri-axial magnetometer has same sensitivity (𝑆𝑆M) for all axis, 

the gradiometer sensitivity of each component, 𝑆𝑆G,𝑖𝑖𝑖𝑖  will consequently have and 

homogenous value, simplified as 𝑆𝑆G . Then, similar with the mechanism of scaler 

gradiometer in Eq. (2.15), the tensorial form of 𝐆𝐆 can be obtained as 
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𝑉𝑉𝑧𝑧,𝑧𝑧A − 𝑉𝑉𝑧𝑧,O 𝑉𝑉𝑧𝑧,𝑥𝑥A − 𝑉𝑉𝑧𝑧O 𝑉𝑉𝑧𝑧,𝑧𝑧A − 𝑉𝑉𝑧𝑧O

�  (7.3) 

or 
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�
𝐺𝐺𝑧𝑧𝑧𝑧 𝐺𝐺𝑧𝑧𝑥𝑥 𝐺𝐺𝑧𝑧𝑧𝑧
𝐺𝐺𝑥𝑥𝑧𝑧 𝐺𝐺𝑥𝑥𝑥𝑥 𝐺𝐺𝑥𝑥𝑧𝑧
𝐺𝐺𝑧𝑧𝑧𝑧 𝐺𝐺𝑧𝑧𝑥𝑥 𝐺𝐺𝑧𝑧𝑧𝑧

� = 1
𝑆𝑆G
�
𝑉𝑉𝑧𝑧,O − 𝑉𝑉𝑧𝑧,𝑧𝑧B 𝑉𝑉𝑧𝑧O − 𝑉𝑉𝑧𝑧,𝑥𝑥B 𝑉𝑉𝑧𝑧O − 𝑉𝑉𝑧𝑧,𝑧𝑧B
𝑉𝑉𝑥𝑥,O − 𝑉𝑉𝑥𝑥,𝑧𝑧B 𝑉𝑉𝑥𝑥O − 𝑉𝑉𝑥𝑥,𝑥𝑥B 𝑉𝑉𝑥𝑥O − 𝑉𝑉𝑥𝑥,𝑧𝑧B
𝑉𝑉𝑧𝑧,O − 𝑉𝑉𝑧𝑧,𝑧𝑧B 𝑉𝑉𝑧𝑧O − 𝑉𝑉𝑧𝑧,𝑥𝑥B 𝑉𝑉𝑧𝑧O − 𝑉𝑉𝑧𝑧,𝑧𝑧B

�  (7.4) 

In Eqs. (7.1)–(7.4), the 𝐻𝐻 and 𝑉𝑉 subscripted by i,jA , i,jB and i,O (𝑖𝑖, 𝑗𝑗 = 𝑥𝑥,𝑦𝑦, 𝑥𝑥) 

on the right hand side, are magnetic field components and magnetometer output 

voltages at position illustrated in Fig. 7.1.  

 

Fig. 7.1  Configuration of full tensor gradiometer 

The configuration of full tensor gradiometer in Fig. 7.1 enables a self-

correction advantages, since each 𝐺𝐺𝑖𝑖𝑖𝑖 in G can be measured twice times as explained 

in Eqs. (7.3) and (7.4), however, at the expense of using seven tri-axial magnetometers.  

For the concerns of economic cost, a compacted tensorial gradiometer (see Fig. 

7.2) can be configurated by three two-axial and one single-axial magnetometer based 

on the symmetricity and tensor invariant properties of G. Regarding to Eq. (2.4) and 

Eq. (2.9), only five independent components of G are necessary to be measured.  
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Fig. 7.2  Configuration of a compacted tensorial gradiometer 

For example, 𝐺𝐺𝑧𝑧𝑧𝑧, 𝐺𝐺𝑧𝑧𝑥𝑥, 𝐺𝐺𝑧𝑧𝑧𝑧, 𝐺𝐺𝑥𝑥𝑥𝑥 and 𝐺𝐺𝑥𝑥𝑧𝑧 are directly measured by 

𝐺𝐺𝑧𝑧𝑧𝑧 = (𝑉𝑉𝑧𝑧,𝑧𝑧B − 𝑉𝑉𝑧𝑧,O)/𝑆𝑆G         (7.5a) 

𝐺𝐺𝑧𝑧𝑥𝑥 = (𝑉𝑉𝑧𝑧,𝑥𝑥B − 𝑉𝑉𝑧𝑧,O)/𝑆𝑆G         (7.5b) 

