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ABSTRACT 

Metamaterials is a type of artificial materials with properties that cannot be found 

in nature while gaining their properties from structure rather than composition. During 

the last decade, studies on metamaterials have extended from electromagnetics all the 

way to the fields of optics, ultrasonics, mechanics, etc. Their potential applications have 

been found in various industries such as wave tuning/filtering in communication, 

medicine, remote sensing, detection, cloaking in military guise, radiation or sound 

shielding, etc. In particular, the application of metamaterial in structural material 

designs can result in superior properties such as ultralight weight with ultrahigh 

stiffness, negative Poisson’s ratio, for engineering uses in extreme environment. 

This thesis focused on micro-architectured metamaterials with an emphasis on the 

investigation of structure-property relationships of a wide range of physical properties 

including elastic, dielectric, piezoelectric as well as optical properties. Based on an 

understanding of the symmetry and scaling behavior of the metamaterials, some designs 

of metamaterials with superior properties such as high piezoelectric response, high 

Terahertz or optical sensitivity have been achieved. The research was mainly conducted 

by numerical simulation. Tools for solving the mechanical as well as the optical 

problems include the finite element method (FEM) using a commercial software 

package COMSOL, and a high-throughput calculation software framework coded with 

Matlab. 

Some interesting results obtained in the research are detailed as follows. First, the 
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symmetry types of the six designed models were analyzed by applying Euler rotations 

to the calculated elastic tensors, from which very different anisotropic properties for the 

models were identified. The elastic tensors of the metamaterial designs were found to 

exhibit a higher degree of symmetry than that of the geometry. Second, the scaling 

behavior of the elastic, dielectric and piezoelectric metamaterials compared with their 

relative density were systematically studied, from which different scaling behavior such 

as “stretching-dominated”, “bending-dominated” and “immediate” type have been 

identified. There also exist some physical properties that do not conforms to the scaling 

law, such as Poisson’s ratio , and the piezoelectric constant d33, while a super-high d33 

of 400 has been found for the helix-network model. Third, the terahertz properties of 

the piezoelectric substrate PMN-PT have been experimentally characterized, from 

which we have fabricated metamaterial patterns and tuned the dielectric properties of 

the meta-surface, which can alter the THz responses by 12%. Fourth, quadrupole 

resonances in gold nanorod metamaterials have been found to enhance the sensing 

figure of merit by 82 compared to the conventional dipole type resonances, which may 

find potential application in high sensitive micro-assays.  
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Chapter 1. Introduction 

1.1  Composites and Metamaterials 

1.1.1 Introduction to Composite Materials 

The history of composite material research is far longer than that of metamaterials. 

However, some important properties, or laws that governs the physics of metamaterials 

have already been studied long ago when they were thought of merely composite 

materials [1]. Figure 1-1 gives a summary of the classifications of binary composite 

materials. In particular, binary composites can generally be divided into two groups, 

one is the “structure-air composite”, which means the composite is made of one main 

material as the dominating part but with voids filled with air inside it; the other is the 

“matrix-inclusion composite”, which means the composite is made of two types of 

materials, one being the main part, and the other being included in the matrix. 

 

Figure 1-1. A summary of the classifications of binary composite materials. 

 



 

 ______________________________________________  

Yong Zehui  13 

Along the discovery of natural composites and the invention of artificial composites, 

different terminologies have been used. Aerogels, fiber networks, and porous or cellular 

materials are types of “structure-air” composites, while lattice materials is a special 

subcategory of cellular materials possess a spatial periodicity, resembling that of atomic 

crystals [2-5].  

 

Figure 1-2. Three kinds of natural structure-air type composites, the aerogels (Left), the fiber 

networks (Middle), and the cellular solids (Right). (Reprinted from Ref. [2]). 

Another taxonomy is to divide composites (generally two phase composites, or 

“matrix-inclusion” combination) by their connectivity, as 0-3 (particulates), 1-3 (fiber-

reinforced), and 2-2 (laminated), 3-3 (interpenetrated) types. 0-3 materials would 

become porous materials if the inclusion constituents are replaced by air, from which 

various effective medium theories have been developed to evaluate the property of such 

composites [4-7]. The term “metamaterial” has been now widely used whenever the 

author is emphasizing the special structure that is employed, no matter for ordered, 

disordered, or quasi-ordered materials. 
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Figure 1-3.  Composites with (a) 0-3 type, (b) 2-2 type , and (c) 1-3 type. (Reprinted from Ref. [5]) 

 

1.1.2 Electromagnetic and Optical Metamaterials  

“Metamaterials” is a newly emerged term from the 2000s used to denote artificial 

materials with properties that do not exist for natural materials [8-15]. They have found 

applications for their electromagnetic all the way to mechanical properties. Classified 

by different types of their physical properties, metamaterials are usually referenced to 

“electromagnetic metamaterials”, “optical metamaterials”, “sonic metamaterials”, 

“ultrasonic metamaterials”, or “mechanical metamaterials”, etc. Historically, the first 

ever metamaterial created is a metallic rod/split-ring composite, fabricated in 2001 by 

Shelby et al, which shows negative refractive index at the microwave range [8]. Later, 

Pendry et al have theoretical predicted the cloaking device, which has been 

subsequently realized by Schurig et al at microwave frequencies [9, 10]. Fabrication of 

these kinds of metamaterials often only requires simple plating and etching to be done. 

The sizes of them range from centimeters down to hundreds of micrometers, which can 

only work at microwave frequencies, as shown in Figure 1-4. 
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Figure 1-4. Electromagnetic metamaterials with negative refractive index, and cloaking functions 

at microwave frequencies. (Reprinted from Ref. [8-10]) 

Using some advanced nanofabrication technology, nano-sized negative index 

metamaterials that can work in visible light range were produced in 2007, by Shalaev 

et al [11]. In that work they have employed a technology of layer-by-layer nano-

lithography to implement a 3-D grid design. Cloaking at visible light range is also 

achieved in 2007 by Valentine et al [12]. Another noteworthy work is the realization of 

a chiral metamaterial made by nano-springs that can manipulate the polarization of light. 

These metamaterial designs are all shown in Fig. 1-5. 

 

Figure 1-5. Optical metamaterials with negative refractive index, chirality and cloaking functions. 

(Reprinted from Ref. [11-13]) 

Meanwhile, Fang et al (2006) have designed a type of Helmholtz ring to enable 

negative modulus for ultrasound waves, which are called “ultrasonic metamaterials” 

[13]. Zhang et al (2011) have made broadband ultrasound cloaks [14]. Burek et al have 

invented a kind of opto-mechanical metamaterials, which can perform coupling 

between light and micro-vibrations [15].  
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Figure 1-6. Ultrasonic metamaterials with negative refractive index, and cloaking functions. 

(Reprinted from Ref. [12]) 

1.1.3 Mechanical Metamaterials 

Mechanical metamaterials refer to materials with certain mechanical properties 

(including Young’s modulus, yield strength, Poisson’s ratio, etc.) defined by their 

geometry rather than composition (including pores, trusses, and other microstructure). 

A lot of intriguing properties such as ultralight weight, ultrahigh stiffness, and negative 

Poisson’s ratio etc., have been discovered, accompanied with promising application 

prospects in the fields of aeronautics, transportation, energy absorption, heat exchange 

and structural components of other industries [16-20]. 

 

Figure 1-7. Metamaterials with ultrahigh stiffness, negative Poisson’s ratio, and buckling-resistant 

properties. (Reprinted from Ref. [16-18]) 

The first groundbreaking work on mechanical metamaterials was reported in 2011 

by Schaedler et al, who use nano-sized nickel hollow tubes in an octet-truss lattice, 

which displays super high stiffness and super lightweight and can be supported by a 

dandelion. In 2013, Cheung et al have designed a reversible joint cuboct lattice using 
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carbon reinforced polymers, which can achieve super-high elasticity and with super-

high stiffness. In 2014, Bauer et al have fabricated 5 types of mechanical metamaterials, 

and compare them by their elastic and strength properties. Meza et al have fabricated 

by an aluminum version of Schaedler’s structure using alumina hollow tubes. Zheng et 

al, have fabricated and compared the difference between bend-dominated and stretch-

dominated structures. These structures have been predicted to have potential application 

in aeronautics, transportation, medical devices, etc.  

 

Figure 1-8. An octet-truss type mechanical metamaterial fabricated with nickel hollow tubes. (Left) 

The unloaded metamaterial, (Middle) the metamaterial under pressure, and (Right) the structure 

standing on a dandelion. (Reprinted from Ref. [19]) 

 

 

 

Figure 1-9. An octet-truss type mechanical metamaterial made of alumina hollow tubes. (Left) EM 

image of alumina octet-truss metamaterial. (Middle) Zoomed-in image of the alumina octet-truss 

nanolattice. (Right) TEM dark-field image with diffraction grating of the alumina nanolattice tube 

wall. (Reprinted from Ref. [20]). 
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1.1.4 Terahertz Metamaterials 

Terahertz is a relatively unexploited electromagnetic frequency range (from 

0.3THz to 3THz) that is promising for future applications in various fields of medical 

imaging, security, communication, manufacturing, etc. However, up to date, there still 

lacks tools which are required to construct devices operating within this range. 

Therefore, techniques to manipulate and control Terahertz waves are in large demand. 

metamaterials are perfect candidates to undertake the role of wave tuning and modeling. 

In 2006, Chen et al have invented an active metamaterial device that can control and 

manipulate THz radiation in real-time. The device involves an array of electric 

resonators (split-ring type metamaterial) deposited on a GaAs substrate. The two parts 

together can enable Terahertz modulation by a percentage of 50, an order of magnitude 

enhancement over previous devices. 

 

Figure 1-10. (Left) Design of the active THz metamaterial device. (Middle) Design of metamaterial-

based THz modulator. (Right) Switching performance of the Terahertz metamaterial device. 

(Reprinted from [23]) 
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1.1.5 Plasmonic Metamaterials 

Plasmonic metamaterials is a group of optical metamaterial that mainly include 

nano-sized metals, including different forms such as nano-particles, nano-rods, nano-

wires and so on. In these cases, we normally take the nanoparticles as light scatterer, 

where light incident on them will often excite a coupling between light itself and the 

electron motions inside the metal, often called surface plasmons, as shown in Figure 1-

11. This excitation will absorb light energy at specific wavelength, due to the internal 

resistivity of metal as well as the resonance size of the metal geometry. 

 

Figure 1-11. (Left) Excitation of surface plasmons. (Right) Light extinction peak. (Reprinted from 

[24]) 

The most important application of surface plasmon is to enhance the optical 

sensitivity of a substrate when the refractive index of that substrate will change under 

attachment or detachment of specific molecules (Figure 1-12). By tuning the metallic 

pattern on the substrate, or equivalently, tuning the metamaterial type, the sensitivity of 

the device will change a lot. Aside from forming metallic pattern on the substrate, there 

also exists simple method — to synthesis metallic nanoparticles and distribute them 

onto the substrate in a disordered way (as shown in Figure 1-13). This method is 

inexpensive and can also achieve good sensing performance. 
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Figure 1-12. (Left) Microfluidic system using plasmonic biosensor. (Right) The mechanism of 

sensing. (Reprinted from [26]). 

 

Figure 1-13. Various types of metallic nanoparticles for surface plasmonic sensing. (Reprinted from 

[27]). 

