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Abstract 

Extreme rainstorm events and the associated urban flooding disasters have become 

more and more frequent and intensive in the world, which have caused enormous 

losses in social and economic resources. Previous studies and field observations have 

evidenced that such urban flooding accidents could be caused and exacerbated by the 

system drainage capacity reduction due to the occurrence of transient air-water flows 

within the systems under sudden and fast drainage conditions. Therefore, a 

comprehensive understanding and analysis of the transient interaction and evolution 

process between the air and water flows/phases is of significance and necessity, which 

is however not very clear about its physical formulation and development mechanism 

for current theory and practice. Motivated by this objective, the present thesis research 

aims to understand the physical mechanism and model the evolution process of 

transient air-water flows under various initial and boundary conditions.  

Coded in a distributed framework based on the user-friendly MATLAB platform, the 

numerical model solving the full 2D Navier-Stokes equations with a coupled method 

of level set (LS) and volume of fluid (VOF) schemes is first developed in this research. 

This proposed model and numerical method could accurately capture the air-water 

interface evolution details through straightforward algorithms as well as fully 

represent physical conservation characteristics. With the well-established benchmark 

cases in the literature, the developed 2D model and numerical method are fully 

validated and verified to be of sufficiently accuracy, efficiency and stability to 

reproduce the complete different flow surface profiles and air-water interface 
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dynamics during the highly unsteady flow process such as the bubble rising process, as 

well as the temporal and spatial evolutions of velocity and pressure distributions, 

which are crucial to in-depth understand the mechanism and process of such complex 

two-phase flows in practical engineering systems. 

Afterwards, the validated 2D model is applied to extensive application cases, with 

perspective for a detailed and systematic analysis of transient air-water flows under 

different conditions encountered in real-life stormwater drainage engineering systems. 

Specifically, the rapid filling process in stormwater drainage systems is investigated 

for understanding different influential parameters of the initial and boundary 

conditions on the dynamic air-water interface evolution. With the 2D modelling results 

and analysis, the underlying physics of rapid filling process is explored by the energy 

transformation relationship as well as the velocity and pressure distribution variation 

patterns of both air and water phases. To explain, the 1D analytical analysis based on 

different assumptions is performed and compared with the 2D model results, so as to 

further highlight and understand the key parameters which may dominate the transient 

air-water interactions. The comparison and analysis results indicate that the system 

with closed wall boundary is capable to conserve more energy and keep a constant 

propagating speed before the stagnant point reaches the upstream end, while the 

system with well-ventilated outlet may suffer more fierce water column collapsing 

within instant moment, so that more energy loss occurs and the accelerated waves to 

the downstream end could retain the relatively higher drainage capacity. Besides, the 

changes of the upstream drainage pressure and the drainage conduit slope conditions 

could greatly affect the transformation and patterns of different energy forms, and thus 
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the dynamic air-water interactions during the rapid filling process. 

Based on the results and findings of rapid filling process, the complex transient 

air-water spring-like geysering (or inertia surcharging) problem with consisting of 

both horizontal pipe filling and vertical bubble rising processes are then investigated 

by the developed 2D model, so as to examine and explain the influence of different 

system parameters and flow conditions to the formation mechanism and propagation 

process of such spring-like geyser eruptions/surges in the stormwater drainage 

systems, which is one of the main objectives of this thesis research. The influence 

factors for inspection include the size ratio of the diameter of drainage pipe and 

vertical riser, initial pressure and velocity settings. Extensive numerical simulation 

cases are conducted for systematic analysis to ascertain the dominating factors 

affecting the variation magnitude and evolution process of pressure and velocity 

distributions as well as the transformation patterns of different energy forms. The 

application results demonstrate that the large-size air pocket tends to be more 

vulnerable and fragile to break into pieces during bubble rising process with more 

contact area with water, which is suffered greater probability for deformation of 

bubble shape and corresponding larger variation of pressure and velocity 

distributions. In addition, the motion of air phase (entrapped air bubbles/pockets) 

may have notable influence on the transformation of different energy forms during 

the distortions of air-water interfaces under different initial and boundary conditions, 

which thus plays a pivotal role to the whole formation and evolution processes of 

air-water mixture geysering/surcharging in the drainage system.   
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Chapter 1 ï Introduction  

1.1 Background 

With the global climate change and rapid urbanizations, urban stormwater runoff 

volume and peak discharge have been greatly increasing during the wet seasons due 

to the increasing frequency and intensity of the extreme storm events (Sun et al. 

2014). For instance, the Hong Kongôs annual rainfall in 2013 was reported over 

2,800 millimeters, which was nearly 20% higher than the 1981~ 2010 mean annual 

rainfall of about 2,400 millimeters. This changing has invoked increasing flooding 

risks in the downstream urban areas, causing extensive social problems and 

economic losses as well as healthy issues worldwide (Li et al. 2015). Actually, a 

severe flooding event was caused by a violent rainstorm on July 21, 2012 in Beijing, 

China, which influenced over 1.6 million residents and killed 79 people (Wang 

2012). Fig. 1.1(a) Shows one of the underpasses was flooded in Beijing during this 

miserable issue, leading to significant delays on traffic and resulting in tremendous 

economic costs. Similar flooding tragedy happened in January 2011 in Brisbane, 

Australia with at least 24 lives lost in that event (van den Honert and McAneney 

2011). 
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Fig. 1.1 (a) Flooded main road in Beijing, China (Chan 2012); (b) Flooding at Wing 

Lok Street on June 7, 2008 in Hong Kong (Chan et al. 2010) 

In Hong Kong, a flooding disaster with a maximum flooding level of over 1.5 m was 

recorded on June 7, 2008 in the Sheung Wan District in Hong Kong (Fig.1.1 (b)), 

which resulted in serious business interruption and inconvenience in the downtown 

area (Chan et al. 2010). 

To address these drainage challenges, the Hong Kong Government has committed 

over HK$ 10 billion from 2008 to 2018 to launch several important and large-scale 

projects for the reconstruction and rehabilitation of current stormwater system. 

Fig.1.2 illustrates one of such reconstruct project in the mentioned Sheung Wan 

District (Leung et al. 2010), where the underground storage tank and the stormwater 

pumping station were under construction, so as to provide more storage capacity. 

Meanwhile, the strategic plan of the ñBlue-Green Infrastructureò was proposed in 

2014 by the Hong Kong Government with the aim to achieve sustainable urban 

stormwater drainage system in Hong Kong (DSDHK 2015). Under this background, 

there exists urgent need to improve the design and management of the urban 

stormwater drainage system so as to control flooding. 
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Fig. 1.2 Construction site of Sheung Wan underground storage tank (a) and 

stormwater pumping station (b) 

Actually, many field accident observations worldwide have demonstrated that 

transient air-water two-phase flows can cause serious and costly problems in urban 

stormwater drainage systems. Under transient stormwater drainage process, air is 

easily trapped in poor ventilated pipelines, which can potentially block the pipe 

cross-sectional area and thus severely reduce the pipe drainage capacity, as well as 

cause severe disasters such as geyser and flooding in the system. Meanwhile, the 

transient interactions of entrapped air can result in very large oscillations of pressures 

and finally release rapidly at the outlets in the stormwater system such as manholes.  

Hamam and McCorquodale (1982) reported that several cities in Canada suffered this 

problem with manhole covers popping off during severe storms; Wang et al. (2003) 

further described this accident happened in Hamilton, Ontario, Canada, where a large 

sewer with a downstream interceptor weir and an upstream drop-pipe experienced 

severe pressure surges during high flows. The pressure rise was sufficient to blow off 

a welded manhole cover and cause basement flooding. Guo and Song (1991) showed 

a picture of such phenomena about the manhole cover blowout induced by a geyser in 

Minnesota, 1982; and another figure is about the geyser shooting from stormwater 
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sewer in 1987. Recently, many field accident observations and laboratory experiments 

continue to discover such phenomena (Wright et al. 2010). Fig. 1.3 (a) is an image 

taken from a video recording of a geyser in storm sewer system on St. Joseph 

Boulevard in Montreal 2012 (CBC News 2012), which caused large jets of water 

and air from manholes, manhole covers being ejected, and street flooding, bringing 

about enormous damages. Similar geyser occurred in Capitol Hill, USA, 2015 

(KOMO News 2015), where the surcharged water billowed about 4-5 feet high from 

the storm drain in the middle of the street after a striking rain squall (see Fig. 1.3 

(b)). Three manhole covers in Hong Kong also encountered with the geyser (Next 

media News 2005). These covers weigh 100 pound each but were still uplifted by 

the geyser spray as high as 30 feet (see Fig.1. 4). 

 

Fig. 1.3 (a) Geyser from storm sewer (CBC News 2012); (b) A storm drain turned 

into a temporary geyser on Capitol Hill after a big rain squall moved through 

(KOMO News 2015). 
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Fig. 1.4 Manhole cover shot by furious geyser in Hong Kong (Siu Sai Wan in 2005) 

(next media News 2005) 

Among these geyser phenomena as well as the air-water eruptions, the violent geyser 

phenomenon has only been reported under very extreme situations such as the event 

happened in Minneapolis (Wright et al. 2010), with the specific characteristics 

including: 1) among the consecutive eruptions, the first eruption is not the strongest in 

terms of height and velocity but the later ones; 2) the eruption height and velocity may 

greatly exceed the magnitude in normal conditions. For the more commonly observed 

spring-like eruptions, most of the cities such as HK may suffer the underlying 

threatens such as lifting the manhole cover during the heavy rainfall events. 

There is no doubt that the devastating violent geyser as well as the spring-like 

eruptions, accompanied with destructive flooding, have pose underlying threaten to 

cause tremendous damage to society. Consequently, the investigation of the transient 

air-water two-phase flows is critical and important to the practical engineering 
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applications, which may bring essential benefits in economic, social, and 

environmental aspects. 

1.2 Motivations of this research  

The interaction between different phases near interface tends to be highly 

complicated, which involves with drastic topology changes and pressure oscillations 

due to the large density and viscosity ratio of air and water. Moreover, the 

complicating mixed phases including free surface flow and pressurized flow keep 

exchanging with each other through this process, making the simulation even more 

difficult.  