𝐺𝐺𝑧𝑧𝑧𝑧 = (𝑉𝑉𝑧𝑧,𝑧𝑧B − 𝑉𝑉𝑧𝑧,O)/𝑆𝑆G         (7.5c) 

𝐺𝐺𝑥𝑥𝑥𝑥 = (𝑉𝑉𝑥𝑥,𝑥𝑥B − 𝑉𝑉𝑥𝑥,O)/𝑆𝑆G        (7.5d) 

𝐺𝐺𝑥𝑥𝑧𝑧 = (𝑉𝑉𝑥𝑥,𝑧𝑧B − 𝑉𝑉𝑥𝑥,O)/𝑆𝑆G         (7.5e) 

while the components of 𝐺𝐺𝑥𝑥𝑧𝑧 , 𝐺𝐺𝑧𝑧𝑧𝑧 , 𝐺𝐺𝑧𝑧𝑥𝑥  are obtained from equations (7.5b), (7.5c), 

(7.5e) and Eq. (2.4). Component 𝐺𝐺𝑧𝑧𝑧𝑧 can be derived from Eq. (2.9) as  

𝐺𝐺𝑧𝑧𝑧𝑧 = −𝐺𝐺𝑧𝑧𝑧𝑧 − 𝐺𝐺𝑥𝑥𝑥𝑥          (7.6) 
7.2.2 DC Magnetoelectric Gradiometer 

The rapid development of DC magnetic field measurements has promoted 

urgent demands for the DC magnetic field sensors [154,155]. Different from AC ME 

magnetic field sensors, the DC ME magnetic field sensors are capable of measuring the 

DC magnetic field strength with corresponding quantitative output based on the DC 
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magnetic field tuning effect at its resonant frequency [156,157]. Depending on the 

method to excite resonance, the DC ME magnetic field sensors can be categorized into 

voltage-mode and current-mode [10,48]. Currently, voltage-mode, current-mode and 

phase sensitive DC ME magnetic field strength-type sensors has been developed.  

A voltage-mode DC ME magnetic field sensor is shown in Fig. 7.3 [48]. The 

sensor was implemented in a MS–PE multi-phases composites, in which four pieces of 

thickness-polarized PE plates were symmetrically bonded on the surfaces of a 

longitudinal-magnetized magnetostrictive plate by silver epoxy. The operating 

mechanism of this voltage mode DC ME magnetic field sensor in Fig. 7.3 is AC voltage 

driven, DC magnetic field tuning resonance DC ME effect in MS–PE multi-phases 

composites. In detail, the sensor is voltage excited to vibrate at its longitudinal 

resonance frequency under zero bias DC magnetic field. The superposed external DC 

magnetic field will tune the mechanical compliance and resulting in the change of ME 

voltage outputs. A high sensitivity of 1.3 mV/Oe/V is achieved over a broad DC 

magnetic field strength range of 0 ~ 400 Oe.  

 

Fig. 7.3 Schematics of a voltage-mode DC ME magnetic field sensor [48]. 
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A current-mode DC ME magnetic field sensor is shown in Fig. 7.4 [10]. The 

sensor is fabricated by a PMN-PT piezoelectric plate, a pair of current drive aluminum 

strips, and a pair of NdFeB magnets. The magnets provide DC bias magnetic field under 

which, the AC current flow at resonate frequency in aluminum strips will subjects to 

Lorenz forces. These forces will vibrate the PE plates and resulting in PE output voltage. 

When external DC magnetic field was superposed to DC bias magnetic field, slightly 

changes on the PE output voltage is linear related to the strength of DC magnetic field 

to be measured. Experiment results indicate that linear current-controlled magnetic field 

sensitivity of 1.7 V/T/A is achieved in broad ranges of –100 to 100 mT at the sensor 

resonance frequency of 65 kHz. 

 

Fig. 7.4 Schematics of a current-mode DC ME magnetic field sensor [10]. 

 

Fig. 7.5 Schematics of a phase-sensitive DC ME magnetic field sensor [49]. 

NdFeB Magnets Plates 
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Fig. 7.5 shows another important type of phase-sensitive DC ME magnetic 

field sensor developed by combining a pair of permanent magnets, an electromagnetic 

coil, and a magnetostrictive–piezoelectric laminate in one direction to form a four-

phase magnetic–electromagnetic–magnetostrictive–piezoelectric heterostructure [49]. 