 

1.2  Scaling Behavior in Metamaterials 

Scaling laws, with the form shown in Eq. (1-1) 

 ~F A    (1-1) 

can be observed in a diversity disciplines including physics, biology, and even social 

sciences [21]. The phenomenon is first observed around the critical point in phase 

transitions. In research of metamaterials, there exist two kinds of definition for “scaling 

behavior”, both described by the formula Eq. (1-1). The first kind concerns the truss 
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mechanics of cellular materials (by Gibson & Ashby [22]), where ρ is determined by 

the corresponding truss diameters, hence we can name it as “scaling by diameter”. The 

second kind is more often found in aerogels or fiber networks, where ρ is determined 

by the quantity of generating elements (particles or fibers), hence we can name it as 

“scaling by generating function”, in which case α can easily surpass 3. In both cases, α 

is a material- and density-invariant coefficient, which has been proven to be a useful 

parameter value for determining the structure-property relationships of a wide range of 

metamaterials.  

There are two distinct species of cellular solids, one of which is named as “bending-

dominated” structures, typified by foams, while the other is named as “stretching-

dominated” structure, typified by triangulated lattice structures. Foams can be made by 

mixing metals, glasses, polymers or ceramics with a foaming agent. Conventionally, 

the structure of foams can be idealized as a cell whose shape is shown in Figure 1-10 

(Left). This cell usually contains cell walls that surround a void space, which will show 

bending behavior when loaded with pressure. Lattice structures (Figure 1-10 Right), on 

the opposite, are designed to suppress bending, such that when loaded the cell walls 

would stretch rather than bend [23]. 
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Figure 1-14. Left: an idealized cell in a low-density foam. Right: a fully triangulated lattice structure. 

(Reprinted from Ref. [22]) 

We now derive the scaling law for foam materials from the ideal model. First, we 

express the density of the structure as 

 
2

1r

t
C

L


 
=  

 

   (1-2) 

where r is the relative density of the foam compared to the solid, L is the length of the 

cell, t is the thickness, and C1 is a constant which can be approximately equal to 1. On 

the other hand, a compressive force F is remotely exerted on the cell edges, which 

would lead to a deflection  as 

 
3

0

FL

E I
 

  (1-3) 

where E0 is the intrinsic modulus of the foam material and I = t4/12 is the second 

moment of the cross section of the cell. The total compressive strain loaded on the cell 

is then  = 2 / L. From eqs. (1-2) and (1-3) it derives the modulus E =  / of the foam 

2

2 0rE C E=  (bending-dominated behavior)    (1-4) 

On the other hand, the fully triangulated structure shown in Fig. 1-10 right will only 
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stretch under elastic loadings. For example, on average only 1/3 of the cell edges carry 

tension when the triangulated structure is stretched regardless of the loading direction. 

Therefore, the effective Young’s modulus can be expressed as 

3 0rE C E=  (stretch-dominated behavior)      (1-4) 

with C3 = 1/3. The modulus is linearly dependent on the relative density, which means 

that the structure is stiffer than a foam of the same density. 

 

1.3  Ashby Charts 

Material properties can be plotted in a Material Property Chart with log-log scale 

(sometimes referred to as Ashby Chart, after the material scientist MF Ashby), which 

is useful for material selections, and act as a guideline for a search of materials with 

properties as designed [24]. As an example, Figure 1-15 shows an Ashby Chart of 

Young’s modulus plotted against density. The small bubbles show the range of the 

properties exhibited by a given material type (marked by small black labels). The larger 

colored envelopes enclose material families (marked by boldface labels) including 

metals, technical ceramics, composites, polymers, elastomers and foams. 
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Figure 1-15. A typical Ashby Chart encapsulating all types of common materials for lookup of 

Young’s modulus. (Reprinted from [21]). 

Figure 1-16 shows an Ashby Chart of Young’s modulus plotted against density for 

cellular structures [21]. The base material is aluminum 20% SiC(p), a type of industrial 

metallic foams, which is located at the upper right part within in the envelope of 

“Composite”. The yellow marks show the calculated data for modeled Al-SiC(p) foams, 

and the red marks show the measured data for the real ones. Meanwhile, the green 

marks with red labels represent the lattice models, which lies at higher values of 

modulus for the same density. It is worth noting that, at a relative density r = 3.5%, the 

modulus of the lattice can reach as high as 10 times over a foam of the same density. 

Other types of materials (over 3000 data points) including various kinds of ceramics, 

metals, composites, polymers and material foams are also plotted in Figure 1-16 [21]. 

The performance of lattice structures exceeds all of them. 
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Figure 1-16. The moduli of Al – 20%SiC lattices compared with those of the other engineering 

materials. The values of lattices lie outside the envelope of existing materials of the chart. Numbers 

in brackets are relative densities. (Reprinted from [21]). 

 

 

1.4  High-throughput Calculation 

High-throughput calculation is a method to enable nowadays supercomputer power 

to automatically conduct heavy calculation tasks by programming [22]. For material 

calculations, typically, the programmed codes will contain the interfaces for input of 

material models, the part of paralleling and task submission to the supercomputer, the 

core part of doing physical analysis (by different numerical methods, such as finite 

element analysis, augmented plane wave methods, etc.), and finally the part of 

recording calculated results, etc.  

In the field of material research, the most famous group is the one named “the 
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Materials Project”, the target of which is to enable researchers to easily lookup all the 

required material properties from a built-up database of material properties, and to 

conveniently data-mine scientific trends in materials properties. In the past two years, 

“the Materials Project” has successfully computed and documented the elastic and 

piezoelectric data of about a thousand of inorganic compounds, as shown in the figure 

below [23-25]. 

 

Figure 1-17. (Left) Distribution of calculated Poisson ratio, bulk modulus and shear modulus for 

1181 metals, compounds and non-metals. (Right) Distribution of piezoelectric constants of 941 

materials. (Reprinted from [23-25]). 

 

Figure 1-17 (Left) shows a log-log plot of the bulk modulus versus the shear 

modulus for all 1181 materials. It shows that most materials lie in the region around 80 

and 190 GPa for the shear and bulk moduli, respectively. In Figure 1-13 (right), 

piezoelectric properties of 941 materials were also calculated, where the maximum 

piezoelectric modulus ||eij||max is plotted in a pie-chart. The high-throughput 

calculations have confirmed high piezoelectric constants for compounds such as 

PbTiO3, BaNiO3, RbTaO3 and SrHfO3; meanwhile, the study has also predicted a set of 
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new potent piezoelectric materials, including VFeSb, Li 4WO5, LiMnO2, NaBiS2 and a 

few dozen others.  

 Since metamaterials (with repeating unit-cells) can be macroscopically viewed as 

some kind of homogenous materials, it follows natural that we can apply the same 

research methodology to metamaterials. However, the extra freedoms of choosing the 

internal structure of a metamaterial have made it difficult to arrive at a general 

understanding of the structure-property relations of metamaterials. New methods must 

be developed to categorize certain topological features to reduce the complexity of the 

problem. Some candidates can be symmetry properties and scaling behavior studied in 

the present work, which is a small step toward this goal. 

 

1.5  Calculation Methods 

1.5.1 Finite Element Method 

Finite element method (FEM) is a numerical technique to divide up a complex 

geometry into amounts of small and simple elements that the physical fields inside the 

elements can be solved (often by solving PDEs) in parallel with consideration of 

coupling terms with each other [26-28]. The whole domain under FEM often consists 

of smaller and simpler subdomains (called finite elements) connected to each other in 

a finite number of points (called nodes). Basically, the FEM is conducted via the 

following steps: 1) the continuum is divided into a finite number of elements of 
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geometrically simple shape. 2) Find out a finite number of nodes that connect the 

elements. 3) Define the unknowns to be solved, e.g., the displacement u(u, v, w) field, 

or the voltage field (V) of the nodes. 4) Choose some polynomial interpolation 

functions describe the unknown field values at each point of the elements related to the 

corresponding field values at the nodes. 5) The forces (or other boundary loads) applied 

to the whole domain are replaced by an equivalent system of forces applied to the nodes. 

6) PDE for all the elements or nodes is constructed as a large matrix form. 7) The PDE 

is solved using fast algorithms. 8) Other derivative field values are derived from the 

unknown field values. FEM has been proved to be an ideal tool for solving the problem 

of partial derivative equations.  

 

1.5.2 COMSOL software package  

This research employed COMSOL software package to compute all the elastic, 

dielectric, piezoelectric and optical properties of different designs of metamaterials. In 

this section the basic usage and operation of the relevant modules include the “Solid 

Mechanics”, “Electrostatics”, “Wave Optics” will be introduced. 

1) Solid Mechanics and Electrostatics 

Material Assignments: in this module, the elastic properties should be defined, for 

anisotropic materials, the total number of elastic tensor amounts to 36 parameters; for 

anisotropic piezoelectric materials, the whole tensor with 81 entries should be input as 

parameters. 
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Boundary Conditions: either displacement or loaded stress should be applied on 

the outer boundary of the simulation domain. When electrostatics is considered, proper 

electrical ground boundary should also be applied. 

2) Wave Optics 

Material Assignments: in this module, the only important material property is the 

dielectric constant (or relative permittivity)  of the simulated material. For example, 

usual dielectric substrate such as organic epoxy has a dielectric constant  =  at 

Terahertz frequencies. Sometimes we should also assign frequent-dependent variables 

to this property when the dispersion effect is severe, such as permittivity of gold under 

optical frequencies. 

Boundary Conditions: optical module involves, in the current work (both for 

terahertz and optical frequencies), the source of the light is selected to be plane wave, 

and the simulation domain should be larger than 3 times of the scatterer. 

1.5.3 Software Framework  

High-throughput calculation is a method to enable nowadays supercomputer power 

to automatically conduct heavy calculation tasks by programming. For material 

calculations, typically, the programmed codes will contain the interfaces for input of 

material models, the part of paralleling and task submission to the supercomputer, the 

core part of doing physical analysis (by different numerical methods, such as finite 

element analysis, augmented plane wave methods, etc.), and finally the part of 
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recording calculated results, etc.  

 

Figure 1-18. The software framework for high-throughput calculation in this work. 

 

1.6  Scope of the present work 

As discussed above, this study will help to promote a full understanding of the 

structure-property relation of metamaterials, and may lead to significant contributions 

to the development of the fields of aeronautics, transportation, and medication, etc. The 

research work conducted for this thesis focuses on the elastic and piezoelectric 

properties of various type of metamaterials, and also includes some new models of 

terahertz and optical metamaterials. This introducing chapter is followed by 6 other 

chapters: 

Chapter 2 focuses on the symmetry properties of various as-designed metamaterial 

structures. Chapter 3 includes the study of the elastic properties of metamaterials, 

including the Young’s modulus, shear modulus, and the Poisson’s ratio, in which some 
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non-conventional properties such as structural cross-overs, which have not been 

reported in literature. Chapter 3 also includes the study of piezoelectric properties of 

metamaterials, including the dielectric constants, poling directions, piezoelectric 

constants, which found some laws to generate ultra-high piezoelectric properties. 

Chapter 4 introduces a metamaterial design on piezoelectric material, to tune their 

terahertz properties. Chapter 5 describes the different resonating mode for optical 

metamaterials. Conclusion and suggestion for future work are given in Chapter 6. 

 

1.7  Statement of original contributions 

For both elastic and piezoelectric materials, extensive computational efforts have 

been made by others via theoretical modelling and numerical analysis. Some typical 

work include 1) A. P. Robert et al’s numerical study of open- and closed-cell foams, 

and 2) Deshpande et al’s design and analysis of architected lattice materials, 3) 

MacKintosh et al’s modelling and analysis of fiber networks, 4) Venkatesh et al’s 

parametric study of piezoelectric foam materials, and 5) Sun et al’s work on 0-3 type 

magneto-electric composites. However, there still remains much room for 

improvements that my work can contribute importantly to a general theoretical 

understanding of metamaterials, especially for the establishment of the picture of 

structure-property relation. 