However, the design and evaluation of the drainage conditions in the stormwater 

systems mainly depend on the full-developed steady or gradual varying flow process 

(e.g., peak flowrate or maximum flow volume) (Mays 2001, Duan et al. 2016a, 

Duan et al. 2016b), while most of the existing numerical models such as Mouse and 

Stormwater Management Model for the complex hydrodynamics such as air-water 

mixed-flow either neglect or excessively simplify the air-water transient problem by 

treating as single-phase flow or neglecting the entrapped air (Zoppou 2001), which 

is unable to capture the dynamic transition in the free-surface-pressurized flow 

(Kerger 2010, Shao 2013). Consequently, further understanding and modelling of 

transient air-water flows are necessary and important to design and improve the 

urban drainage system, which thus could bring potential benefits in the aspects of 

urban economics and social development in worldwide cities and regions. 
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Due to the limited knowledge of understanding the complex mechanism and 

transient characteristics of the air-water flows in stormwater drainage systems, 

investigation of transient air-water interaction and evolution process has become 

challenging for both experimental recurrence and numerical modelling. This 

situation is mainly because of the complicated characteristics of this type of mixed 

flows in drainage Pipelines (Bousso et al. 2013). Specifically, in terms of the flow 

regime, it involves highly unstable state with frequent transitions between highly 

pressurized and free-surface flows; for the flow phases, rapid variations of flows of 

water, air and mixture fluid often occurs; additionally, the complicating air 

entrapment would result in flow discontinuities such as geyser and column 

separation. Nevertheless, many researchers devoted themselves in the field and 

made significantly valued progress, and a number of studies have been performed in 

this area, including experimental and numerical simulation. 

For the experimental studies, the early researchers focused on capturing the pressure 

spikes caused by the water hammer surge waves (Guo and Song 1990, Song et al. 

1983), while the recent studies (Wright et al. 2010, 2011) revealed several key factors 

that trigger geysers including trapped air and compressed air pockets, which could 

bring about higher magnitude pressure fluctuations than the actual pressure surge 

wave in a pressurization process. Some other studies (De Martino et al. 2008, Hamam 

and McCorquodale 1982) tried to find out the underlying relationship between the 

initial conditions (including the volume of air pocket, the slope of pipeline) and 

air-water motion. Recently, the experiments performed by Leon (2018) and Choi 

(2018) successfully reproduced the unremitting violent geyser eruption rather than the 
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relatively moderate inertial surge in simplified geyser system, which indicates the 

underlying mechanism of geyser formation may highly count on the 

Kelvin-Helmholtz instability developed in the transient air-water interaction. 

When it comes to numerical simulation, various one-phase and two-phase models 

have been proposed to reproduce the air advancing process, helping to reveal the 

mechanics of geyser organization by different hypotheses and validations. 

Specifically, in rapid filling process, Cunge and Wegner (1964) unified the unstable 

flow regime so that the pressurized flow can be treated as free surface flow, and later 

Vasconcelos and Wright (2007) furthered this idea by introduce the negative pressure 

into pressure component. To take the air phase into consideration, Hamam and 

McCorquodale (1982) made it possible to calculate the moderate air pocket moving. 

Recently, the prosper development of computing techniques has promoted the 

simulating of more complicated vertical rising issues (Choi 2018, Shao and Yost 2013) 

by developing two-phase flow models solving Navier-Stokes (NS) equations. More 

detailed literature review could be found in chapter 2. 

Despite these preliminary achievements, current measurements and models are 

found to be inadequate and inaccurate to capture fully the transient air-water 

interaction and process due to the flow complexities. Besides, the energy 

transformation pattern in this highly dynamic air-water interaction is not sufficiently 

investigated to fully understand the overall revolution of the process. Consequently, 

further exploration on the formation mechanism and evolution process of transient 

air-water pipe flows becomes necessary and important to narrow the gap of this 
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theory and practice, which is the aim of this research. This research will be built on 

many previous studies and application experiences in this field by both 

mathematical modelling and numerical simulations. 

1.3 The scope of this research 

This proposed research aims to understand and model the complex transient 

air-water flows in urban drainage pipe systems, so as to provide essential 

fundamental basis and scientific support to the development of theory and models as 

well as the design and management of stormwater systems. Appropriate 

mathematical models and numerical schemes are to be developed for the 

systematical analysis of transient air-water flows in this study.  

It is noted that this research will be conducted mainly based on the several typical 

situations of drainage pipeline systems, such as single pipeline with/without single 

vent riser, pipe filling/emptying, and valve/dead-end boundaries, but the results and 

findings will be extendable and applicable to more situations in practical drainage 

sewers, with the aid of necessary numerical treatment and code improvement. 

Moreover, this research focuses on the relatively non-violent situations of air-water 

interactions and eruptions, but not the violent geysers defined in Leon (2018). 

Specifically, the first eruption is the strongest one and then the pressure oscillation 

would decay uniformly. During the eruptions, the proposed model could well 

capture the distinct air-water interaction profile of the interface, so as to investigate 

the detailed deformation process. Besides, the dynamics of air-water interaction 
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before the explicit eruption would be further investigated, and the detailed velocity 

and pressure evolution mechanisms derived in this research could be applicable to 

understand the formation of geyser eruption. Last but not the least, the air-water 

mixture is recognized as a whole for energy transformation analysis. From this 

perspective, the main scope of this research includes:  

(1) Investigate the air trapping and propagation process in drainage pipelines during 

transient stormwater events, with perspective of understanding the formation 

mechanism and process of transient air-water flows in stormwater systems;  

(2) Study the transient evolution process of the formed transient air-water flows, 

including the situation in straight duct or pipelines with various slopes, as well as air 

bubble rising motion involved with vertical risers; 

(3) Account for the energy analysis method on the overall investigation with diverse 

systematic numerical simulations of the dynamic air-water transition, to propose an 

integrated insight for the transient dynamic revolution. 

1.4 Research objectives 

This project intends to investigate the water and air interactions in drainage pipelines 

during the highly transient drainage process under stormwater conditions. The 

detailed objectives are: 

(1) Develop appropriate two-phase model to simulate the complex air-water 

interactions in the vertical riser by implementing high order numerical schemes 
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and more advanced approaches (i.e. the coupled level set and volume-of-fluid 

method), to accurately reconstruct the interface profile and predict the air pocket 

rising and escaping phenomenon, which are the key steps to reproduce the 

spring-like eruptions; 

(2) After the calibration and validations of this proposed numerical model by 

experimental data available in the literature, ascertain the key potential 

contributing factors in the air-water flows by testing intensive initial and 

boundary conditions, to investigate whether parameters such as the participated 

air volume would be essential to influence the flow intensity; 

(3) By undertaking numerical simulations with the two-phase model, reveal the key 

velocity and pressure evolution pattern during the free-surface-pressurized 

shifting transition, so as to collect all the available data for energy calculation 

and further investigation of energy variation pattern; 

1.5 Present state of knowledge 

From the aforementioned experimental studies, most researchers tried to figure out 

the influence of initial state on the flow velocity and pressure, as well as expose the 

importance of air phase. Much of these findings, however, only related to some 

qualitative results other than comprehensive analysis on quantification. And for the 

numerical methods, the existing models are suitable for simple temperate mixed-flow 

simulation, such as calculating the speed of surge front in rapid filling process; but for 

more detailed characteristics, i.e., the distribution of flow velocity or pressure, these 
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models are inadequate or inaccurate to simulate two-phase flows dynamics with 

complex air-water interactions. The main limitations of the present state of 

knowledge are outlined as: 

(1) The negligence of air phase will introduce great inaccuracy to the design and 

operation of real drainage system, and the triggered air-water transient 

interaction may pose threaten on urban flooding; 

(2) The insufficient understanding of the transient air-water flows and evaluation of 

contributing factors; 

(3) Current numerical models cannot well simulate the dynamics of 

free-surface-pressurized flow; 

(4) Unable to capture the air-water interface profile in the complicated air-water 

evolution. 

As a result, full understanding and modelling of such transient air-water pipe flows 

under stormwater conditions are still very challenging for current scientific research 

and engineering applications, which motivated this research project. And the 

according strategy to overcome or release these weak points will be elucidated in the 

following chapters. 

1.6 Research significance 

The intention of this research is to develop a two-phase numerical model solving the 

Navier-Stokes Equations, so as to capture the full dynamics in both air-water phases, 
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especially the dynamics in the vertical riser. Meanwhile, energy analysis would also 

be taken into consideration for understanding the overall propagating process. 

The achievements of this project may have great significance to characterize the 

mechanism of the transient air-water interaction and responses in both 

nearly-horizontal straight pipelines and vertical risers, which is expected to improve 

and enhance the theory and practice of the transient air-water two-phase flow. The 

developed models and tools as well as extensive test data in this research will be a 

beneficial and invaluable help for engineering project applications. 
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Chapter 2 ï Literature Review 

2.1 Introduction 

During stormwater drainage process, the air in original stable drainage pipes is 

easily trapped and pressurized, and then propagates in the pipeline system. Such 

undesirable air-water transient flow has challenged the traditional modelling method, 

which only considers the flow in drainage system as free-surface flow. Concerning 

the development on this issue, this chapter illustrates the review of the literature of 

this study.  

Specifically, the two major sections are divided as the experimental and field study 

in section 2.2, together with the numerical models review in section 2.3. For the 

laboratory study, the observation and measurement on the air-water transient flow in 

horizontal or slightly inclined conduits are introduced in section 2.2.1, for air motion 

in vertical riser and the eruptions captured by more advanced instrument with some 

main features of the motion including the interface deformation, motion speed and 

pressure variation are investigated in section 2.2.2 and section2.2.3. Based on these 

available experimental data, contributing factors relating to the mechanics of 

transient flow are preliminarily studied with some fundamental findings, which 

greatly promoted the theory development of mixed-flow models, and more details 

can be found in section 2.3.1, followed by the review on numerical model 

development including the elucidation of current models and numerical methods in 

section 2.3.2 and 2.3.3. Among these experimental researches and numerical 
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simulations in the past, the analysis on energy transformation pattern would be 

additionally proceeded in section 2.4 due to the significant performance on grasping 

the overall comprehension on the transient dynamic propagation of air-water flow. 

Finally, the conclusion is summarized in the end. 

The purpose of this review is to furnish a synthetic comprehension of previous 

research in this area, as well as providing a rationale for the choice of developing a 

two-phase model in the present study. 

2.2 Experimental observation and field study on Air-water transient 

flow 

In order to better understand the physics of the air-water transient flow, various 

experimental and field studies have been implemented in this area. The following 

content illustrates the detailed investigation of these studies, and main contribution 

of each experiment or field study is discussed as well. 

2.2.1 Air-water transient flow in horizontal or slightly inclined conduits 

When entrapped air pocket propagating in the horizontal or slightly inclined 

conduits in the complicated urban drainage systems, substantial types of the 

transient air-water flow featured with different initial and boundary conditions has 

been preliminary investigated in the in previous researches.  