This magnetic field strength-type sensor can detect both DC magnetic field strength 

and its direction with sensitivity independent of zero-field resonance electric current 

amplitude. The dc magnetic field sensing is based on the detection of the phase 

difference between the off-resonance ME composites output voltage and the resonance 

electric current referenced at zero dc magnetic field. Experimental results suggested a 

high and linear dc magnetic field sensitivity of –0.21 °/Oe over a positive and negative 

dc magnetic field range of ±150 Oe with a small nonlinearity of 1.7%.  

On the basis of above successful the DC ME effect and devices, it is believed 

that DC ME gradiometer is also a promising development direction for ME sensors 

based on magnetic field gradient technique.  
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Appendix  

A.1 Analytical Derivation of Tensor Invariant Property 

The Gauss's law states that the divergence of magnetic flux density (B) is 

always zero in magnetic source free space based on the conservative assumption of 

magnetic flux density. This can be expressed as 

∇ ∙ 𝐁𝐁 = 0.                                                         (A. 1) 

In homogeneous linear magnetism space (i.e., air, water, transformer oil and 

vacuum etc.), the relationship between 𝐁𝐁 and 𝐇𝐇 reads  

𝐁𝐁 = 𝜇𝜇0𝜇𝜇𝑟𝑟𝐇𝐇.                                                         (A. 2) 

where 𝜇𝜇0 is the vacuum magnetic permeability, 𝜇𝜇r is the relative permeability of the 

medium. Substituting, Eq. (A.2) into Eq. (A.1), we have 

∇ ∙ 𝐇𝐇 = 0.                                                         (A. 3) 

equivalent to  

𝜕𝜕
𝜕𝜕𝑥𝑥

𝐻𝐻𝑧𝑧 +
𝜕𝜕
𝜕𝜕𝑦𝑦

𝐻𝐻𝑥𝑥 +
𝜕𝜕
𝜕𝜕𝑥𝑥
𝐻𝐻𝑧𝑧 = 0.                                      (𝐴𝐴. 4) 

Consequently, referring to the MFG definition in Eq. (1.8), we have 

𝐺𝐺𝑧𝑧𝑧𝑧 + 𝐺𝐺𝑥𝑥𝑥𝑥 + 𝐺𝐺𝑧𝑧𝑧𝑧 = 0                                              (𝐴𝐴. 5) 
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A.2 Terfenol-D Material Properties for FEM Modeling 

The magnetic, electric and mechanical properties of Terfenol-D plates for 

FEM modeling are listed in Table A.1. 

Table A.1 MS Plates (Terfenol-D) material properties for FEA. 

Property name Symbol  Unit in SI Value 

Electrical conductivity 𝜎𝜎 S/m 1.67 × 106 

Density 𝜌𝜌 kg/m3 9200 

Saturation Magnetization 𝐌𝐌s kA/m 132 132 132 

Saturation Magnetostriction 𝜆𝜆100, 𝜆𝜆111 ppm 1200, 800 

Magnetic Susceptibility 𝜒𝜒m 1 7.1 7.1 2 

4th Order Elastic Matrix 𝐂𝐂H GPa 

70.2 20.4 23.4 0 0 0 
20.4 70.2 23.4 0 0 0 
23.4 23.4 81.5 0 0 0 
0 0 0 6.4 0 0 
0 0 0 0 6.4 0 
0 0 0 0 0 6.4 
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A.3 PZT-8 Material Properties for FEM Modeling 

The electric and mechanical properties of PZT-8 plates for FEM modeling 

are listed in Table A.2. 

Table A.2 PE Plate (PZT-8) material properties for FEA.  

Property name Symbol  Unit in SI Value 

Electrical conductivity 𝜎𝜎 S/m 10−20 

Density 𝜌𝜌 kg/m3 7600 

Permittivity 𝜖𝜖𝑟𝑟 1 904, 904, 561 

Stress–Charge 
Piezoelectric Coupling 
Matrix 

𝐞𝐞E C/m2 
0 0 0 0 17 0 
0 0 0 17 0 0 
-6.6 -6.6 23 0 0 0 

 

4th Order Elastic Matrix 𝐂𝐂E GPa 

132 72.9 72.9 0 0 0 
72.9 132 72.9 0 0 0 
72.9 72.9 118.5 0 0 0 
0 0 0 28.2 0 0 
0 0 0 0 28.2 0 
0 0 0 0 0 29.6 
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