To the best of my knowledge, the present work has made the following original 

contributions: 1) previous studies on lattice materials are constrained to truss-like 
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structures, while the current work has employed structures with curved geometries, 

which has brought in some new physics; 2) since the building block of metamaterials – 

the “meta-atoms” – acting like unit cells in crystals, symmetry issues has been 

considered; 3) there exists possibilities for scaling constant beyond the 1< α <2 bounds, 

and the reason for this variation should be clarified; 4) the tool of Ashby Chart has been 

extended to piezoelectricity, and other functional properties. Generally speaking, 

scientifically, we need to construct a comprehensive picture depicting the structure-

property relationship to get insights into the complexity of metamaterials; while 

technically, it is necessary to design new structures to fill out the holes of the “material 

property space”, and to enrich future material selections in the metamaterial range. 

Meanwhile, in light of the current 3D printing technologies – which have proved their 

potential in getting complex structures printed in hours – experimental verification of 

our numerical predictions would hopefully be easily accomplished in the near future. 
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Chapter 2. Symmetry Properties of Micr

o-architectured Metamaterials 

2.1 Introduction 

Crystals are categorized into 230 space groups according to their symmetry types, 

which are strongly associated with their physical properties [31]. For the reason 

symmetry is also an important consideration in the study of metamaterials. This Chapter 

presents an analysis of six types of models of metamaterials in terms of their geometric 

symmetries, corresponding deformation behavior and stress mechanisms, as well as the 

degrees of symmetry of their elastic properties. 

2.2 Deformation and Stress – Modelling and Analysis 

We consider 6 types of micro-architectures of metamaterials, with three of them 

being conventional models in the research field of cellular metals, namely the cubic 

truss (CT), the octet truss (OT), and the ideal open-cell foam (IF) model, where a 

detailed comparison between them cannot be found in the literature. The other three 

models, namely the gyroid (GR), the wave-network (WN) and the helix-network (HN) 

models, are self-designed models with some additional degrees of freedom of bending 

and waviness and they are not necessarily cubic symmetric (Figure 3-1). Each 

modelling process typically involves a designing of the model’s geometry (i.e. for our  
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Figure 2-1. Schematic diagrams of 6 models of micro-architectured metamaterials, namely (a) the 

cubic truss, (b) the octet truss, (c) the ideal open-cell foam, (d) the gyroid, (e) the wave network, 

and (f) the helix network. For each of these models, the 1st , 2nd , 3rd and 4th column from the left 

show, respectively, the design of the model’s geometry, the corresponding unit cell, the deformation 

behavior under uniaxial compression along the z direction, as well as that under shear stress along 

the x-y plane. 

 

 



 

 ______________________________________________  

Yong Zehui  35 

self-designed models) as well as a selection of the system size and of the stress applied 

to each surface, and each simulation is chosen to be conducted on a sufficiently large 

simulation domain (also referred to as the “representative volume element”) of 5×5×5 

cubic unit cells so as to minimize any finite-size effect on the system’s mechanical 

properties [41]. 

Geometric details of the six models are shown in Figure 2-1, with matrix and unit-

cell representations, as well as their deformation patterns under normal and shear 

stresses. The surface color represents the internal von Mises stress distribution, with the 

brighter regions bearing more stresses and thereby more prone to yield. A detailed 

comparisons of the symmetry properties of these different models is presented in Table 

2-1.  

Table 2-1. Summary of symmetry properties. 

Model Type 
Point Group Symmetry 

(Geometric) 

Point Group Symmetry 

(Elastic) 
Particulars 

CT  

(Cubic Truss) 
Oh Oh 

Unstable Shear 

Response 

OT 

(Octet Truss) 
Oh Oh Most Tough 

IF 

(Ideal open-cell 

foam) 

D2 Oh - 

GR  

(Gyroid) 
C2 Oh - 

WN 

(Wave-network) 
Ci C2h Auxetic 

HN 

(Helix-network) 
C1 D4h Most Brittle 
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2.3 Spherical Representation and Reduced Variables 

 

According to the reference 43, elastic properties F along any directions can be 

described as functions of the Euler angles F = F (φ, θ, ψ), which are E (Young’s 

modulus), G (shear modulus), or ν (Poisson’s ratio), and (φ, θ, ψ) are the rotation angles 

of a new coordinate frame (x’, y’, z’) relative to an original frame (x, y, z).  

We begin with a consideration of Hooke’s law. First, the components of the elastic 

strain tensor ij are related to the stress components km by 

 ij ijkm kmS =   (2-1) 

where Sijkm is referred to as the compliance tensor. The primed compliance tensor in the 

new coordinate frame can be expressed by a transformation equation  

'

ijkl im jn kp lq mnpqS A A A A S=                     (2-2) 

where the indices (i, j, k, l, m, n, p, q) of the direction cosines A can be 1, 2, and 3 

(following the summation convention). For the case of cubic symmetry, Thomas et al. 

showed that the transformation takes the form [31] 

'

1122 1212 1111 1122 1212( ) ( 2 )ijkl ij kl ik jl il jk iu ju ku luS S S S S S A A A A     = + + + − − (2-3) 

where ij is the Kronecker delta, the indice u runs over 1, 2, and 3. The angular 

dependence is also considered within a set of only three compliances coefficients 

instead of the 81 compliance coefficients of equation (2-2). The three most used elastic 
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coefficients can be derived from the compliance tensor as:  

Young’s modulus: ' '1/i iiiiE S=                   (2-4) 

Shear modulus: ( )' '1/ 4ij ijijG S i j=                  (2-5) 

Poisson’s ratio: ( )' ' '/ij iijj iiiiS S i j = −                   (2-6) 

The position coordinate x’ in the new coordinate frame is related to that in the original 

frame by 

' ( )i iu u iu ux A x W V U x  = =                    (2-7) 

Direction cosines Ast can be written in terms of Eulerian angles ,   and , which are 

defined in Figure 2-2. 

( ) ( )

( ) ( )

[ ] sin cos sin cos sin

sin cos sin cos cos

st

A B C

A D E F G H

D E F G H

    

    

 
 

= + + 
 − − 

        (2-8) 

where 

cos cos sin

sin cos sin sin

sin cos

cos sin cos

A E

B F

C G

D H

  

   

 

  

= = −

= = −

= =

= − =

             (2-9) 
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Figure 2-2. Transformation of coordinate frame and the related Eulerian angles. (Reprinted from 

[30]) 

In general, for anisotropic materials, E, G, and ν are all tensor parameters which 

cannot be directly visualized, hence for convenience, we have adopted three reduced 

variables ║E║, ║G║ and ║𝜈║ (as shown by different columns in Fig. 2-1), which are 

all scalar parameters defined as follows: 

1)  For each new coordinate frame (x’, y’, z’) resulting from a rotation by (φ, θ, ψ), 

║E║ is simply the longitudinal Young’s modulus Ez’;  

2) ║G║ = (Gz’x’ + Gz’y’)/2 is a measure of the resistance against any shear stress 

applied onto the z’- surface;  

 

Figure 2-3. Schematics for ║G║ and ║𝜈║. 
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3) ║𝜈║ = (𝜈z’x’ + 𝜈z’y’)/2 is a measure of the lateral contraction or extension when a 

z’- directional tension or pressure is applied.  

Practically, ║E║ and ║𝜈║ are invariant about the “roll angle” ψ so we can just plot 

the bivariate function F (φ, θ) in spherical coordinates. In contrast, ║G║ cannot be fully 

represented on a spherical surface, so we choose to plot out its extrema, ║G║max = 

max(║G(θ, φ) ║, ψ) and ║G║min = min(║G(θ, φ) ║, ψ), where the difference between 

will also be plotted. 

2.4 Results and Discussion 

Each row in Figures 2-4 and 2-5 show the F- plots of the different models (from CT 

to HN), in which all the three plots of ║E║, ║G║, and ║𝜈║ exhibit the same type of 

point symmetry as indicated by the contour shapes. We refer to this symmetry as “elastic 

symmetry”, to be distinguished from the “geometric symmetry” observed in Figure 2-

1. For some perfect cubic models such as CT and OT, the elastic symmetry remained 

the same as the geometric symmetry (from Oh to Oh, or written as CT: Oh → Oh and 

OT: Oh → Oh); while for other models, the higher degree of symmetry for their elastic 

properties compared with their geometric counterparts are obviously observed, namely, 

IF: D2 → Oh, GR: C2 → Oh, WN: Ci→C2h, and HN: C1 → D4h. The left-most column 

lists the forms of stiffness tensors for each model, which are exactly the matrix 

representations for corresponding point symmetry groups. As a special case, the F- plots 

of WN is seen to be tilted from the orthogonal lattice vectors by an angle θ. This effect 

is originated from the topological property of wave shapes, and can also be described 
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by an additional term of C16 in the corresponding matrix. 

 

Figure 2-4. Symmetry of Micro-architected Metamaterials. The 1st, 2nd, 3rd, 4th and 5th rows show 

the elastic tensor matrix, the F-plots of ║E║, ║G║max, ║G║min and ║𝜈║, respectively, for geometry 

type of the cubic truss, the octet truss, the ideal open-celled foam, respectively. Relative density are 

set to be 0.2. 
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Figure 2-5. Symmetry of Micro-architected Metamaterials. The 1st, 2nd, 3rd, 4th and 5th rows show 

the elastic tensor matrix, the F-plots of ║E║, ║G║max, ║G║min and ║𝜈║, respectively, for geometry 

type of the gyroid, the wave network, the helix network, respectively. Relative density are set to be 

0.2. 
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The anisotropy of all models, as reflected by their F-plots of ║E║ and ║G║, is also 

strongly dependent on the difference ΔG = ║G║max - ║G║min. For those 4 models with 

Oh – symmetry we can rank their anisotropy via their anisotropy factor AU in increasing 

order as OT < GR < IF < CT. The relatively weak anisotropy of OT has constituted part 

of the reason for its popularity in engineering [45]. Moreover, all the 6 F-plots exhibit 

different characteristics of convexity or concavity along different directions, and the 

convexity or concavity of the ║G║- and ║𝜈║- plots is often opposite to that of the 

║E║- plots. For example, OT exhibits concave <100> and convex <111> shapes for its 

║E║- plot, but convex <111> and concave <100> shapes for its ║G║- and ║𝜈║- plot. 

An extreme condition occurs for WN when its ║𝜈║ value get too concave such that it 

becomes negative (or auxetic) for the [100] and [010] directions. This auxeticity is 

caused by the rotation coupling of x- and y- arms, which is analogous to that in the 

missing-rib model [47]. 