Primitively, Taitel and Dukler (1976) clarified the main flow regime transitions in 
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horizontal and near horizontal gasǬliquid flow by experimental observation, and later 

this clarification was summarized by Lauchlan et al. (2005). Specifically, the flow 

pattern is mainly discriminated by the size of air bubble and the distribution of 

bubble location, includes the bubble flow (spray flow), plug flow, slug flow, 

stratified smooth flow, stratified wavy flow, and annular flow (shown in Fig. 2.1).  

 

Fig. 2.1 The clarification of air-water flow patterns in horizontal conduits 

For the transient flow of the air pocket entrapped between two blocking water 

columns within a lengthening undulating pipeline (shown in Fig. 2.2), the flow 

pattern is similar to annular flow (Fig. 2.1 (f)) with the high-speed moving air pocket 

almost occupying the whole section of the pipe. Researchers have achieved 

considerable performance on the assessment of the pressure variation during air 

pockets propagating process (Izquierdo et al. 1999, Zhang and Vairavamoorthy 2006, 

Zhou et al. 2013). 
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Fig. 2.2 The schematic of the high-speed propagation of air pocket between two 

blocking water columns within a lengthening undulating pipeline 

Among the above mentioned diverse flow patterns, plug flow and slug flow 

involved with large air bubble propagating are commonly investigated by its distinct 

and relatively stable air-water interface profile, while bubble flow and spray flow 

are highly unstable for observation records and difficult for quantificational 

description. 

For more common situation with the air pocket entrapped in the downstream of the 

straight pipeline (illustrated in Fig. 2.3), the air-water evolution process is similar 

with the situation of gravity currents propagating, which occurs when low-density 

fluids encountering into another fluid driven by buoyancy force along the horizontal 

long bed. 

 

Fig. 2.3 Water column collapse towards the initially ñemptyò downstream (rapid 

filling process of ñemptyò pipeline systems) 
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For instance, dam break problems (featured in Fig. 2.3 (a) with the upstream water 

column falling towards the downstream end under free-surface condition) are the 

well-acknowledged gravity currents. Based on the representative experiment 

conducted by Martin et al. (1952), the dam break problem has always been applied 

for the model validation with the data on traced propagating location of the surge 

front and the remained water column height.  

For engineering planning and preliminary design, the dam break problem could be 

regarded as the open channel flow solved by the Saint Venant equations (Delis and 

Skeels 1998, Tan and Chu 2009). However, for further investigation on reproducing 

the air-water profile involved with the highly distorted deformation interface, more 

advanced two-phase flow model should be taken into consideration. With the 

supplementary data of wave velocity collected by Lauber and Hager (1998), 

Cruchaga et al. (2007) tried to simulate the process by solving the incompressible 

Navier-Stokes equations with the interface tracking method, the corresponding 

experimental observation validated the effectiveness of the proposed numerical 

model. Recently, Shao (2013) well reproduce this interface profile by the two-phase 

Navier-Stokes solver coupled with Volume of Fluid (VOF) method. 

In contrast, for the rapid filling process in closed system with the closed wall on top 

of the straight pipeline (Fig. 2.3 (b)), the flow regime performs with quite different 

pattern. Hosoda et al. (1994) performed the experiment with the vertical gate 

installed in the middle of a horizontal rectangular duct so that the upstream water 

and downstream air are initially isolated. With all the closed wall surrounding the 
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air-water fluid, the air phase participation in the dynamic interaction could no longer 

be ignored. Cong (2016) conducted series of these rapid filling tests to investigate 

the air phase significance. Similarly, more extended experimental tests and 

numerical simulation with the different column aspect ratios and boundary 

conditions on the rapid filling process would also be further explored in this 

research. 

Conversely, for the situation when free-surface flow moving towards the pressurized 

region, various pressure surge would occur under different initial and boundary 

conditions (such as different operation mode of gate at the end). Hamam and 

McCorquodale (1982) tried to figure out various factors which affecting the pressure 

transients (such as the pipe size. pipe shape, flow velocity). Besides, Cardie et al. 

(1989) and Trajkovic et al. (1999) also performed the according experiments, 

coming out the finding that the intensive water hammer pressures produced by the 

dynamic air-water transient interaction may pose threatening risk on the pipeline 

system. Moreover, according to the field records from Guo and Song (1990), the 

surge strength at the end of the pressurization process determines the extent of the 

surge problem, and operational and structural methods could reduce the surge 

strength; similar field study proposed by Song et al. (1983) plotted the hydraulic 

grade lines and overflow hydrographs. Additionally, Ferreri et al. (2014) conducted 

series experiments with varied slope, velocity and filling ratio with more advanced 

experimental facility to study multiple pressurization patterns, and the finding 

confirms the principal importance of entrapped air for dominating the pressure 

oscillation characteristics. Recently, Zhu et al. (2018) investigated the transition of 
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mixed bubble flow propagating to pressurized water phases, and the performance of 

mixed flow and the influence of air content on the dynamic process is systematically 

inspected. 

 

Fig. 2.4 More intended case of transient air-water flow with the closed wall at the top 

of conduit 

Still with the wall boundary on top of the conduits, if conduit is initially full of water 

but the downstream end is partially open, the air cavity will be shaped when the air 

phase propagates to the upstream water phase (plotted in Fig. 2.4 (a)). Benjamin 

(1968) carried on the research on the characteristics of the air cavity with the finding 

that the propagating velocity of the air cavity is proportional to the height of the 

conduit. Later Wilkinson (1982) conducted the experiment for validation, and 

Guizani et al. (2006) also recorded the front trajectories and shape of the front 

advance in the filling process. Baines (1991) extended the experiment by lifting the 

upstream end of the duct so that the slightly sloped condition could be taken into 
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consideration, and the profile front of the rapid filling cavity is measured for further 

discussion.  

With more advanced instruments than Cardie et al. (1989), Vasconcelos and Wright 

(2008) extended the experiment by adding a constant-head reservoir in the upstream 

of the initially filled horizontal pipeline with the fully open downstream end (Fig. 

2.4 (b)), so that the influence of the upstream pressure on air-cavity intrusion could 

be further examined. 

For more complicated situation, such as the severe pressure transients induced 

infrastructure damage reported in Canada (City of Edmonton 1995, EHG 1996), the 

main configuration of this flooding failure could be simplified as the sketch in 

Fig.2.4 (c), with the pressurized upstream water tank and the orifice outlet install in 

the downstream end. Both the experimental observation (Zhou et al. 2002a) and 

numerical simulation (Zhou et al. 2002b) on this rapid filling process were 

conducted to reproduce the air-water profile and pressure oscillation. Drastic release 

of air-water mixed spray flow was witnessed in the orifice of the pipe end and thus 

caused fierce pressure oscillation, which indicated that air entrapment in the pipeline 

system would make great difference for structure damage in the highly dynamic 

air-water revolution. 

2.2.2 Air bubble movement in vertical riser 

Similar with the air-pocket advancing in near horizontal conduits, the air bubble 

movement in vertical riser is also inspected by the pioneer researchers. Taitel et al. 
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(1980) proposed the model to predict flow pattern transitions for the steady 

gas-liquid flow in vertical tubes, and the according classification of flow patterns is 

also presented, including the bubble flow, slug flow, churn flow (the slug flow 

breaks into the turbulent disordered pattern of air and water), and the annular flow.  

As gravity acceleration greatly intensifies the air-water interaction in the vertical 

riser, only the annular flow is relatively favorable for experimental observation and 

further research examination (illustrated in Haberman and Morton (1953)). Much 

theoretical discussions were implemented by Davies and Taylor (1988), White and 

Beardmore (1962) and Batchelor (2000). Besides, Wallis (1969) proposed the 

semi-empirical expression of the steadily rising speed of air bubble with certain 

dimension of the riser. Recently in Lewis (2011) and Cong (2016), detailed 

description and clear recurrence of air bubble rising experiments were systematically 

performed for further investigation on the bubble rising evolution.  

Moreover, as the bubble is almost uncontrollable to be settled in the bottom of the 

riser, the experimental configuration is often involved with the combination of the 

connecting horizontal pipeline to introduce the air bubble into the vertical riser, 

which is featured as the simplified geyser system investigated in the following 

section 2.2.3. 

2.2.3 Further investigation on simplified geyser system 

In the realistic urban stormwater systems, the air-water transient revolution in 

horizontal and inclined pipelines as well as vertical shafts are simultaneously taken 
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place in the complicated systems. As the individual propagation in horizontal and 

vertical motion has been discussed before, in this section, the air-water interaction 

induced pressure oscillation is the main concern for further exploration, which is 

more related to the geyser phenomenon for profound understanding. 

Subsequently, Zhou et al. (2004) extended the rapid filling experiment by adding the 

vertical riser at the downstream end with the orifice installed at the top of the riser. 

Similar with the tests of rapid filling flow, the introduced vertical riser didnôt induce 

significant difference in pressure magnitude with the performance of horizontal 

filling result. Among these extensive experiments, water hammer effect dominated 

the pressure oscillation, which amplified the magnitude up to 11 times of the 

original upstream pressure head. However, the peak pressure was unsustainable and 

only occurred at the first 1~2 periods and then weakened instantly, which shows 

prominent discrepancy with the observed unremitting geyser phenomenon. 

By contrast, Vasconcelos and Wright (2011) conducted the experiment with the 

pumping pressurized air propagating towards the surcharged downstream vertical 

shaft. Although the similar geyser-like phenomenon with the ejected bubble flow is 

observed during the air-water transient interaction, the pressure oscillation pattern 

and the magnitude seems still quite different with the real geyser report.  

Similarly, Lewis (2011) and Cong (2016) also conducted several extended 

experiments with different initial and boundary conditions and provided some 

valuable experience on the air-water transient flow, but as pointed out by Lewis 

(2011), these ñinertia-induced surgeò with relatively moderate nonconsecutive 
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eruption of air-water mixture could not thoroughly clarify the entire mechanics of 

the violent geyser. 

Concerning on the role of air phase, Arai and Yamamoto (2003) revealed that the 

entrapped air in a horizontal pipe advances the time of pressure rising and makes the 

maximum value of pressure higher, while the air compressibility has less effect on 

the transient separated air-water flows. Vasconcelos and Wright (2005) investigated 

the air-water interaction and made qualitative observations on the conditions for 

developing the largest surges. Besides, the study suggested by Wright et al. (2011) 

indicated that the entrapment of large air pockets is an important component to the 

geyser process, which is essential for the tunnel design procedure. And further 

investigations on detailed prediction of air pocket entrapment are suggested by 

Vasconcelos and Leite (2012). 