For the various Oh – symmetric models CT, OT, IF and GR, the stiffness matrix was 

accidentally found to be of the following form 

 

33 12 12

12 33 12

12 12 33

44

55

66

0 0 0

0 0 0

0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

C C C

C C C

C C C

C

C

C

 
 
 
 
 
 
 
 
 

              (2-10) 

For the WN model, the stiffness matrix is given by  
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11 12 16

12 11 16

33 35

44

35 44

16 16 66

0 0 0

0 0 0

0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0

C C C

C C C

C C

C

C C

C C C

 
 −
 
 
 
 
 
 

− 

             (2-11) 

And for HN model, the stiffness matrix is given by 

11 12

12 11

33

44

44

66

0 0 0 0

0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

C C

C C

C

C

C

C

 
 
 
 
 
 
 
 
 

             (2-12) 

2.5 Summary 

The following conclusions can be drawn from a study of the elastic responses and 

symmetry of various metamaterial models, there are several points that can be 

concluded: 1) the elastic tensors are found to be more symmetric than their geometric 

counterparts – the elastic properties can exhibit cubic symmetry even though the 

original geometry is not cubic; 2) the different elastic tensors of any models share the 

same type of elastic symmetry; 3) for the WN model, auxeticity occurs only along 

specific directions. 
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Chapter 3. Scaling Behavior in Micro-ar

chitected Metamaterials 

3.1 Introduction 

One approach to get physical insights into the structural variations of metamaterials 

is to study their scaling behavior, i.e., the phenomena that their mechanical properties 

generally obeys the law F  A𝜌𝛼, where 𝛼 is the scaling constant, 𝜌 is the relative 

density, and F can be the indicator of stiffness, or strength, etc. It is evident that the 

exponent α is only related to the geometry, but not constituent materials. This property 

has made α a useful tool for structural characterization of metamaterials. A conventional 

dichotomy is to classify the geometry into being bending-dominated or stretch-

dominated, with 𝛼 = 1 or 2, respectively. Practically, an intermediate value of 𝛼 between 

1 and 2 is often the case, sometimes interpreted as a combined effect of stretching and 

bending. This theory has been extensively verified from different types of material 

structures, including open- and closed- cell foams, fiber networks, and also architected 

lattice materials. Current research on mechanical metamaterials focuses on a pursuit of 

metamaterials in the high modulus limit of 𝛼 = 1, to attain stiffer and stronger 

metamaterials at lower densities, among which the structure of “octet-truss” lattice built 

with hollow nanotubes is a good candidate. However, for research on “low-modulus-

limit” and “non-truss-like” structures, few work have been done.  

Different from purely elastic materials which are only concerned for their stiffness 

or strength, piezoelectric materials are also expected to exhibit excellent performance 
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on electro-mechanical energy conversions. To acquire piezoelectric properties 

exceeding monolithic ones, various approaches like constructing layered, porous, or 

particulate piezoelectric composites have been applied. However, in most samples, 

pores or particulates are randomly distributed while the distribution patterns are not 

under control (only limited to a few pore shapes and porosity), which has hindered 

further understanding about the structure-property relationship in piezoelectric foams. 

In this field, the only work of numerical modelling is Venkatesh et al’s studies on pore 

shape effects. Although the work is constrained to regular type pores, it has paved the 

basis for further study of other complex geometries. 

Here in the following sections, we attempt to make a thorough analysis on the 

scaling behavior of meta-atoms defined in Chapter 2, for building a comprehensive 

understanding of the elastic, dielectric as well as piezoelectric properties for the overall 

metamaterials with random shape designs. The new findings in these studies include a 

classification method for property types, and a new high piezoelectric constant 

discovered in helix meta-atom design. 

 

3.2 Theory and Method for Obtaining Effective Property 

3.2.1 Strain and Stress Tensors 

Generally, the displacement as well as the deformation of an infinitesimal material 

element can be described using the displacement (vector) u = (ux, uy, uz) and the 
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displacement gradient (2nd order tensor) 

x x x

y y y

z z z

u u u

x y z

u u u

x y z

u u u

x y z

   
   
 

   
 =  

   
   
 

   

u .      (3-1) 

Figure 3-1 shows the illustration of the deformation pattern of a 2-dimensional material 

element. Form the figure we can find the deformation along different directions are

,   ,   ,  
y yx x

u uu u
dx dx dy dy

x x y x

  

   
 , respectively. The pattern is the same for 3-

dimensional cases.  

 

Figure 3-1. 2D deformation of an infinitesimal material element. (Reprinted from [40]). 

 

When the displacement gradient is small compared to unity, it is convenient to 

define an infinitesimal strain tensor ε, or Cauchy's strain tensor, with its 9 components 

εij as 

https://en.wikipedia.org/wiki/Deformation_(mechanics)#Displacement
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( )
11 12 13

, , 21 22 23

31 32 33

31 1 2 1

1 2 1 3 1

31 2 2 2

2 1 2 3 2

3 3 31 2

3 1 3 2 3

1

2

1 1

2 2

1 1

2 2

1 1

2 2

ij i j j iu u

uu u u u

x x x x x

uu u u u

x x x x x

u u uu u

x x x x x

  

   

  

 
 

= + =
 
  

       
+ +  

       

      
= + +  

       

      
+ +   

       


 
 
 
 
 
 
 
 



    (3-2) 

or using different notation: 

1 1

2 2

1 1

2 2

1 1

2 2

yx x x z

xx xy xz

y y yx z
yx yy yz

zx zy zz

yx z z z

uu u u u

x y x z x

u u uu u

y x y z y

uu u u u

z x z y z

  

  

  

       
+ +    

       
            = + +                 

      + +           

 (3-3) 

The overall stress at a point inside a body can be evaluated by considering all the stress 

vectors T(n) associated with all planes (with normal vector n) that pass through that 

point. Following Cauchy’s stress theorem, T can be expressed as a linear function of n, 

as 

 
( )    or    .n

j ij iT n=  =(n)
T n σ       (3-4) 

where σ = σ(x) is a second-order tensor field independent of n, called the Cauchy’s 

stress tensor, which completely defines the state of stress at a point; ni (i = 1, 2, 3) 

indicates the component of n along the three basis vectors e1, e2, and e3. This second-

order tensor (which includes 9 components) takes the following form 

https://en.wikipedia.org/wiki/Tensor_field
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11 13

21 22 23

31 32 33

xx xy xz

ij yx yy yz

zx zy zz

     

       

     


  
  

= =    
   
   

    (3-5) 

where σ11, σ22, and σ33 are normal stresses, and σ12, σ13, σ21, σ23, σ31, and σ32 are shear 

stresses. The index i and j indicate the normal direction of the plane in which the stress 

acts on, and the direction in which the stress acts along, respectively. Also, the stress 

tensor T(n) can be decomposed into 3 components T(e1), T(e2), and T(e3) as: 

1 2 3 ij i jn n n n= + + =31 2 (e )(e ) (e )(n)
T T T T e .   (3-6) 

Alternatively, in matrix form we have 

( ) ( )
11 12 13

( ) ( ) ( )

1 2 3 1 2 3 21 22 23

31 32 33

T T T n n n

  

  

  

 
 

=  
 
 

n n n
  (3-7) 

An illustration of these tensors acting on a material element is shown in Figure 3-2. 

 

Figure 3-2. (Left) component of stress in three dimension. (Right) illustration of typical stress 

distribution across surface elements on the boundary of a sphere in a homogeneous material under 

uniform tri-axial stress. The normal stresses on the principal axes are +5, +2, and −3 units. 

(Reprinted from [40]) 
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3.2.2 Elastic theory for continuous anisotropic media 

The symmetry of the Cauchy stress tensor (ij = ji) and the generalized Hooke's 

laws (ij = cijklkl) implies that cijkl = cjikl. Meanwhile, the symmetry of the Cauchy strain 

tensor (ij =ji) implies that cijkl = cijlk. Therefore, it is a convention to take Voigt notation 

to reduce the number of indices from 9 to 6 (and also for elastic constants it’s from 81 

to 36), and to write them as vectors with 6 components in an orthonormal coordinate 

system (e1, e2, e3) as 

   

1 111 11

2 222 22

3 333 33

4 423 23

5 513 13

6 612 12

;     
2

2

2

  

  

  

  

  

  

      
      
      
      

=  =       
      
      
      

      

σ ε       (3-8) 

In addition, since the displacement gradient and the Cauchy stress are work conjugate, 

the stress–strain relation can be derived from a strain energy density functional (U), 

then 

2

ij ijkl

ij ij kl

U U
c

  

 
=  =

  
       (3-9) 

In Eq. (3-9) the order of differentiation can be freely changed, which implies that cijkl = 

cklij. All the three kinds of symmetry of the stiffness tensor reduce the number of elastic 

constants from 36 to 21. Then the stiffness tensor (C) can be expressed as 

https://en.wikipedia.org/wiki/Stress_(physics)


 

 ______________________________________________  

Yong Zehui  50 

 

1111 1122 1133 1123 1131 1112

2211 2222 2233 2223 2231 2212

3311 3322 3333 3323 3331 3312

2311 2322 2333 2323 2331 2312

3111 3122 3133 3123 3131 3112

1211 1222 1233 1223 1231 1212

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

c c c c c c

 
 
 
 

=  
 
 
 
 

C

11 12 13 14 15 16

12 22 23 24 25 26

13 23 33 34 35 36

14 24 34 44 45 46

15 25 35 45 55 56

16 26 36 46 56 66

C C C C C C

C C C C C C

C C C C C C

C C C C C C

C C C C C C

C C C C C C

 
 
 
 

  
 
 
 
 

  (3-10) 

and the Hooke’s law is 

       or  = .i ij jC =σ C ε         (3-11) 

The compliance tensor (S) is 

 

1111 1122 1133 1123 1131 1112

2211 2222 2233 2223 2231 2212

3311 3322 3333 3323 3331 3312

2311 2322 2333 2323 2331 2312

3111 3122 3133 3123 3131 3112

1211 1222 1233 1223 1

2 2 2

2 2 2

2 2 2

2 2 2 4 4 4

2 2 2 4 4 4

2 2 2 4 4

s s c s s s

s s c s s s

s s c s s s

s s s s s s

s s s s s s

s s s s s

=S

11 12 13 14 15 16

12 22 23 24 25 26

13 23 33 34 35 36
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,  (3-12) 

another form of Hooke’s law can be written as 

       or  = .i ij jC =ε C σ         (3-13) 

In materials with special symmetry, the transformation relation can be simplified. 

For example, in orthotropic materials, the basis vectors (e1, e2, e3) are normal to the 

planes of symmetry. Therefore, the number of elastic constant is further reduced from 

21 to 9, which implies a new transformation relation 
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The inverse of this relation is (written in coordinate frame x, y and z) 
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where Ei is the Young’s modulus along axis i, Gij is the shear modulus in direction j on 

the plane with normal vector in direction i, ij is the Poisson’s ratio corresponding to a 

contraction in direction j when tension is applied in direction i. Therefore, the three 

groups of elastic constants can be derived from the (S) tensor via the following equation: 

( ) ( )
'

' ' '

' ' '

1 1
,    ,   

4

iijj

i ij ij

iiii ijij iiii

S
E G i j i j

S S S


−
= =  =     (3-16) 

where i, j run over 1, 2, 3. 

 

3.2.3 Piezoelectric theory for continuous anisotropic media 

According to material mechanics, the general constituent equation for piezoelectric 

materials can be written as tensor forms 
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0

    
=     

    

E T

ε

σ εc -e

D Ee κ
  (strain-charge form)     (3-17) 

  (stress-charge form),  (3-18) 

where piezoelectric tensors dij (stress-charge form) and eij (strain-charge form) can 

be defined as 6×3 tensors, complying to the relation D = d +  E and D 

=  e + . The full matrix forms of Eqs. (3-17) and (3-18) are,  
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and 
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,  (3-20) 

respectively.  

 In material engineering, the most concerned piezoelectric properties are the stress-

charge forms, including the longitudinal piezoelectric constant d33, transverse 
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piezoelectric constant d31，shear-deformation piezoelectric constant d15, as well as the 

hydrostatic piezoelectric constant dh = d31 + d33. These constants are important 

parameters for application of piezoelectricity in sensors, actuators, and transformers. 

Meanwhile, the strain-charge forms eij are rarely seen in experimental studies. However, 

for completeness, we have considered both for comparison. Interesting results have 

been found that, while the eijs strongly scales with relative densities (log-log relation), 

dijs do not – or in other words, eijs are extensive properties, dijs are intrinsic ones. The 

relationship between these two sets of parameters can be derived from Eqs. (3-17) and 

(3-18) as follows 

= E
d s e        (3-21) 

The other parameter shown in the matrix, the dielectric constant , is found to be 

just trivially linearly-dependent on the relative density. 

 

3.2.4 Boundary Condition Assignments and Constant Extraction 

Different from monolithic materials, the boundary conditions applied on meta-

atoms with infinite periodicity cannot be assumed as simple “clamped” or “free”. To 

retain the periodicity, the displacement of six boundaries of each unit cell should 

conform to the constraints ui- = ui+, for i = x, y or z faces, and i-, i+ represent two 

opposite faces of the same direction, respectively. Specifically, for the “applied strain” 

condition, the displacements ui can be simply defined as 
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 i ij ju x= ,       (3-22) 

where xj are the spatial coordinates of the boundary j, since the strain tensor εij is a pre-

imposed value. For the “applied stress” condition, however, the strain tensor is 

undefined, but its average value experienced by a face j can be calculated as  

1 i
ij

j j

du
dA

A dx
 =  ,       (3-23) 

where Aj denotes the surface area of j. Combination of Eqs. (3-20) and (3-21) can give 

out flat boundary surfaces with square-cuboid (for normal strain) or rhombohedral 

shapes (for shear strain). Practically, the boundaries of unit-cells cannot be strictly flat 

under internal stress conditions. Therefore, we apply the stimuli at the outermost 

boundary of the simulation domain, while extract the responses from the unit-cell 

boundaries, in order to eliminate size aberrancies. For example, in extraction of 

piezoelectric matrix for the “applied strain” condition, 9 different models with distinct 

boundary constraints (which are x-normal, y-normal, z-normal, yz-shear, xz-shear, and 

xy-shear strain constraints respectively) are calculated in sequence. For each model 

assigned with number j, we can get a 9×9 destination matrix D with each component 

Dij to be the ith strain-voltage component (which are σ1, σ2, σ3, σ4, σ5, σ6, D1, D2, D3, 

respectively, in Voigt notation) retrieved from unit-cell boundaries, and also a source 

matrix S with each component Sij to be the ith stress-charge component (which are ε1, 

ε2, ε3, ε4, ε5, ε6, E1, E2, E3, respectively) retrieved from unit-cell boundaries. The overall 

effective piezoelectric matrix T can then be derived via the matrix quotient. 
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3.2.5 Dataset 

For all the studied models, the intrinsic properties of the material are set to be E = 

1 for Young’s modulus, and ν = 0.3 for Poisson’s ratio. For piezoelectric part, the 

piezoelectric matrix is set as stress-charge form of 
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    (3-24) 

with cE11 = cE22 = cE33 = 100 [GPa], cE12 = cE13 = cE23 = 50 [GPa], cE44 = cE55 = cE66 

= 20 [GPa], e33 = 10 [C/m2], e31 = e32 = -3 [C/m2], e15 = e24 = 7 [C/m2], κ1 = κ2 = κ3 = 

1000, ε0 the vacuum permittivity, and from which the intrinsic longitudinal 

piezoelectric modulus is derived as d33 = 180 [pC/N]. It is noted that the ratio cE33 : e33 : 

κ3 is about 10 [GPa] : 1[C/m2] : 100, while too much deviation from this ratio will result 

in weird results (calculations not shown). As a result, it is impossible to solely define 

piezoelectricity without defining the electric and dielectric part, which implies intrinsic 

relationship between these values from the molecular level. 
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3.3 Scaling behavior of elastic properties 

 

In following sections (section 3.3.1 and 3.3.2), elastic properties and their scaling 

behavior of the studied metamaterials are plotted as “F vs. ρ” line arrays in Ashby 

Charts, where F can stand for previously defined reduced variables of Young’s modulus 

║E║, shear modulus ║G║max, Poisson’s ratio ║𝜈║, or the anisotropy factor AU (which 

is a scalar value despite of directions, defined as AU = 5GV/GR + KV/KR – 6, with GV, 

GR, KV, KR defined in Ref. 20), respectively.  

 

For ║E║-, ║G║max- and AU- plots, the curves are all plotted in log-log scale, 

featured by their scaling exponent 𝛼. However, in the ║ν║- plot the curves can only be 

drawn in linear form, since ║ν║ is an intensive parameter which cannot scale with the 

system size. Instead of , these curves can be identified by their lower density limits νc. 

Moreover, for the CT and OT models, the effect of anisotropy is also demonstrated, by 

continuously changing the estimation direction from <100> to <110> and then to <111> 

in 3-D surface plots. Meanwhile, the “F vs. ρ” plots for <100> and <111> directions, 

and the “direction vs. F” plots at ρ ≈ 0.05 are also shown separately on the side walls 

of the figure (see later in next sections). A brief introduction of the presentation method 

is listed as follow. 
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Table 3-1. List of evaluated parameters. 

parameter definition section type scale type 

||E|| Ez 3.3.1 extensive log-log 

||G||max max{(Gzx + Gzy)/2, } 3.3.1 extensive log-log 

|| || (𝜈zx + 𝜈zy)/2 3.3.2 intensive linear 

AU 5GV/GR + KV/KR – 6 3.3.2 intensive log-log 

 

3.3.1 Young’s Modulus and Shear Modulus 

Figs. 3-3 shows the scaling behavior of Young’s modulus ||E||, shear modulus 

||G||max, along the directions <100>, respectively. For cubic-symmetric models CT, OT, 

IF and GR, the six directions of <100> are the same, hence only one direction (such as 

[100]) needs to be plotted; for WN and HN models, we choose to plot the value along 

[001] directions. 

 



 

 ______________________________________________  

Yong Zehui  58 

 

Figure 3-3. Scaling behavior of Young’s modulus ||E||. 

 

Figure 3-4. Scaling behavior of shear modulus ||G||max. 
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Figure 3-3. Scaling behavior of Young’s modulus E for different directions. 
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Figure 3-6. Scaling behavior of shear modulus G for different directions. 

From the observation of ║E║ - and ║G║max - plots the models shown in Figures 

3-3 and 3-5 can be classified according to different scaling behaviors, including the 

“stretching” (𝛼 ~ 1), “bending” (𝛼 ~ 2), “intermediate” (1 < 𝛼 < 2), and “cut-off” types 

(by “cut-off” I mean the curve is no longer a straight-line in the log-log plot). The 

bending magnitudes for each model have been visualized in Chapter 3.  

 

In Figure 3-4, it is seen that the “cut-off” phenomenon is only observed at directions 

other than <111>, corresponding to the concavity in the symmetry graph in Chapter 3, 

and the curve changes smoothly from “cut-off” to normal scaling. However, for 

║G║max of CT model (Figure 3-6), “cut-off” phenomenon is present for all directions, 
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since this model under shear stress is structurally unstable. Evidently, the stiffness of 

metamaterials is strongly related to the scaling exponent α – with a smaller  value 

corresponding to a greater stiffness (or equivalently, a larger α corresponding to a larger 

compliance). However, structural cross-overs can also significantly alter the materials’ 

stiffness, as observed in HN and WN models, at ρ = 0.8, 0.85, respectively (Figures 4-

3 and 4-5). Actually, the main part of “softness” is contributed by this crossover, which 

make these two models much softer than the “bending” type structure such as IFs at the 

lower density limit. 

The upper bounds of the lines are also plotted, which are defined by the Hashin-

Shtrikman (H-S) formula, KHS = K0+(1-𝜈0)/[3𝜈0/(3K0+4G0)-1/K0], GHS = G0+(1-

𝜈0)/[6𝜈0(K0+2G0)/5G0 (3K0+ 4G0)-1/K0] and the elastic relation E = 8KG/(3K+G), 

where K stands for bulk modulus, subscript “0”, “HS” stand for instinct material 

property and H-S upper bound, respectively. At the lower density part, the H-S plot is 

also linear, with a scaling exponent α = 1; that means for any models, scaling behavior 

with α < 1 is impossible. The lower H-S bound is near zero hence omitted in the graph. 

 

 

3.3.2 Poisson’s Ratio and Anisotropy Factor 

As discussed before, ║𝜈║ - plots cannot be fitted into the scaling formula, but 

linearly approach definite values 𝜈c at the lower density limits. Accordingly, we can 

categorize them into 3 types as “over-coupled” (𝜈c ≥ 𝜈0, for OT and GR), “de-coupled” 

(𝜈c ~ 0, for CT, IF and HN), or “auxetic” (𝜈c < 0, for WN) types, which means their 
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lateral responses to normal stresses are enhanced (compared to the monolithic material), 

diminished, or reversed, respectively. The AU-plot demonstrates the magnitude of 

anisotropy for models, which have been visualized in Fig. 2. They can be coarsely 

grouped into “isotropic-like” (AU ~ 1), “mildly anisotropic” (AU > 2), and “directed” 

ones (AU > 100). For the last type the modulus along some direction is much larger than 

the others by magnitudes, such as <100> directions for CT and the [001] direction for 

HN. Except for CT, the AU of other models also conform to the scaling law. Evidently, 

the two “over-coupled” models, OT and GR, are identical to the “isotropic-like” models, 

since mode-coupling of x- and y- displacement can lead to a smoothing out of the 

anisotropic differences. 

 

Figure 3-7. Variation of Poisson’s ratio (vs. density). 
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Figure 3-8. Variation of anisotropy factor AU (vs. density). 

 

3.4 Scaling behavior of dielectric and piezoelectric properties 

 

Different from purely elastic materials which are only concerned for their stiffness 

or strength, piezoelectric metamaterials are also expected to exhibit excellent 

performance on electro-mechanical energy conversions. To acquire piezoelectric 

properties exceeding monolithic ones, various approaches like constructing layered, 

porous, or particulate piezoelectric composites have been applied. However, in most 

samples, pores or particulates are randomly distributed while the distribution patterns 

are not under control (only limited to a few pore shapes and porosity), which has 

hindered further understanding about the structure-property relationship in 

piezoelectric foams. In this field, the only work of numerical modelling is Venkatesh et 
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al’s studies on pore shape effects. Although the work is constrained to regular type 

pores, it has paved the basis for further study of other complex geometries. 

 

3.4.1 Poling Directions 

Piezoelectric materials are intrinsically anisotropic and the poling direction can 

significantly influence their apparent properties. For complex architected metamaterials, 

their internal structures can lead to a non-uniform distribution of poling directions, 

which would make the situation more complicated. Here we adopted two types of 

poling distribution, one is the conventional “z-poling” which assumes a uniform 

distribution of poling directions along the z-axis, the other is the “real-poling”, which 

resembles the real condition that for each point in space the poling direction is the same 

as the electric field distribution when a poling voltage is applied on the upper and lower 

boundary of the structure. Distribution of “real-poling” directions is illustrated in Fig. 

4(a). For OT, GR, WN and HN models it can be seen the poling directions are almost 

along the structure curve, although with a little deviation; while for the other two 

models, CT and IF – featured with totally straight structures – no significant difference 

compared with the “z-poling” ones can be found. 
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Figure 3-9 Distribution of poling directions under “real-poling” condition. 

3.4.2 Dielectric Properties 

In this section we report our results on the scaling behavior of the dielectric 

constant 3 (Figures 3-10 & 3-11). It can be seen that the scaling behavior of 3 is nearly 

independent of the structure of metamaterial, as well as of the type of poling employed. 

 

Figure 3-10. Scaling behavior of 3 for “z-poling” condition. 
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Figure 3-11. Scaling behavior of 3 for “real-poling” condition. 

 

3.4.3 Piezoelectric constants 

Similar to the analysis of elastic properties, we demonstrate the symmetry behavior 

of the reduced variable ║d║ = d33, while show the scaling behavior of dielectric 

constant εs
3, and the strain-charge/stress-charge form of piezoelectric constant e33/d33 in 

Fig. 5, for all the six geometries. 
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Figure 3-12. Scaling behavior of 33 for “z-poling” condition. 