In spite of the complication on reproducing the geyser, Leon (2018) and Choi (2018) 

successfully made the breakthrough on the recurrence of experimental violent 

eruption of geyser. Based on this laboratory measurement and corresponding 

analytical derivation, the detailed mechanisms on occurrence of violent geysers may 

be related to the Kelvin-Helmholtz (KH) instability, and the upper limit of the geyser 

eruption velocity is investigated for further reference. 

2.3 Numerical models for simulating the transient air-water 

transient flows 

Based on the measured feature of air-water transient interaction, the experimental 
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observation is also of significant value to support the validation of the related 

numerical models. Corresponding to the experimental research, numerical models 

could well reproduce the transient air-water dynamics with almost all of the flow 

patterns (such as the well reproduced all types of horizontal air-water flow regimes 

by De Schepper et al. (2008)).  

As illustrated by the experimental observation, both the open channel flow and 

pressurized flow are existing and shifting in the mixed air-water flow state (such as 

the different transition between free-surface and pressurized flow in Figs. 2.3, 2.4), 

the according complicated interaction extremely magnifies the complexity for 

numerical simulation. Nevertheless, many researchers devoted themselves in this 

field and made significantly valued progress by appropriate assumptions. 

For simplicity, the theoretical analysis on free-surface-pressurized flow transition is 

firstly proposed for illustration in section 2.3.1; this preliminary analytical 

investigation is followed by more complicated numerical modes in section 2.3.2 and 

section 2.3.3 with different intricacy assumptions; and finally, these models are 

compared and summarized in section 2.3.4. 

2.3.1 Theoretical analysis on free-surface-pressurized flow 

Prior to accurately investigating the transient water or air-water flows in drainage 

pipelines, a good start is to simplify and idealize the problem so as to understand the 

causes, formation and propagation process of transient surges in the pipeline. In this 

section, the formation and influence of pressure surges are analyzed and discussed 
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based on the basic laws (continuity and momentum) for initial single-phase (water) 

flows in the drainage pipelines. Note that the assumptions of full ventilation and 

negligible dissipation are imposed for such theoretical analysis, which can refer to 

the detailed theoretical derivation process. Through the result comparison and 

analysis, it is aimed to understand the formation mechanism and the relative 

importance of air phase for the transient air-water flow process, and at the same time, 

to provide scientific explanation to the unexpected results of potential geysers in 

stormwater systems. 

Transition from free surface flow to pressurized flows 

The purpose of storm sewer design is to convey drainage wastewater volume (storm 

and/or sewer), which is usually gravitational flow under free surface condition. 

However, the flow regime and state in the drainage pipes will become complicated 

after a violent storm or accident (e.g., drainage pump failure) in the system, in which 

the pipe flow pattern will highly depend on the transient drainage flow conditions at 

the upstream and downstream of the pipeline with a vertical riser. Naturally, the 

water depth increases promptly, as soon as it reaches the sewer invert at a junction or 

the downstream end, a surge front develops and propagates towards the boundary to 

the other end (see Fig. 2.5). 
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Fig. 2.5 Transition from free surface flow to pressurized flow 

This transient flow is highly dynamic: the free surface flow in the upstream and 

surcharged pressurized flow exist simultaneously. To estimate the pressurized 

pressure in the downstream, some assumptions are made to simplify the transient 

process:  

1) The upstream is well-ventilated so that air phase is neglected and the free-surface 

inflow is constant with the velocity v0 and height h0;  

2) The downstream water is fully surcharged, and the pressure is assumed as P1, 

which can actually be judged by the derived equation (2.3.4) below. But to study the 

violent transient air-water flows, the case of surcharging is adopted for further 

analysis in this study;  

3) This rectangular duct is horizontal with height H; 

4) The length of the pipe is relatively short and no friction is considered.  

Along with the pressure surge, the control volume (in red imaginary line region) is 

considered static. Set the speed of the surge front as cw, and the speed of downstream 

flow is v1, the mass and momentum equation of the control volume in unit width are: 
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Mass equation: 

π ʍὺ ὧ Ὤ ʍὺ Ã Ὄ (2.3.1) 

Momentum: 

π ʍὺ ὧ È ʍὺ ὧ Ὄ
”ὫὬ

ς
ὖὌ 

(2.3.2) 

From the mass equation (2.3.1), the front surge speed is  

ὧ
ὺὬ ὺὌ

Ὤ Ὄ
 (2.3.3) 

Substitute it into the momentum equation (2.3.2), the downstream pressure is figured 

out as: 

ὖ
ʍὬ ὺ ὺ

Ὄ Ὤ

”ὫὬ

ςὌ
 (2.3.4) 

Transfer this pressure into pressure head: 

Ὄ
ὖ

”Ὣ

Ὤ ὺ ὺ

ὫὌ Ὤ

Ὤ

ςὌ
 (2.3.5) 

This result of equation (2.3.5) can be used to verify the initial assumption of 

surcharging, that is, H1 > H means the situation of surcharging and thus the above 

derivation is correct; otherwise, the free-surface flow should be initially applied to 

re-do the analysis. In this study, the surcharging case is adopted to further analysis, 
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in order to study the potential geyser phenomenon in urban stormwater system. 

Apply this analytical solution into a realistic sewer with initial inflow velocity v0=5 

m/s, and partially filled with water depth h0=1.6m, the total duct height is H=2m, 

and the downstream is a dead end with no outflow. Substitute these data to calculate 

the pressurized pressure as H1=10.8m, which greatly exceeds the whole duct height. 

This result impressively shows the extensive influence and underlying damage of 

this prompt transition from free surface flow to pressurized flow, which also implies 

the possible trigger of powerful geysers. 

Confrontation of pressurized flows 

This section intends to explore more complex situations when both the surcharged 

upstream surge and downstream pressurized front with different velocity encounters 

with each other in the manhole location (Fig. 2.6), to evaluate the possible pressure 

head caused by this confrontation. 

 

Fig. 2.6 Initial state of upstream and downstream flow 

Firstly, before the confrontation of each part, the situation of the upstream and 

downstream could be calculated separately in the same way discussed in the 

aforementioned section on ñTransition from free surface flow to pressurized flowsò. 
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Specifically, let the surcharged upstream flow velocity be vu, and set downstream as 

vd, with full pipe height H. And the middle main flow part velocity is v0, with height 

h0. Based on the chosen control volume of upstream and downstream flow, the 

applied mass and momentum equations could then derive the surcharged pressure 

(similar to equation 2.3.4) as: 

ὖ
ʍὬ ὺ ὺ

Ὄ Ὤ

”ὫὬ

ςὌ
 (2.3.6) 

ὖ
ʍὬ ὺ ὺ

Ὄ Ὤ

”ὫὬ

ςὌ
 (2.3.7) 

Immediately after the meeting of the waves (see Fig. 2.7), again the mass and 

momentum balances are applied by choosing the left and right control volumes to 

conduct the analysis separately. Here again it is assumed that the erupting surges in 

the manhole/vertical riser is treated as free-surface flow. 

 

Fig. 2.7 Confrontation of pressurized flow 

For the left control volume, if the velocity of the reverse surge at the left part of the 

manhole is cl, and average speed of the whole region including manhole and main 
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pipe as vG, according to the continuity and momentum equations: 

Ã
ὺὌ ὺὌ

Ὄ Ὄ
 (2.3.8) 

π ʍὌὺ ὧ ʍὌ ὺ ὧ ὖὌ ὖὌ  (2.3.9) 

Substitute equation (2.3.8) into the momentum equation (2.3.9): 

ὖὌ
ʍὌὌ ὺ ὺ

Ὄ Ὄ
ὖὌ (2.3.10) 

Consider the pressure of the manhole ὖ as an equivalent static pressure related to 

height Ὄ, then it concludes that ὖ ”ὫὌ under free surface condition, so that 

the velocity in the manhole can be expressed by Ὄ as: 

ὺ ὺ

ρ
ς”ὫὌ 0Ὄ Ὄ Ὄ

ʍὌὌ
ÆὌ  

(2.3.11) 

Consequently, the velocity in the manhole can be calculated as: 

ὺ ὺ ÆὌ  (2.3.12) 

Where the plus-minus sign should be physically reasonable. 

Similarly, for the right control volume,  

ὧ
ὺὌ ὺὌ

Ὄ Ὄ
 (2.3.13) 
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ὖὌ
ʍὌὌ ὺ ὺ

Ὄ Ὄ
ὖὌ  (2.3.14) 

Again, the manhole velocity can be rewritten by the downstream speed ὺ as: 

ὺ ὺ

ρ
ς”ὫὌ ὖὌ Ὄ Ὄ

ʍὌὌ
ÆὌ  

(2.3.15) 

ὺ ὺ ÆὌ  (2.3.16) 

Combine these two expressions (2.3.12) (2.3.16) for the manhole velocity can get: 

ὺ ὺ ÆὌ ὺ ÆὌ  (2.3.17) 

ὺ ὺ ÆὌ ÆὌ ÆὌ  (2.3.18) 

So that the height of manhole outflow can be calculated as: 

Ὄ Æ ὺ ὺ  (2.3.19) 

Once Ὄ is obtained, the velocity ὺ can be calculated by equation (2.3.17). 

Apply these manhole-term into the continuity equation (2.3.8) and (2.3.13), then the 

left and right speed can be computed respectively. Here the sign (+/-) will be 

determined based on the specific conditions for the problem under consideration, so 

that an only physically valid solution can be finally found (for practical problem, it 

is solvable and unique). 
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From the analytical solution, unknown variables can be figured out by substituting 

the values of upstream and downstream speed and pressure into corresponding 

equations. Apply this scheme into engineering problem as follows: 

The height of square drainage channel is H=2 m. The initial water depth and 

velocity are Ὤ 1.6 m and ὺ 2 m/s respectively. The upstream and downstream 

pressurized flow velocities are 5 m/s. Figure out the height of geyser when two 

pressurized flow meet at the bottom of manhole: 

According to equation (2.3.6) and (2.3.7), 

ὖ
ʍὬ ὺ ὺ

Ὄ Ὤ

”ὫὬ

ςὌ
τςςχς 0Á 

ὖ
ʍὬ ὺ ὺ

Ὄ Ὤ

”ὫὬ

ςὌ
ςπςςχς 0Á 

Substitute to equation (2.3.18) to calculate the height of manhole outflow: 

ὺ ὺ

ρ
ς”ὫὌ ὖὌ Ὄ Ὄ

ʍὌὌ

ρ
ς”ὫὌ ὖὌ Ὄ Ὄ

ʍὌὌ
 

And get the result that Ὄ ωȢρÍ, which implies that when an equivalent 4.3m 

pressure head from upstream encounter with the opposite downstream head 20.6m, 

this meeting can approximately produce 9.1m height of surge. In contrast, replace 

the value of downstream velocity as vd=-1 m/s (both equivalent upstream and 

downstream head 4.3m) and vd =1 m/s (downstream head changed as 1m) to change 

the initial condition, the according surge height is 4.85m and 1.6m. From these 

results and comparisons (shown in Table 2. 1) we can conclude that: 
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(1). The transient drainage process with rapid increasing of the drainage flow 

capacities in the pipeline can cause violent pressure surges propagating in the 

system, so that uncontrolled and unexpected consequences would be raised in 

the system such as fluid geysers with relatively large shooting height and 

explosive forces; 

(2). The confrontation of transient pressure surges in drainage pipelines is highly 

dependent on various factors and conditions in the system including the initial 

and boundary conditions and system configurations, which will be 

systematically analyzed later in the next-step work of this research.  

These theoretical analysis and results will be verified by comparing with the 

proposed numerical models later in this study by considering both water and air 

phases and full physical process (e.g., friction). Moreover, the differences among 

these comparisons may help to understand and analyze the factors affecting the 

transient air-water flows in the drainage systems. 

Table 2. 1 Comparison geyser height in different initial conditions 

Initial 

water 

depth (m) 

Upstream 

speed (m/s) 

Downstream 

speed (m/s) 

Upstream 

pressure 

head(m) 

Downstream 

pressure head (m) 

Surge 

height 

(m) 

1.6 5 -5 4.3 20.6 9.1 

1.6 5 -1 4.3 4.3 4.85 

1.6 5 1 4.3 1 1.6 

1 5 -5 1.17 5.25 5.47 
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2.3.2 Development of air-water transient models 

Generally, the existing mixed-flow numerical models typically fall into three 

categories according to the different treatment ways of the transient air-water 

interactions: (1) single-phase model; (2) two-phase coupling model; (3) full 

two-phase flow model. To further collate and clarify the above transient numerical 

models of air-water flows, the typical assumptions of these models are introduced 

afterwards. 

Preissmann Slot method 

Actually, the Shallow Water Equation is valid and widely used for free surface flow. 

However, when the water depth reaches the pipe crown, the pressurized situation 

makes the shallow water equation no longer applicable. Consequently, the early 

studies hopefully intended to solve the problem by combining the Shallow Water 

Equation with surge equations. Cunge and Wegner (1964) unprecedentedly 

presupposed a narrow slot existing in the upper part of the pipe to allow 

pressurization, and this hypothetical model later known as Preissmann slot model, 

which has received appreciate popularity in free-surface-pressurized flow modelling 

since then. Unfortunately, Preissmann slot models always systematically regenerate 

free-surface flow, even under the poor ventilation condition with negative pressure 

in depressurized flow.  

The Preissmann Slot approach is simple in concepts and easy to implement to the 

Shallow Water Equation based models. It predicts the increased pressure in a 

pressurization process in simple stormwater systems quite well. Hence this method 
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has received wide popularity in the commercial computation software including 

XP-SWMM and EPA-SWMM, both having been used widely in engineering design 

and practices. 

This model is preferred for gradual transitions, and the main limitation of 

Preissmann Slot Model is the simulation of negative pressure within the pipeline. By 

assuming that whenever the piezometer head is below the crown of the pipe, a free 

surface automatically would form. Song et al. (1983) pointed out that this 

assumption is not realistic because the physical pipes could support negative 

pressures. This limitation was later conquered by Vasconcelos and Wright (2007) 

using the Two-component Pressure Approach, which treating the pressure within the 

pipeline as two components: hydrostatic pressure and overpressure (positive in full 

section and negative in depressurized flow).  

Rigid Column model (two-phase coupling model) 

In spite of the significant progress of the simplified one-phase model, the incomplete 

simulation of air phase still introduced inaccuracy and instability in these models. 

Hamam and McCorquodale (1982) proposed a rigid water column approach to 

model the mixed-flow pressure transients. This method previously assumes a 

hypothetical stationary bubble across compression and expansion processes, and 

later was extended by Li and McCorquodale (1999) for simulation of the transport 

of the trapped air bubble. With the limitation of substantially simplifying the highly 

dynamic interaction of air-water phase, this kind of model, referring as the so-called 

two-phase coupling model, is solved by a one-dimensional lumped-mass and 
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momentum equation. 

The original Rigid Column was only able to capture the stationary air bubble 

trapped between the water columns or the air bubble moving along with the flows. 

And later the model was extended to capture the gentle movement of air pocket 

trapped in mixed-flow (Li and McCorquodale 1999), as well as simulating air 

release process in pipeline (Zhou et al. 2002b). 

The Rigid Column Method is straightforward for implementation, which integrates 

both water and air phases into the simulation. It also includes the pressure caused by 

compressed air pockets within the momentum equation. Hence the retardation 

impact from the compressed air pockets is reflected. Despite the improvements from 

the Rigid Column method on capturing compressed air effects, this method is still 

not satisfactory for geyser simulations. Firstly, the simulation of the air-water 

interactions is very limited. Simulation of dynamics within the air-phase is 

completely ignored in this model. Additionally, it assumes a well-defined surge front 

presented between the air and water phases, which is unrealistic in the high dynamic 

transient process. Besides, velocity within the controlled column is supposed to be 

uniform, which is improbable for violent flow, especially the film flow in the 

vertical riser during geysers. 

Two-phase flow model solving NS equation 

As the air-water interaction is essential in the transient mixed-flow, a full two-phase 

flow model is in immediate need to simulate the detailed pressure and velocity 

variation. Compared with the Shallow Water Equations, the full Navier-Stokes 
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equations are much more complicated but reliable for further capturing the full 

dynamics in air-water flows. Besides, the prospering developed computing resources 

and efficient algorithms make the solving of Navier-Stokes equations feasible, 

which is of prominent importance to study air-water interaction in stormwater 

system.  

Numerous models with Navier-Stokes solvers have been adopted for numerical 

simulation with different transient conditions, such as Harlow and Welch (1965), 

Hirt and Nichols (1981), and Shao (2013). Recently, Martins et al. (2018) validated 

the capability of the proposed model solving 2D Navier-Stokes equations for 

capturing the main feature of the examined transient, and confirmed the validity of 

most popular quasi-2D models by the detailed distribution pattern of pressure and 

velocity under diverse transient conditions. 

There exist some other two-phase models, which also take the compressibility of air 

phase into consideration, rendering the calculation even more complex. Such 

numerical tests include the two-layer air-water model performed by Bourdarias et al. 

(2013) in closed uniform water pipes, and the two-fluid model is discussed in 

Masella et al. (1998). 

A two-phase flow model is referred to the interface model which treats the interface 

distinguishing air and water, thus this type of model often takes the interface as a 

moving boundary. Simulation of the interface flow poses to be a unique numerical 

problem as the exact interface shape and location are only known at the beginning of 

the simulation. The updating calculation of interface function is simultaneously 
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solved during the whole advancing solution for the governing equation, which 

would be discussed in next section. 

2.3.3 Numerical schemes for treating discontinuous surge front 

At the surge front, velocity and pressure vary drastically across the surge front, 

while the pressure head is discontinuous, which brings the discontinuities in 

advective terms. Consequently, the traditional finite difference, finite volume 

method is no longer applicable for the discontinuous flow. To eliminate the 

undesirable numerical oscillations and reduce instability near the interface, diverse 

schemes have been developed. 

(1) Shock capture /fitting method 

Shock capture schemes include Total Variation Diminishing scheme proposed by 

Harten (1983), Flux Predictor (Braschi and Gallati 1992), and ROE type Riemann 

solvers (Arora and Roe 1997), which are commonly applied in the Preissmann Slot 

model. These schemes typically use information from a predominantly upstream 

side to discretize the advective term.  

Wiggert (1972) developed a different approach, called shock fitting, to handle the 

discontinuity in the mixed-flow problem. Unlike the shock capturing schemes, the 

shock fitting method is not a discretization strategy. In this method, the discontinuity 

is directly ñtrackedò and treated as an internal boundary. In this way, the two flow 

regimes are isolated at the discontinuity and solved separately. Individual solution 

procedure for the open channel flow and the pressurized flow can be implemented in 
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each regime. This method is originally proposed for rigid column flow, and more 

related work can be found in Guo and Song (1990), and Wang et al. (2003). 

(2) The volume of fluid (VOF) method 

The volume of fluid (VOF) method was first introduced by Hirt and Nichols (1981), 

which used a scalar to represent the ñvolume fractionò of the heavier fluid phase. A 

value of zero stands for the gas phase while the value of one denotes the liquid phase, 

and the value in between represents an interface cell. The outstanding advantage of 

representing the interface as volume fraction is to obtain accurate result while 

maintaining mass conservation for incompressible flow.  

The VOF method is widely used along with some interface reconstruction technics 

and projection method (Guignard et al. 2001, Rudman 1997, Youngs 1982), and 

Shao (2013) developed a 2D Navier-Stokes-based model couple with the VOF 

method to simulate the bubble rising process for further inspection on the influential 

factors of geyser surge. 

Besides, it has been adopted by the popular commercial computational fluid 

dynamics (CFD) codes such as FLOW3D and FLUENT to model multiphase flows. 

For illustration, Choi et al. (2014) well reproduce the dynamic evolutions of the 

experimental tests performed by Vasconcelos and Wright (2011) with such a CFD 

commercial model, which deduced the finding that the air-water flow in drop shafts 

is asymmetrical and two-phase is favorable for thorough understanding of the 

mechanisms of violent geyser phenomena rather than the simplified 1D single-phase 

numerical model. Recently, Choi (2018) achieved the numerical simulation for 
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meticulously capturing the main characteristics of the violent erupted geyser with 

certain CFD package. 