 

Figure 3-13. Scaling behavior of 33 for “real-poling” condition. 
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Figure 3-14. Variation of d33 (vs. density) for “z-poling” condition. 

 

Figure 3-15. Variation of d33 (vs. density) for “real-poling” condition. 
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As shown in Figures 3-12 to 3-15, e33 and d33 are seen to exhibit different type of 

properties, the former conforms to a scaling behavior, strongly dependent to the relative 

density; while the other just exhibit limited changes. In practice, e33 is calculated via 

Eq. (3-2) using the “applied-strain” boundary condition, while d33 is calculated via Eq. 

(3-3) using the “applied-stress” boundary condition, while the two sets of values can be 

double-verified by the relation d = sEe. Being same as an elastic analysis, two types of 

scaling behavior have also been identified for e33, with α =1 and α =2, respectively, 

where there isn’t much difference between the two types of poling. However, results 

for d33 are very much different between the two types of poling. In real-poling, the HN 

model can have a d33 value as high as 400 pC/N of d33 value, which doubles the intrinsic 

value, thus showing much potential in future applications in ultralight transducers or 

sensors. 

 

 

3.5 Appendix: scaling behavior of other relative parameters 

The above-mentioned constants such as the uniaxial Young’s modulus Ez, and 

shear modulus Gxy (in x-y plane), are only parameters characterizing the property of 

material along one specific direction, which is variable when the angle of inspection 

changes. Besides, there also exist elastic parameters that can show average material 

property without specifying any direction, which are KV (bulk modulus Voigt average), 

KR (bulk modulus Reuss average), GV (shear modulus Voigt average), GR (shear 

modulus Voigt average), KVRH (bulk modulus VRH average), GVRH (shear modulus VRH 
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average). Meanwhile, beside the longitudinal piezoelectric constants e33 and d33, other 

types of constants are also important for piezoelectric applications, including transverse 

piezoelectric constants, e31 and d31, shear piezoelectric constants d15 and e15, 

hydrostatic piezoelectric constant dh, etc. A list of these parameters are shown below in 

Tabel 3-5. Fig. 3-6 to Fig. 3-10 have given 

Table 3-3. List of evaluation parameters (appendix) 

parameter definition directional property type scale type 

KV 
(C11+C22+C33) + 2(C12+ 

C23+C31) / 9 
No extensive log-log 

KR 1 / [(s11+s22+s33) + 2(s12+s23+s31)] No extensive log-log 

KVRH (KV + KR)/2 No extensive log-log 

GV 
[(C11+C22+C33) -(C12+C23+C31) + 

3(C44+C55+C66)] / 15 
No extensive log-log 

GR 
15 / [4(s11+s22+s33) – 

4(s12+s23+s31) + 3(s44+s55+s66)] 
No extensive log-log 

GVRH (GV + GR)/2 No extensive log-log 

||e31|| e31 Yes extensive log-log 

||e15|| e15 Yes extensive log-log 

||d31|| d31 Yes intrinsic linear 

||d15|| d15 Yes intrinsic linear 

dh d33 + d31 No intrinsic linear 
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Figure 3-16. Scaling behavior of bulk modulus KVRH. 

 

Figure 3-17. Scaling behavior of shear modulus GVRH. 
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3.6 Summary 

In summary, the current chapter has made a comprehensive numerical study on the 

behavior of various elastic, dielectric and piezoelectric properties of different types of 

metamaterial designs on the variation of the relative density of the structure. Scaling 

behaviors have been found for the relation between Young’s modulus E (and shear 

modulus G, dielectric constant 3, piezoelectric constant (strain-charge form)) and , 

while scaling exponent a is distributed between the values of 1 and 2, which indicates 

the a change of mechanism between “stretching-dominated” and “bending-dominated”. 

For other constants, include Poisson’s ratio , the anisotropic factor AU, and also the 

piezoelectric constant (stress-charge form) d33. For the piezoelectric case, we have 

analyzed two different types of poling condition “real-poling” and “z-poling”, where 

the electric field distribution inside the structure will change a lot. The d33 value 

changes a lot between the two types of poling, and by the “real-poling” we have found 

a super-high d33 value of 400 for the HN model. 
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Chapter 4. Terahertz Properties of 

Piezoelectric-based Metamaterials 

This chapter reports on characterization, simulation and design of piezoelectric 

metamaterials for terahertz applications. The studied object was focused on Lead 

magnesium niobate titanate, an important ferroelectric material. In the first part, the 

terahertz (THz) transmission properties of a 0.73Pb(Mg1/3Nb2/3)O3 –0.27PbTiO3 single 

crystal were investigated using a time-domain spectroscopy method. Complex 

refractive index and dielectric dispersion functions were determined from the amplitude 

and phase information derived from time-domain responses. Based on calculations, it 

was concluded that the room-temperature dielectric constant of the single crystal equal 

to ~30 at 1 THz. This result could be a useful reference for development of ferroelectric-

material-based THz components and devices. In the second part, the design of PMN-

PT with microstructural features – which has formed piezoelectric metamaterials, has 

been designed and simulated, which has shown good performance in Terahertz 

applications. 

4.1 Introduction 

Solid solutions of lead magnesium niobate–lead titanate (abbreviated as PMN–PT) 

have attracted extensive interest mainly due to their excellent dielectric, ferroelectric, 

piezoelectric and pyroelectric properties, and potential applications in the electronic 

industry. [51] At the morphotropic phase boundary (with PMN: PT (70:30), for example, 

a PMN–PT single crystal presents an extraordinarily large electromechanical response 



 

 ______________________________________________  

Yong Zehui  74 

(piezoelectric coefficient of ~2500pC/N) and a low hysteresis behavior, which makes 

it distinct from and superior to other piezoelectric materials in making high-

performance sensors and actuators. [52-55] PMN–PT is also attractive for its puzzling 

microstructure and rich phase transitions, which lead to complicated dielectric 

behaviors. In the literature, experiments have been conducted to determine the dielectric 

constant of PMN–PT over a frequency range from tens of hertz to that of visible light. 

[58-61] At low frequencies (up to MHz), PMN–PT (both single crystals and 

polycrystalline) behave either like a normal ferroelectric crystal (when the content of 

PT is large) or like a relaxor (when the content of PT is small) mainly due to complex 

domain structures, with a typical dielectric constant of several thousand at room 

temperature. [62-66] As the frequency increases, the dielectric constant of PMN–PT 

gradually decreases, followed by a fast drop when the frequency approaches the GHz 

range, due to the reduced contribution from ferroelectric domains and other structure 

features. In the infrared and visible frequencies (i.e. the electro-optical behaviors) the 

value of the relative dielectric constant becomes even smaller. [67-69] The dielectric 

constant as a function of the direct current (DC) bias, temperature, and time has also 

been extensively studied. [70-72] Nevertheless, there are few experimental attempts on 

the dielectric measurement of PMN–PT in the terahertz (THz) range. 

THz radiation is an electromagnetic wave with frequency falling in between 

microwave and infrared radiations. THz technology is believed to hold promises in 

medical imaging, security detection, nondestructive testing, etc. [73] Due to technical 
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difficulties in generation, detection and modulation of THz waves, however, the study 

of dielectric behaviors of ferroelectric materials in this frequency range remains rather 

limited, despite of preliminary results of a few ferroelectric materials (including barium 

titanate and strontium titanate). [74] More extensive results are required to bridge the 

gap between microwave and infrared data and to study the soft mode behaviors of these 

materials. In light of the situation, we chose to work on the THz dielectric 

characterization of a single crystal of 0.73Pb(Mg1/3Nb2/3)O3 –0.27PbTiO3 using the 

THz-TDS method. 

 

4.2 Terahertz Characterization of PMN-PT 

Carefully polished PMN–27PT single crystals of sizes 5 mm×5 mm×0.4 mm and 

5 mm×5 mm×0.2 mm were used in the experiment. THz transmission measurements 

were performed at room temperature by using a THz time-domain spectroscopy system 

(from Ekspla in Lithunia), pumped by a Ti: Sapphire femtosecond laser (Coherent, CA), 

the working principle of which has been described in the literature. [75] The THz 

emitter and detector features a microstrip photoconductive antenna fabricated on a low-

temperature grown GaAs substrate. 
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Figure 4-1. Schematics of Terahertz Time-domain Spectroscopy. 

The transfer function of a single plate by a normal incidence of THz ray can be 

formulated as [76]: 

( 1) /

2

4
( ) ( )

(1 )

i N d cN
T e FP

N

 − −=  
+

       (4-1) 

where N and d are the complex refractive index and the thickness of the sample plate, 

x and c are the angular frequency and the speed of the light, FP(x) is the contribution 

of Fabry–Perot effects for low absorptive or thin samples, respectively. The 

transmittance T can be further resolved into a transmission amplitude A and a phase 

delay φ, following T = Aeiφ . Also the complex refractive index N can be expressed in 

terms of the refractive index n and the extinction coefficient j, as N = n–i. The 

relationship between these values can be derived from Eq. (4-1) as follows: 
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where p is an arbitrary integer, and 
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For nondispersive materials, Eqs. (4-2) and (4-3) are both linear with respect to x, with 

slopes proportional to (n - 1) and , respectively. These equations are accurate provided: 

(1) the generated THz light is a plane wave; (2) both surfaces of the sample plates are 

optically smooth; (3) the air gaps adjacent to the two ends of samples are long enough 

and non-absorptive; and (4) the samples are highly absorptive or thick so that the 

Fabry–Perot effect can be ignored.  

The results acquired from THz-TDS are shown in Fig. 4-2, for PMN–PT and air 

reference, respectively. In Fig. 4-2, the signal to noise ratio is relatively low because of 

the high absorption of the sample. The original pulse is modulated into two pulses, 

where the first one is the main pulse, and the second one may be subjected to a weaker 

birefringence effect (Fabry–Perot effects can be excluded because of the high 

absorption of the sample plates). A slight DC shift between the two curves can be 

ignored because it is irrelevant to spectral analysis. In contrast to the thicker sample, 

measurements on the thinner sample in Fig. 4-3 show lower noise, and perfect 

consistency. 
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Figure 4-2. The time-domain responses of reference (air) and samples (0.73PMN – 0.27PT single 

crystals) with thickness of 0.4 mm. 

 

 

Figure 4-3. The time-domain responses of reference (air) and samples (0.73PMN–0.27PT single 

crystals) with thickness of 0.2 mm. The two curves almost overlap. 
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4.3 Estimation of Terahertz Properties for PMN-PT Sample. 

 

One method for estimating the refractive index n can be derived by considering the 

time delay t of the peak signa caused by the higher refractive index of the sample. The 

relationship is written as n = ct/d + 1, where the thickness d is 0.4 and 0.2 mm for the 

two sets of samples. From Fig. 4-2, the time delay (for the main pulse) is 6.20 ps, 

whereas from Fig. 4-3 it is 2.51 ps, resulting in a value of 5.65 and 4.77, respectively. 