Comparing with the physical experiments, the numerical CFD software package 

conceives distinct strengths as well as weakness. Specifically, experiments can 

provide more convincing results for its factual description of reality, while the 

limited measurements and particular range of operating conditions, as well as the 

potential error from flow disturbances by the detecting probes, may impede its 

feasibility. In contrast, although numerical models may be challenged by its 

reliability, the advantage of convenient treatment of flow patterns (including 

situation for all desired quantities and actual flow domain with high resolution in 

space and time, even in tough operating conditions) outweighs any shortcomings 

that may exist after careful validation. Even so, FLUENT is a general model valid 

for most fluid flow, but for specific air-water flows especially geyser, the underlying 

mechanism is still unknown, and traditional schemes coupled in the model may not 

appropriately applicable for this high unstable interaction (such as the discrepancy 

found in Choi (2018)). 

(3) Level set (LS) method 

During drastic interface shifting process such as geyser, VOF method is difficult to 

compute accurate local curvatures from volume fractions, while level set method can 

well handle the sharply changing interface. In LS method, the curvature is obtained 

by finite difference of the level set function (introduced by Osher and Sethian 

(1988)), which is defined as a distance from the interface defined as the 
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zero-level-set. In this case, the level set function is positive in the liquid and 

negative in the gas.  

Level Set function has smoothing characteristics across the interface, so that it 

makes curvature and surface tension computation straightforward, which is a 

desirable feature for mixed-flow, and multiphase models using level set method 

includes works by Sussman et al. (1994), Wang et al. (2011) and Yue et al. (2003). 

Besides, recent researchers attempt to combine the LS and VOF method, and the 

coupled method has been applied in some civil engineering problems such as Lv et 

al. (2011) and de Sampaio et al. (2008), though much more simple cases (i.e. water 

droplet falling through air, single air bubble rising through water) are exemplified in 

Popinet and Zaleski (1999), Sussman and Puckett (2000) and Sussman (2003). 

2.3.4 Brief summary on numerical models 

In summary, the following assumptions have been commonly made in the modelling 

of transient air-water flows in previous studies: 

(1) The air phase is incompressible 

Most of the mentioned models assume the air as incompressible flow 

(Preissmann Slot model, TPA model, Rigid Column model, two-phase flow 

model solving incompressible NS equation), except for the two-layer water/air 

model (Bourdarias et al. 2013) and two-fluid models (Masella et al. 1998). 

According to Sussman et al. (1994), this assumption is a good approximation as 

long as the fluid velocities are much smaller than the speed of sound, to avoid 

the restriction on the size of time step. 
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(2) The surface tension and shear force between phases are neglected 

Most of one-phase models (including Preissmann Slot model and TPA model) as 

well as rigid column model only take the wall shear stress, pressure force and 

body force into consideration. Meanwhile, the interface topology change is 

highly simplified in the transient process, so that surface tension is neglected in 

these models. Although TPA model and rigid column model have considered 

moderate air-water interaction, the main force is concerned as air pressure rather 

than shear force between air and water phase. 

(3) The air phase is negligible or simplified as in uniform pressure 

As the Preissmann Slot model has treated the whole air-water flow domain as 

free surface flow, the air phase is totally ignored in the simulation. In contrast, 

TPA model assumed that a quasi-steady flow of the air phase pocket develops 

and the air phase pressure is uniform throughout the air pocket (Vasconcelos and 

Wright 2007). Similarly, pressure and velocity are also assumed uniform 

throughout the air pocket in rigid column model. These assumptions in the 

models are questionable in cases in which the air cavity is of considerable length 

(Bousso et al. 2013).  

It is important to point out that only some of these assumptions have been well 

validated through different experimental tests in previous studies, but the others are 

mainly based on the empirical data analysis or observation experiences that need 

further verifications and validations in the future work. This will be one of the 

objectives in this research, in which some critical assumptions will be validated and 
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improved necessarily by full 2D modelling and data analysis, so that they are usable 

and explainable to the development of current theory and practice 

2.4 Analysis on energy transformation during air-water transient 

interaction 

As the transient air-water flow is intrinsically unsteady for detailed elucidation, the 

traditional numerical models are very difficult to further understand the underlying 

mechanisms of the complicated air-water interaction. Karney (1990) suggested that 

the energy approach could support an integrated insight for the transient dynamic 

propagation in closed-conduit flow, which is physically consistent with the realistic 

pipeline system and could well interpret the sophisticated transition process by a 

simply, efficient way.  

Although plenty of literature researches are carried out for investigating the energy 

constitution and transformation pattern in the field of water hammer (Duan et al. 

2010, Gray 1953, Jelev 1989), the detailed analysis on the influence of air phase 

involvement on the energy dissipation mode during air-water transition has not 

received sufficient attention (Martin et al. (1977) calculated the dissipation rate with 

free-air condition). 

The lack of energy analysis on air-water transition is explicable. Specifically, the 

incapability of calculation for experimental researches is inevitable, as the collected 

data is insufficient for further computing the energy terms such as the available 

velocity data for estimating the kinetical energy within the whole configuration field. 
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Similarly, in single-phase model, the air phase is ignored so that the energy 

transformation between two phases is unable to figure out. Additionally, although 

significant achievement is accomplished based on two-phase model, the study on 

geyser phenomenon is still in the primary stage for ascertaining dominating factors 

on the geyser formation process and its profound influence on drainage structures, 

further relationship of energy transformation has not been taken into consideration. 

Besides, the concerning terms of different forms of energy calculation may not be 

straightforward to access in the integrated commercial CFD models, so that few 

literatures on this field could be found. 

in this study, the energy analysis will be firstly employed to examine the air-water 

transient flow models, and the energy relationships with different forms will be 

calculated for the air and water components respectively, which are then used to 

investigate the energy transformation and variations pattern during the transient 

drainage process. The numerical analysis and findings achieved in this study are 

expected to improve and enhance the theory and practice of the transient air-water 

two-phase flows in drainage pipe systems. 

2.5 Summary on limitations of previous studies 

Researchers have performed considerable efforts in the field of air-water transient 

flow, and adequate experimental examinations have been carried out in both 

laboratory and field, to observe and understand the physics and process of the 

transient air-water flows in drainage pipelines under different system and hydraulic 
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conditions, including air-pocket trapping and propagation process in horizontal 

pipelines, as well as the simplified geyser simulated in vertical riser, which will be 

used for the model validations and further understanding for the profound mechanism 

of geyser phenomenon. Besides, the importance of air phase repeatedly stressed in 

these experiments conclusions. 

Despite of the development of the transient air-water flow theory and models in the 

literature, various research and practice have demonstrated that current theories and 

methods are inadequate to full understanding and modelling of the mechanism and 

process of transient air-water flows. The strengths and limitations of current models 

and mathematical schemes are compared as follows: 

For the single-phase flow such as Preissmann Slot Model and TPA model, the main 

weakness is the overlook of hydrodynamics at the interface of free-surface and 

pressurized flow. Without the consideration on the effect of air phase, the interface 

instability and accuracy of simulating are inevitably challenging issues. These 

models are suitable for simple and low-speed mixed-flow simulation with moderate 

interface changing for strengths of less time and memory consuming. 

As mentioned before, simulation of the rigid column model greatly simplified the air 

phase, which is unable to reflect the complicated dynamics in the interface. 

Although two-phase flow model solving NS equation is promising to better 

reproduce the air-water interaction, there still appears to be some confusion in the 

literature about the origin of geysers, and the existing numerical models is 

intensively time consuming. 
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Subsequently, to further understand the underlying mechanics of transient 

free-surface-pressurized flow, more extended model should be validated and applied 

to more complex and realistic drainage pipeline and operation conditions in the 

stormwater system, with aiming to achieve the research objectives of this project. 

Specifically, the 2D numerical model solving the single-phase equations is favorable 

for the transient air-water flow with the validated asymmetrical propagation features. 

Besides, the energy analysis also deserves more attention for better understanding the 

dissipation induced by the transient process with both air and water phase, so as to 

receive integrated perspective on the overall transformation of different energy 

forms. 

  



 

  

48 

 

Chapter 3 ï Model and Method Development  

3.1 Introduction 

In this chapter, a coupled level set and volume of fluid (CLSVOF) model and 

corresponding numerical scheme are developed and utilized for the numerical 

simulations by solving the full 2D Navier-Stokes equation. With the integrated model 

developed in this study, the variation of surface curvature and surface tension during 

the air-water flow process can be captured accurately by its level set (LS) scheme; 

meanwhile, the mass loss occurred in level set function can also be reproduced 

precisely by the incorporated volume of fluid (VOF) approach. The complete 

numerical scheme and application procedure are provided in detail in this section. 

3.2 Governing equations 

3.2.1 2D Navier-Stokes equation 

The governing mass and momentum equations of motions for incompressible 

air-water flows are as follows: 

 ϽɳὟ π (3.2.1) 

Ὗ ὟϽɳὟ
ὖɳ

”•

Ͻɳ‘•Ὀ

”•

‎ʆ• Ὄɳ•

”•
Ὂ (3.2.2) 

Where U= (u, v) is the velocity field, P is the pressure, ‎ is surface tension 



 

  

49 

 

coefficient, ‖• is the local mean curvature, 
ᶯ

 is the surface tension 

force, F is the body force due to gravity F= (0, g), and D is the rate of deformation 

tensor, 

 Ὀ Ὗɳ Ὗɳ  (3.2.3) 

The density ”•, viscosity ‘• and curvature ʆ• are dependent on the level set 

function (•, clarified in 3.2.2): 

 ”ʒ ” ρ Ὄ• ”Ὄ•  (3.2.4) 

 ‘ʒ ‘ ρ Ὄ• ‘Ὄ•  (3.2.5) 

Where ”ȟ”ȟ‘ȟ‘ are defined as the density and viscosity of air and water, 

respectively, and Ὄ• is the Heaviside function: 

 Ὄ•
ρ ὭὪ • π
 π έὸὬὩὶύὭίὩ

 (3.2.6) 

3.2.2 Level set (LS) scheme 

During drastic interface shifting process such as rapid filling and geysering, VOF 

method was found to be difficult to compute accurate local curvatures of the 

air-water interfaces from volume fractions (Sussman and Puckett 2000), which 

however can be handled by the LS method for capturing the sharply changing 

interface. In LS method, the curvature of the two-phase (air-water) interface is 

obtained by finite difference of the level set function (introduced by Osher and 

Sethian 1988), which is defined as a distance from the interface defined as the 
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zero-level-set. In this case, the level set function • is positive in the liquid and 

negative in the gas. By this way, the free-surface can be implicitly presented in the 

cell domain where •ὼȟώ πȢ Once the free surface is settled, the level set 

function •ὼȟώȟὸ is established as the shortest distance from any point (x, y) to the 

free-surface at time t. The propagation of level set equation is as follows: 

 • ὟϽɳ• π (3.2.7) 

According to the principles of analytic geometry, the unit normal vector ▪ normal 

and mean curvature ‖ are represented as: 

▪
•ɳ

ȿɳ•ȿ
 (3.2.8) 

‖ Ͻɳ
•ɳ

ȿɳ•ȿ
 (3.2.9) 

Note that LS function has smoothing characteristics across the interface, so that it 

makes curvature and surface tension computation straightforward, which is a 

desirable feature for mixed flows. Such multiphase models using level set method 

may refer to works by Sussman et al. (1994). However, the LS function itself is not a 

conservative variable, therefore it does not automatically satisfy the conservation 

equation. Mass loss may occur in the application with the LS scheme only, so that 

different re-initialization and mass correction schemes are usually required in the 

calculation to enforce the mass conservation. To this end, the VOF scheme is 

introduced and applied in this study. 



 

  

51 

 

3.2.3 Volume-of-fluid (VOF) method 

The volume of fluid (VOF) method was first introduced by Hirt and Nichols (1981), 

which uses the scalar f to represent the ñvolume fractionò of the heavier fluid phase. 

Specifically, a value of zero stands for the gas phase while the value of one denotes 

the liquid phase, and the value in between could then represent an interface cell to 

identify the free-surface. Specifically, in each computational cell ɱ , the cell 

domain defined as: 

 ɱ ὼȟώȿ ὼ ὼ ὼ  ὥὲὨ ώ ώ ώ  (3.2.10) 

So that the volume fraction in each region ɱ  can be expressed: 

Ὢɱ
ρ
π
πȟρ
 

ύὬὩὲ ɱ  Ὥί ὥὰὰ ὰὭήόὭὨ

ύὬὩὲ ɱ  Ὥί ὥὰὰ Ὣὥί

ύὬὩὲ ɱ  ὧέὲὸὥὭὲί ὦέὸὬ Ὣὥί ὥὲὨ ὰὭήόὭὨ
 (3.2.11) 

Since the free-surface region has been already established by above-mentioned level 

set equation •ὼȟώȟὸ, the volume fraction function can then be defined as 

Ὢ
ὸὬὩ ὰὭήόὭὨ ὨέάὥὭὲ

ύὬέὰὩ ὧὩὰὰ ὨέάὥὭὲ

᷿ Ὄ•ὼȟώ ὨὼὨώ

ЎὼЎώ
 (3.2.12) 

So that only the liquid volume is concerned when • π by the Heaviside 

equation. 

The outstanding advantage of representing the interface by volume fraction is to 

obtain accurate result as maintaining mass conservation for incompressible flows. 
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As a result, a transport equation for volume fraction can be expressed based on the 

volume (mass) conservation to describe the evolution of the volume: 

 Ὢ ὟϽɳὪ π (3.2.13) 

With coupling the LS and VOF schemes, the instantaneous air-water interface can 

be accurately expressed and modelled for transient air-water flow process. The 

numerical treatment and implementation of these two schemes in the proposed full 

2D model are elaborated in the following sections. 

3.3 Numerical discretization method of full 2D model 

3.3.1 Staggered method 

 

Fig. 3.1 The computational grid and location of discrete variables Ὗȟὴȟ• ὥὲὨ Ὢ 
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A staggered numerical method as shown in Fig. 3.1 is adopted in this study for 

efficiently and accurately solving the 2D NS equation with considering the LS and 

VOF schemes. In this staggered grid system, the horizontal velocity, u, and the 

vertical velocity, v, are defined at the center of a computational cell, respectively, as 

illustrated in Fig. 3.1. The scalar variables such as pressure, volume fraction, body 

force, density and viscosity are also defined at the cell center. However, the edge 

based velocity field uiÑ1/2,j and vi,jÑ1/2 is located at the center of cell edges, while the 

pressure difference term (which will be elaborated in section 3.3.2 to introduce the 

projection method) is defined at the cell corners. 

Actually, different control volumes are applied for each calculation procedure. For 

example, to predict the horizontal advective velocity uiÑ1/2,j, the x-momentum 

equation control volume domain is applied for extrapolating calculation; while the 

vertical velocity field vi,jÑ1/2 is involved with the y-momentum equation control 

volume domain. Besides, the LS and VOF terms in the model are controlled by the 

main grid region (i.e., solid grid lines in Fig. 3.1). More detailed physical location 

and evolution relationship of the variables are discussed in the following sections. 

By applying this staggered grid structure, the overall scheme is not only naturally 

consistent with the divergence-free constraint, but also less prone to a ñchecker 

boardò solution, which can promote the efficiency and accuracy, and at the same 

time can guarantee the stability for the calculation (McDonough 2008). 
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3.3.2 Projection method 

The method for solving the velocity and pressure field is a variable density 

approximate projection method (Almgren et al. 1996), by rewriting the right-hand 

side of the NS momentum equation (3.2.2), we have: 

5
ρ

”•
ὴɳ ╥Ὗȟ•

Ͻɳ‘•Ὀ

”•

‎ʆ• Ὄɳ•

”•
Ὂ ὟϽɳὟ (3.3.1) 

Both take the divergence of each side and with the mass conservation equation 

(3.2.1), we get the pressure Poisson equation: 

ẗɳ
ρ

”
ὴɳ ẗɳ╥ (3.3.2) 

which could be used for updating the pressure field, and then the velocity field is: 

Ὗ ╥
ρ

”
ὴɳ (3.3.3) 

For the nuemrical discretization of the projection method, the approximation of the 

left hand side of the Poisson equation is 



 

  

55 

 

ẗɳ
ρ

”
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Ở
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Ỡ

 
(3.3.4) 

where ή ὴ ὴ . 

The discrete divergence DU becomes: 

Ὀ╤
ȟ

ό ȟ ό ȟ όȟ όȟ

ςЎὼ

ὺ ȟ ὺȟ ὺȟ ὺ ȟ

ςЎώ
 

(3.3.5) 

The flowchart of this projection method could be described clearly as in Fig. 3.2: 



 

  

56 

 

At tn=0, initialize 
(u,v,p)n at each 

computation cell

Apply the 
momentum 

equation (3.2.2) by 
substituting the 
lagged pressure 
gradient pn or p*

If DU*=0

(u,v,p)n

Calculate the 
difference in 

pressure q by the 
discretized Poisson 
equation(3.2.15)

(u,v)*

p*=pn+q

Calculate the 
discrete divergence 
by equation (3.2.18)

Update (u,v,p)n+1

Yes

No

 

Fig. 3.2 The procedure of projection method 

3.3.3 Approximation of the advection term 

Based on the momentum equation and the projection method above, equation (3.2.2) 

can be discretized as: 
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Ὗ ὟϽɳὟ ȟ

ὖɳ

”•

Ͻɳ‘•Ὀ

”•

‎‖• Ὄɳ•

”•
Ὂ ὢ (3.3.6) 

where the more detailed discretization of term X is expressed in section 3.3.5. 

By expanding the first term Ὗ based on the edge of cell grid, equation (3.3.6) 

becomes: 

Ὗ Ⱦȟ
Ⱦ

Ὗ Ⱦȟ

ЎὸȾς
ὟϽɳὟ ὢ (3.3.7) 

so that we can predict Ὗ Ⱦȟ
Ⱦ
 from the initial state with the velocity field U at tn. 

As the location (i+1/2, j) is the mutual edge of the computational cell (i, j) and (i+1, j) 

(see Fig. 3.3 (a) below), this edge-based velocity Ὗ Ⱦȟ
Ⱦ
 could be predicted by both 

the left and right sides of this edge (Bell et al. 1989). 

 

Fig. 3.3 The sketch for extrapolating the velocity based on (a). left and right-hand 

sides of the edge of the computational cells; and (b). top and bottom sides of the cell 

edge. 
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Specifically, in the predictor we extrapolate the velocity field to the cell faces (i+1/2, 

j) at tn+1/2, from cell (i, j) the left side extrapolation becomes: 

Ὗ Ⱦȟ
Ⱦȟ

Ὗ
ȟ

Ўὸ

ς
όȟὟ ȟ ὺὟ

ȟ

Ўὸ

ς
ὢȟ (3.3.8) 

in which the term Ὗ
ȟ
 could be expressed by Ὗȟ

Ў
Ὗ ȟ, so that: 

Ὗ
ȟ

ȟ
Ὗȟ

Ўὼ

ς
Ὗ ȟ

Ўὸ

ς
όȟὟ ȟ

Ўὸ

ς
ὺὟ

ȟ

Ўὸ

ς
ὢȟ 

Ὗȟ
Ўὼ Ўὸόȟ

ς
Ὗ ȟ

Ўὸ

ς
ὺὟ

ȟ

Ўὸ

ς
ὢȟ 

(3.3.9) 

Similarly, the right-hand side extrapolation from cell (i+1, j): 

Ὗ
ȟ

ȟ
Ὗ ȟ

Ўὼ Ўὸό ȟ

ς
Ὗ ȟ

Ўὸ

ς
ὺὟ

ȟ

Ўὸ

ς
ὢ ȟ (3.3.10) 

To evaluate the term Ὗ ȟ in this equation, a monotonicity-limited fourth-order 

slope approximation method (Colella 1985) is applied herein by approaching the 

closest estimation of velocity difference. Consequently, the comparison is conducted 

between their variety terms with following process: 

(1) compare among the adjacent grid cells to get upstream or downstream 

difference: 
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‏ ό

ςz ÍÉÎ ȿό όȿȟȿό ό ȿ

π
 
ὭὪό ό ό ό π

έὸὬὩὶύὭίὩ
 
(3.3.11) 

(2) then examine it with the center difference term: 

ό‏ ÍÉÎ
ȿό ό ȿ

ς
ȟ‏ ό ίzὫὲό ό  (3.3.12) 

(3) conduct further comparison with high order difference: 

ό‏ ÍÉÎό
ό‏

τ
ό

ό‏

τ
ᶻ
ς

σ
ȟ‏ ό  zίὫὲό

ό  

(3.3.13) 

(4) introduce the comparison to more surrounding cells: 

 Ўό ό‏ ȟό ȟόȟό ȟό  (3.3.14) 

(5) promote further comparison with upstream and downstream difference: 

 Ўό άὭὲȿЎόȿȟȿό όȿzςȟȿό ό ȿzς (3.3.15) 

(6) finally accomplish the approximation by the expression: 

ό ȟ

Ўό

Ўὼ

ό ό ςzȾσ ό ό Ⱦρς

Ўὼ
 (3.3.16) 

(7) similar procedures could be applied to calculate the vertical slope term ὺ, as 

well as the partial differential term Ὗ, which is the limited slope approximation 
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in y-direction. 