The frequency responses are derived from time-domain data by using fast Fourier 

transform algorithm. As shown in the Fig. 4-3, the amplitude information is shown in 

the log scale, whereas the phase data are shifted by multiples of 2 to ensure that the 

absolute differences between adjacent values are no more than . The phase data show 

an obvious linear dependence at a wide frequency range, which strongly correlates with 

the second term in Eq. (4-2). Poor linearity out of the frequency range is possibly due 

to the high dispersion of the material. The linear parts of the data are fitted by dashed 

lines, the slopes of which are compared with Eq. (4-2), as s = 2 (n - 1) d/c. We found 

s = 39.11 rad/THz from Fig. 4-3, and s = 15.62 rad/THz from Fig. 4, resulting in another 

pair of estimation of n, 5.67 and 4.73. These results are consistent with previous ones 

derived from time delay. The refractive indices are further substituted into Eq. (4-2), 

together with values of log amplitudes to estimate the extinction coefficient , which is 

solved using an inverse problem solver “trust-region-dogleg” algorithm built in Matlab 

software. After that, the two sets of estimations of n and  are applied as initial values 

in solving another inverse problem governed by Eqs. (4-2) and (4-3). To define the 
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convergence condition, we employ an error function d for simultaneously fitting the log 

amplitude and the phase delay as  (n, ) = ( – ’)2 + (lnA – lnA‘)2 , where  and lnA 

are calculated from Eqs. (4-2) and (4-3) by substituting the initial values of n and , 

whereas φ0 and lnA0 are the measurement values, as those presented in Fig. 4-4. [82] 

This time we apply an Levenberg–Marquardt algorithm, because the target equation 

system is nonlinear. 

 

Figure 4-4. The frequency-domain responses of two sets of samples (0.73PMN–0.27PT single 

crystals) with thickness of 0.4 mm. The lower graph is shifted by a factor of 2p so that they show 

a linear feature. The dashed lines are linear fits of the phase data. 
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\ 

Figure 4-5. The frequency-domain responses of two sets of samples (0.73PMN–0.27PT single 

crystals) with thickness of 0.2 mm, respectively. The lower graph is shifted by a factor of 2p so 

that they show a linear feature. The dashed lines are linear fits of the phase data. 

The calculated results of n and  are shown in Fig. 4-5. Across the frequency range 

from 0.23 to 1.3 THz, the retrieved values of n for the four samples are lying at 5.0 ± 

1.0. The values of  above 0.7 THz are mainly at 1.0 ± 0.3, and are slightly higher at 

lower frequencies. The four sets of data are roughly matched with each other at ranges 

0.23 ~ 1.3 THz, with small deviations. The deviations are attributed to various 

disturbances in the measurements, such as scattering effects from the roughness of 

sample surfaces, or deviations from perfect plane wave condition. The complex 

dielectric constant  = N2 = ’− i’’ can also be derived, whose real and imaginative 

parts are shown in Fig. 4-7. Due to the large divergence, the lower and higher ends of 

the dielectric function are not included in the calculations. It was found that the value 

of 0 of our sample is ~30.  
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Figure 4-6. The frequency-domain responses of two sets of samples (0.73PMN–0.27PT single 

crystals) with thickness of 0.2 mm, respectively. The lower graph is shifted by a factor of 2p so 

that they show a linear feature. The dashed lines are linear fits of the phase data. 

 

Figure 4-7. The frequency-domain responses of two sets of samples (0.73PMN–0.27PT single 

crystals) with thickness of 0.2 mm, respectively. The lower graph is shifted by a factor of 2p so 

that they show a linear feature. The dashed lines are linear fits of the phase data. 
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For perovskite ferroelectrics, the complex dielectric function is governed by 

phonon vibrations in infrared range, and polar nanoregion (PNR) relaxations in 

microwave range. Our inspection range (0.1 ~ 1.4 THz) is at the intersection of these 

two ranges. Previous studies of broadband spectroscopy [70] suggested that, for 

frequencies near 1 THz, the TO1 phonon mode (soft mode) is most critical. This mode 

describes mainly the vibration of Pb cations against the BO6 octahedra framework, and 

is generally split into two modes of A1 (TO1) (~2.3 THz) and E(TO1 ) (~0.7 THz) due 

to the rhombohedral symmetry of PNRs at room temperature. At lower ends (~30 GHz), 

a relaxation mode R1 due to the expansion/shrinking of PNRs also has significant 

effects on the THz range responses. Due to the complicated mode characteristics, the 

dielectric constant of PMN–PT can be very sensitive to the composition, crystallinity, 

and temperature. [73] These may explain why e of our PMN–27PT is in same order of 

but not exactly equal to the e (~50) for PMN–29PT in the literature. [74] One possible 

way to improve the measurement accuracy could be through using ultrathin sample. For 

example, BaTiO3 singe crystal with a thickness of 32 m (prepared by H3PO4 etching) 

was used in the literature. [76] For PMN–PT single crystal, however, it is difficult to 

thin it to this level because of its poor mechanical strength. It is also important all the 

measurement methods involve multistep data treatments which inevitably could 

introduce some error. [77-80].  

 

4.4 Summary 

In summary, we have performed THz-TDS study on a PMN–0.27PT single crystal. 
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The dielectric constant of the material was found to be ~30 at 1 THz. This result as well 

as the measurement methodology could be used as a reference for the future study of 

THz dielectric behaviors of ferroelectric materials. 
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Chapter 5. Optical Properties of Metal-

based Metamaterials 

This chapter reports on a simulation and design of nano-sized metallic 

metamaterials for optofluidic applications. The refractive index sensing properties of 

plasmonic resonances in gold nanoparticles (nanorods and nanobipyramids) are 

investigated through numerical simulations. We find that the quadruple resonance in 

both nanoparticles shows much higher sensing figure of merit (FOM) than its dipolar 

counterpart, which is attributed mainly to the reduction in resonance linewidth. More 

importantly, our results predict that at the same sensing wavelength, the sensing FOM 

of the quadrupole mode can be significantly boosted from 3.9 for gold nanorods to 7.4 

for gold nanobipyramids as a result of the geometry-dependent resonance linewidth, 

revealing a useful strategy for optimizing the sensing performance of metal 

nanoparticles. 

5.1 Introduction 

Localized surface plasmon resonances (LSPRs) are optical phenomena that occur 

in metallic nanoparticles in which collective charge motions confined at metal-

dielectric interfaces can be driven into a resonant state by an incident light at a iven 

wavelength and polarization state. Their unique properties such as an enhanced 

absorption or scattering cross section and enhanced local electromagnetic fields make 

them extremely versatile in a wide range of applications in nanophotonics [75] and 

biochemical sensing [76]. For example, one typical application of LSPRs is the 



 

 ______________________________________________  

Yong Zehui  86 

refractive index (RI) sensing, which utilizes the peak shift in the extinction spectrum of 

metal nanoparticles due to the RI change of the surrounding environment. A widely 

used figure of merit (FOM) parameter that characterizes the LSPR sensing capability 

is given by [77,78]. 

 1 spd
FOM

dn




=



  (7-1) 

where λsp and n are the resonance wavelength and the surrounding RI, respectively; dλsp 

/dn and Δλ are the RI sensing sensitivity and the resonance linewidth, respectively. It is 

well known that the LSPR is highly sensitive to the size, material, and the shape of 

nanoparticles [91]. This property has triggered a great deal of efforts in the search of 

optimal nanoparticle geometries for LSPR sensing. In general, it is believed that nano-

particles of irregular shapes perform better than conventional nanospheres, particularly 

for those with sharp tips [93]. For example, it has been shown that the sensing FOM of 

gold nanobipyramids (1.7 ~ 4.6) [94] and nanostars (3.8 ~ 10.7) [95] is much larger 

than that of ordinary shapes such as nanospheres (0.6 ~ 1.5) and nanorods (1.3 ~ 2.1) 

[96]. However, practical applications are facing a trade-off between synthesis 

difficulties and the sensing performance, since synthesis of complex morphologies 

often needs delicate controls over the reaction conditions and usually results in a low 

reproducibility [97]. Other approaches for better RI sensing include introducing 

nanocavities [98], or fabricating particularly designed nanoparticles [100], where even 

more complicated fabrication efforts are required. Therefore, it is beneficial to search 

for new routes to improve the sensing performance of LSPRs. In the past, LSPR sensing 
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studies have mostly focused on the use of the fundamental dipole mode, while higher 

order resonances have received relatively little attention due to the fact that chemical 

synthesis tends to produce small-sized (compared to wavelength) nanoparticles. Some 

pioneering studies on exploration of higher order resonances include dipole-quadrupole 

interactions [101], Fano resonance [102], and also dipole-propagating mode coupling 

[103]. In this chapter, we show, through comprehensive numerical studies, that higher 

order resonances in gold nanoparticles (particularly the quadruple mode in gold 

nanobipyramids) are significantly superior to dipolar resonances in LSPR sensing, thus 

avoiding assiduous tailoring of nanoparticle geometries. 

The optical properties of gold nanoparticles are solved numerically in the frequency 

domain using the scattered field formulation. Field analysis was performed using a 

commercially available finite-element-method package (COMSOL Multiphysics 4.3a). 

The simulation method has been well documented in [104]. The extinction cross section 

is simply defined as the sum of absorption and scattering cross sections of the 

nanoparticles. More specifically, the dielectric function of gold used in the simulations 

is extracted by interpolation of Johnson and Christy's results [105], and the 

nanoparticles are placed in a homogeneous medium resembling water, whose RI can be 

changed from 1.33 to 1.37 for comparison. 

 

5.2 Multi-polar plasmonic modes in nanorod-type metamaterials 

Excitations of plasmonic higher order modes such as quadrupole and sextupole 
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resonances in metallic nanoparticles require a particular incident angle and polarization 

state. Figure 5-1 shows an angle-dependent excitation of a gold nanorod (length 500 

nm, diameter 40 nm) in water (n=1.33) by a TM-polarized plane wave.  

 

Figure 5-1. The configuration of the numerical modeling. The incident angle for the light is , the 

length of the nanorod is a = 500nm, while the diameter is d = 40nm. 

Figure 5-2 renders the extinction spectra of a gold nanorod at different excitation 

angles, which show three distinct extinction peaks, namely a dipole resonance at 2,060 

nm, a quadrupole resonance at 1,030 nm, and a sextupole resonance at 734 nm, 

respectively. The mode nature of these three extinction resonances is unambiguously 

confirmed respectively by their near-field distribution (electric field amplitude) and far-

field radiation patterns, as shown in Figure 5-3. The extinction spectra shown in Figure 

5-2 also reveal that each resonance has an optimal excitation angle at which the 

extinction cross-section is a maximum. The normalized extinction intensity for each 

resonance is plotted as a function of the incident angle as shown in Figure 5-4. As 

expected, the dipole resonance is efficiently excited when the incident polarization is 

parallel to the nanorod axis. Interestingly, the quadrupole mode responds most strongly 

to an incident angle at 40°, while the sextupole mode shows double maxima at 
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excitation angles of 0° and 55°. In fact, these optimal angles correspond, respectively, 

to the maximum near-field amplitude and far-field radiation power for each resonance 

presented in Figure 5-3. Other higher order modes and the traverse mode can also be 

observed at the short wavelength limit, which is out of the scope of this work. 

 

Figure 5-2. Simulated extinction spectra of the gold nanorod for different incident angles θ; the 

extinction value in the left panel is normalized to the quadrupole peak for θ = 45°, and in the right 

panel to the dipole peak for θ = 0° (with a scale 3.36 times larger than the left panel). Curves are 

plotted with offset for clarity. 
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Figure 5-3 Schematic charge distribution, electric near-field amplitude distribution, and far-field 

scattering radiation pattern of a gold nanorod upon excitations of (a) its dipole mode (2,060 nm), (b) 

quadrupole mode (1,030 nm), and (c) sextupole mode (734 nm). Red numbers in the scattering 

patterns indicate the angles with maximal scattering power. 

 

Figure 5-4 Angle-dependent peak extinction for the dipole, quadrupole, and sextupole resonance 

modes, normalized to the maximum values of each mode. 
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5.3 Sensitivities of quadrupole resonances 

In the following, we will investigate the extinction response of four types of gold 

nanorods and compare their RI sensing performance. The structures under study are as 

follows: type A, gold nanorod with a = 200 nm and d = 80 nm; type B, gold nanorod 

with a = 500 nm and d = 80 nm; type C, gold nanobipyramid with a=200 nm and d = 

100 nm; and type D, gold nanobipyramid with a = 200 nm and d = 42.5 nm. The 

dimensions of these nanorods are chosen such that the dipole resonance wave-length of 

types A and C and the quadrupole resonance wavelength of types B and D are all around 

1,050 nm in order to compare their RI sensing sensitivities at the same wavelength. The 

geometry of nanobipyramids is selected because of its high FOM as reported previously 

[106]. To avoid numerical errors caused by the sharp tips and to be more realistic to the 

experimental samples, the edges of the two tips in nanobipyramids are blunted with a 

frustum shape. 

By changing the RI of the surrounding medium from 1.33 to 1.37 (supposing a fixed 

incident angle = 60°), the extinction peak (λsp) of each nanorod gradually redshifts 

towards a longer wavelength, as shown in Figure 5-5 a,b,c,d. These results are 

summarized in Figure 5-6 in which the extinction peak for each nanorod is plotted as a 

function of the refractive index. It can be observed from Figure 5-6 that the slopes of 

the four curves - which directly represent the RI sensitivity dλsp/dn - are not 

substantially different from each other, in an obvious contradiction to previous reports 

[107]. This observation is due to the fact that the RI sensitivity of LSPRs is actually 
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wavelength dependent, which means that the RI sensitivity will not depend much on 

the mode resonance of choice or the structure geometry once the sensing wavelength is 

fixed (consistent with previous theoretical results by quasi-static approximation [108]). 

This also points out that it might be inappropriate to compare directly the RI 

sensitivities of LSPRs of different nanostructures at different wavelengths [109-111]. 

We also refer to the article [112], where the authors have argued that any single mode 

sensing of RIs such as LSPR sensing cannot surpass an upper limit of λ/n, where λ is 

the sensing wavelength and n is the surrounding RI – which means an upper limit of 

1,050nm/1.33=789.5 nanometer per RI unit (nm/RIU) for our case. Therefore, further 

efforts to improve the RI sensitivity of LSPRs are probably not practical. Accordingly, 

some results above this theoretical limit obtained from some particular nanostructures 

such as nanostars [113] may be attributed to a collective excitation of multiple LSPR 

modes (though in single nanoparticles), or other chemically induced effects. Our 

calculations also show that the RI sensitivity is independent of θ (results not shown 

here). Therefore, the conclusion from Figure 5-6 must hold true for any incident angles 

and also for random orientation of nanoparticles. 
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Figure 5-5. RI-dependent extinction spectra. Near the (a & c) dipole resonance mode of nanorods 

of types A and C and (b & d) quadruple resonance mode of nanorods of types B and D, respectively, 

with all the structures in a surrounding medium of RI varying from 1.33 to 1.37. The black arrows 

represent the shifting direction of the resonance peak from the case RI=1.33 to RI=1.37. The red 

double arrows denote the linewidth of each peak. Insets are schematics of nanoparticle geometries 

and their electric near-field amplitude distributions at the corresponding LSPR wavelengths. 

5.4 Linewidth of quadrupole resonances 

As mentioned earlier, the resonance linewidth is the other important factor in 

determining the overall RI sensing performance of LSPRs [114]. Opposite to the RI 

sensitivity, the resonance linewidth of LSPRs largely depends on the incident angle, as 

demonstrated in Figure 5-1b. In addition, for LSPR sensing measurements with typical 

experimental setups [114], the characterization results are in fact collective effects 

arising from the total response of a mass of randomly oriented nanoparticles. Therefore, 

it is necessary to average the linewidth of the simulated extinction spectra at different 
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excitation angles for each structure.  

 

Figure 5-6. Peak wavelengths λsp as a function of the surrounding RI for different LSPR 

modes/shapes corresponding to Figure 5-5 (a) to (d). The RI sensitivities dλsp /dn of the four curves 

are 712.2, 722.1, 689.3, and 676.9, in the unit of nm/RIU, respectively. 
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Figure 5-7. Incident angle-averaged extinction spectra. Normalized incident angle-averaged 

extinction spectra for nanorods of types A, B, C, and D in the wavelength of interest, with 

surrounding medium of RI=1.33. The red double arrows denote the fullwidth at half maximum 

linewidth of each peak. For the D curve, the extrapolation line is also shown. The curves are plotted 

in offset for clarity, with insets showing the schematics of the nanorods (left) and their angle-

dependent extinction spectra (right). 

The incident angle-dependent extinction spectra for the four types of Au nanorods 

are presented in the insets of Figure 5-7, and the curves in each inset are summed and 

averaged for calculating the average resonance linewidth, as shown in the main panel 

of Figure 5-7. It can be seen that the averaged extinction spectra for nanorods of type 

A, B, and C are all symmetric with a well-defined resonance linewidth (i.e., full width 

at half maximum), while the spectrum of type D nanorod exhibits a largely asymmetric 

profile and needs an extrapolation to extract the resonance linewidth. The resulting 
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resonance linewidths for the four nanorods are 278.6, 186.8, 154.1, and 91.7 nm, 

respectively. An obvious observation is that the resonance linewidth reduces from 

dipole modes (types A and C) to quadrupole modes (types B and D) and also from 

regular nanorod shapes to irregular nanobipyramid shapes. Note that the nanobipyramid 

of type D has the narrowest resonance linewidth, which is due mainly to the coupling 

between its quadrupole and dipole resonances that are close to each other in wavelength. 

This possesses similar characteristics to Fano resonances in which the electromagnetic 

coupling between a dark mode with narrow resonance linewidth and a bright mode with 

a broad resonance linewidth creates a sharp Fano dip in the spectrum, which can be 

used to enhance the sensing FOM [114]. A similar coupling effect has also been 

observed for propagating surface plasmons and waveguide modes in one-dimensional 

periodic metal grooves [115]. We have to point out that the linewidth reduction 

observed here may be the main contribution to the reported FOM enhancements [117]. 

 

5.5 FOM of quadrupole resonances 

Finally, we calculated the overall sensing FOM in terms of the RI sensing 

sensitivity and the extracted resonance linewidth, with results summarized in Table 1 

in which some data from literature are also added for reference. For plasmonic dipole 

modes, the FOM values derived from our numerical methods are partially consistent 

with previous experimental results. A slightly larger FOM observed for the nanorod 

dipole mode in our studies may be due to the sharp edges of the rod defined in our 
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simulation model. For quadrupole modes, we estimated an FOM of 3.9 for the nanorod 

of type B and 7.4 for the nanobipyramid of type D, both much larger than the FOM 

values [118] reported for dipole modes in the both structures, suggesting the great 

promise of using quadruple resonances in single-particle RI sensing. 

Table 5-1. Comparison of RI sensing performance for different nanoparticles 

 

a. The nanoparticle sizes are expressed in the form of length/diameter. B. The unit for RI sensitivity 

is nanometers per refractive index unit (nm/RIU). D, dipole mode; Q, quadrupole mode. 

 

5.6 Summary 

In conclusion, we have demonstrated an ultrahigh overall sensing figure of merit 

by using plasmonic quadrupole resonances in gold nanorods and nanobipyramids. 

Three important conclusions can be drawn from our detailed numerical studies: 1) The 

excitation efficiency of LSPRs in nanorods by plane waves exhibits an angle-dependent 

behavior, which is consistent with their electric near-field enhancements and far-field 

scattering radiation patterns. 2) The refractive index sensitivity of single-mode LSPR 

in nanoparticles is independent of the resonance mode of choice and the particle 
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geometry provided that the sensing wavelength is fixed. 3) The improved FOM 

observed for plasmonic quadrupole resonances in gold nanoparticles in the present 

work as well as in previous studies is due mainly to the reduction of resonance linewidth. 

Our results suggest that plasmonic quadrupole modes in gold nanorods are possibly the 

most promising choice to achieve the best sensing performance and that it is of 

particular importance to explore multipolar resonances for further sensing studies. 
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Chapter 6. Conclusion and future work 

6.1 Conclusion 

In the course of this study, several aspects of metamaterials and applications in 

microwave engineering have been investigated both theoretically and experimentally, 

aiming to pursue the structure-electromagnetic performance relationship in these 

materials and develop metamaterials-based microwave devices. Through simulation 

and/or experiments, the following conclusions have been achieved:  

1) Elastic tensors have been found to be more symmetric than their geometric 

counterparts – the elastic properties can exhibit cubic symmetry even though the 

original geometry is not cubic; the different elastic tensors of any models share the same 

type of elastic symmetry; for the WN model, auxeticity occurs only along specific 

directions. 

2) We have made a comprehensive numerical study on the behavior of various 

elastic, dielectric and piezoelectric properties of different types of metamaterial designs 

on the variation of the relative density of the structure. Scaling behaviors have been 

found for the relation between Young’s modulus E (and shear modulus G, dielectric 

constant 3, piezoelectric constant (strain-charge form)) and , while scaling 

exponent a is distributed between the values of 1 and 2, which indicates the a change 

of mechanism between “stretching-dominated” and “bending-dominated”. For other 

constants, include Poisson’s ratio , the anisotropic factor AU, and also the 

piezoelectric constant (stress-charge form) d33. For the piezoelectric case, we have 
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analyzed two different types of poling condition “real-poling” and “z-poling”, where 

the electric field distribution inside the structure will change a lot. The d33 value 

changes a lot between the two types of poling, and by the “real-poling” we have found 

a super-high d33 value of 400 for the HN model. 

3) We have performed THz-TDS study on a PMN–0.27PT single crystal. The 

dielectric constant of the material was found to be ~30 at 1 THz. This result as well as 

the measurement methodology could be used as a reference for the future study of THz 

dielectric behaviors of ferroelectric materials. Besides, we have formed metamaterial 

patterns on the PMN-PT substrate which can alter the dielectric responses by 11%. 

4) We have demonstrated an ultrahigh overall sensing figure of merit by using 

plasmonic quadrupole resonances in gold nanorods and nanobipyramids. The excitation 

efficiency of LSPRs in nanorods by plane waves exhibits an angle-dependent behavior, 

which is consistent with their electric near-field enhancements and far-field scattering 

radiation patterns. The refractive index sensitivity of single-mode LSPR in 

nanoparticles is independent of the resonance mode of choice and the particle geometry 

provided that the sensing wavelength is fixed. The improved FOM observed for 

plasmonic quadrupole resonances in gold nanoparticles in the present work as well as 

in previous studies is due mainly to the reduction of resonance linewidth.  
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6.2 Future work 

Metamaterials is believed to be a promising science topic that is able to 

revolutionize the current technology. Despite of progress made in these years, a 

comprehensive picture for the structure-property relationship of different metamaterial 

designs is still unclear. The author would suggest that, in the future, based on the 

research work of the current thesis, the investigation about the structure-property 

relationship should be extended to a wider range of properties, such as thermal 

properties and thermoelectric properties for application in heat exchange and energy 

harvesting, chemical absorption properties for H2 or CO for energy storage, Li+ density 

for energy capacity, piezoelectric-ferromagnetic coupling properties for magnetic 

sensing, and also for dielectric constant/refractive index for exploration of extremes of 

optical tuning capacity. The study should also be extended to a wider range of structure 

types, including all types of regular or irregular shapes. For example, irregular shapes 

include conventional models of foams, fiber networks and aerogels, regular shapes 

include new origami designs, computer-aided digital designs, and various types of 

fractal designs. 
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