The above process is beneficial to construct the transverse derivative terms ὺὟ
ȟ
 

as in the method proposed by (Puckett et al. 1997), which is first estimated by the 

bottom and top side of the horizontal edge between grid cell (i, j) and (i, j+1): 

Ὗȟ Ⱦ Ὗȟ
Ўώ

ς
ὺȟᶻ

Ўὸ

ς
Ὗȟȟ 

Ὗȟ Ⱦ Ὗȟ
Ўώ

ς
ὺȟ ᶻ

Ўὸ

ς
Ὗȟȟ  

(3.3.17) 

As these vector calculations include the tangential and normal components, the state 

is chosen by an up-winding approach based on the normal velocity at the edge: 

ὺȟ Ⱦ

ừ
Ử
Ừ

Ử
ứ
ὺȟ Ⱦ

π
ὺȟ Ⱦ

 

ὭὪ ὺȟ Ⱦ π ὥὲὨ ὺȟ Ⱦ ὺȟ Ⱦ π

ὭὪ ὺ
ȟ

πὥὲὨὺ
ȟ

πέὶὺ
ȟ

ὺ
ȟ

π

ὭὪ ὺȟ Ⱦ π ὥὲὨ ὺȟ Ⱦ ὺȟ Ⱦ π
 (3.3.18) 

Afterwards, the state of vector Ὗȟ Ⱦ between the bottom and top side can be 

determined by the above assigned term ὺȟ Ⱦ in equation (3.3.17): 

Ὗȟ Ⱦ

ừ
Ử
Ừ

Ử
ứ Ὗȟ Ⱦ

Ὗȟ Ⱦ Ὗȟ Ⱦ Ⱦς

Ὗȟ Ⱦ

 

ὭὪ ὺȟ Ⱦ π

ὭὪ ὺȟ Ⱦ π

ὭὪ ὺȟ Ⱦ π
 (3.3.19) 

Finally, the transverse derivative terms can be forthrightly built in the following 

form as: 
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ὺὟ
ȟ

ὺȟ Ⱦ ὺȟ Ⱦ

ς
ᶻ
Ὗȟ Ⱦ Ὗȟ Ⱦ

Ўώ
 (3.3.20) 

After the establishment of the edge-based velocity field by equations (3.3.9) and 

(3.3.10) for the left and right sides based on the above-mentioned discretization and 

approximation process, the next calculation step is then developed continuously to 

choose the state between these two sides. 

Given that the both sides values ό
ȟ

ȟ
 and ό

ȟ

ȟ
 have been determined, an 

up-winding procedure is adopted to chose ό
ȟ
: 

ό
ȟ

όȠ    ὭὪ ό π ὥὲὨ ό ό π 

πȠ ὭὪ ό πȟό π έὶ ό ό π

όȠ    ὭὪ ό π ὥὲὨ ό ό π

 (3.3.21) 

Accordingly, the valuable ὺ
ȟ
 can also be constructed by following the similar 

procedure above. 

So far, the velocity field in (n+1/2) time step with second-order accuracy has been 

obtained. However, the discrete divergence-free condition has not yet been 

considered when conducting the prediction process of the velocity. Correspondingly, 

the MAC projection (Bell et al. 1991) with the following form is applied for 

correction: 

Ὀ
ρ

”
Ὃ ὴ Ὀ Ὗ Ⱦ  (3.3.22) 
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For the right-hand side, discretizing the term yields: 

Ὀ Ὗ

ό
ȟ
ό

ȟ

Ўὼ

ὺ
ȟ

ό
ȟ

Ўώ
 

(3.3.23) 

In this MAC projection method, the spatial locations of velocity field and pressure 

are distributed and illustrated in Fig. 3.4. 

 

Fig. 3.4 Location of computing pressure and velocity fields related to the MAC 

projection process. 

For the Poisson equation 3.3.17, the pressure ὴ  could be implicitly solved, 

which in turn helps to correct the velocity field. 

For the operation Ὃ Ὀ , the following discretization is applied, 

Ὃ ὴ
ȟ

ὴ ȟ ὴȟ

Ўὼ
 (3.3.24) 

so as to proceed the correction step for face-based advection velocity at tn+1/2 with: 
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ό
ȟ
ό

ȟ

ρ

”
ȟ

Ὃ ὴ
ȟ
 (3.3.25) 

where the quantity ”
ȟ
 is simply estimated by the average density of the adjacent 

cells (i, j) and (i+1, j). 

Similarly, the vertical advective velocity ὺ
ȟ
 can also be determined by above 

calculation procedure. For clarity, this described correction process is depicted and 

shown in the following flowchart in Fig. 3.5: 

 

Fig. 3.5 Explicit predictor-corrector scheme to predict the edge-based velocity field 

ό
ȟ
 and ὺ

ȟ
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Furthermore, these corrected velocities with above-mentioned procedure are then 

applied to determine the appropriate state Ὗ Ⱦȟ
Ⱦ
 by the following principle: 

Ὗ Ⱦȟ
Ⱦ

Ὗ
ρ

ς
Ὗ Ὗ

Ὗ

ὭὪ ό π

ὭὪ ό π

ὭὪ ό π
 (3.3.26) 

Therefore, the advection term can be constructed as 

ὟϽɳὟ ȟ
Ⱦ

ό
ȟ
ό

ȟ

ς

Ὗ Ⱦȟ
Ⱦ

Ὗ Ⱦȟ
Ⱦ

Ўὼ

ὺ
ȟ

ὺ
ȟ

ς

Ὗȟ Ⱦ
Ⱦ

Ὗȟ Ⱦ
Ⱦ

Ўώ
 

(3.3.27) 

To conclude, the overall process for the estimation of the advection term is reiterated 

in the following diagram in Fig. 3.6: 
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Fig. 3.6 The approach to construct the advection term 

3.3.4 Discretization of pressure gradient, viscous term and surface tension 

terms 

To solve the 2D NS equation, it is necessary to discretize appropriately the 



 

  

66 

 

right-hand side of the momentum equation (3.3.6), including the pressure gradient, 

viscous term and surface tension terms, which are elaborated and discussed as 

follows. 

With regard to the pressure gradient, the 4-point based discretization form is adopted 

and expressed as: 

Ὃὴȟ

ở

Ở
Ở
ờ

ὴ
ȟ

ὴ
ȟ

ὴ
ȟ

ὴ
ȟ

ςЎὼ

ὴ
ȟ

ὴ
ȟ

ὴ
ȟ

ὴ
ȟ

ςЎώ
Ợ

ỡ
ỡ
Ỡ

 (3.3.23) 

For the viscous term fl Ͻɳ‘•Ὀ, the first component of this vector is 

represented by the surrounding computational cells as shown in Fig. 3.7. 

 

Fig. 3.7 The spatial discretization for the viscous term 
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As a result, the discretization of viscous term can be expressed as: 

flȟ
Ћ

Ћὼ
‘
Ћό

Ћὼ

Ћό

Ћὼ

Ћ

Ћώ
‘
Ћὺ

Ћὼ

Ћό

Ћώ

ς

‘
ȟ

ό ȟ όȟ
Ўὼ ‘

ȟ

όȟ ό ȟ

Ўὼ

Ўὼ

‘
ȟ

ὺ ȟ ὺ ȟȾς ὺ ȟ ὺ ȟȾς
ςЎὼ

όȟ όȟ
Ўώ

Ўώ

‘
ȟ

ὺ ȟ ὺ ȟ

ς
ὺ ȟ ὺ ȟ

ς
ςЎὼ

όȟ όȟ
Ўώ

Ўώ

ς

‘
ȟ
ό ȟ όȟ ‘

ȟ
όȟ ό ȟ

Ўὼ

‘
ȟ
όȟ όȟ ‘

ȟ
όȟ όȟ

Ўώ

‘
ȟ
ὺ ȟ ὺ ȟ ὺ ȟ ὺ ȟ

τЎὼЎώ

‘
ȟ
ὺ ȟ ὺ ȟ ὺ ȟ ὺ ȟ

τЎὼЎώ
 

 

(3.3.24) 

where the viscosity that comes across the edges of each side is averaged by the 

adjacent grid cells: 
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Accordingly, the second component of the viscous vector term can be discretized by 

the similar method, as: 

flȟ
Ћ

Ћὼ
‘
Ћό

Ћώ

Ћὺ

Ћὼ

Ћ

Ћώ
‘
Ћὺ

Ћώ

Ћὺ

Ћώ

‘
ȟ
όȟ ό ȟ όȟ ό ȟ

τЎὼЎώ

‘
ȟ
ό ȟ όȟ ό ȟ όȟ

τЎὼЎώ

‘
ȟ
ὺ ȟ ὺȟ ‘

ȟ
ὺȟ ὺ ȟ

Ўὼ

ς

‘
ȟ
ὺȟ ὺȟ ‘

ȟ
ὺȟ ὺȟ

Ўώ
 

(3.3.25) 

In terms of the discretization of surface tension term ִי ‎‖• Ὄɳ•, the mean 

curvature ‖• based on its definition given in equation (3.2.8) and (3.2.9) is 

rewritten as: 

‖• Ͻɳ
•ɳ

ȿɳ•ȿ
Ὀ☿ (3.3.26) 
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where ☿ is the discrete approximation of the level set normal 
ⱴɳ

ȿɳⱴȿ
, and  

☿
ȟ

Ὃⱴ Ⱦȟ Ⱦ

Ὃⱴ Ⱦȟ Ⱦ

ὲ Ⱦȟ Ⱦ

ὲ Ⱦȟ Ⱦ

 (3.3.27) 

with 

Ὃⱴ Ⱦȟ Ⱦ ḳ

• ȟ • ȟ •ȟ •ȟ
ςЎὼ

• ȟ • ȟ •ȟ •ȟ
ςЎώ

 (3.3.28) 

As a result, the mean curvature can be calculated as 

Ὀ☿ ȟ

ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ

ςЎὼ

ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ ὲ Ⱦȟ Ⱦ

ςЎώ
 

(3.3.29) 

Consequently, the surface tension term can be discretized as 

יִ  ȟ ‎Ὀ☿ ȟὋὌ ȟ (3.3.30) 

where  

Ὄ
ȟ

Ὄ
•ȟ • ȟ •ȟ • ȟ

τ
 (3.3.31) 

and  
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 (3.3.32) 

3.4 CLSVOF based interface treatment 

The coupled second-order conservative operator split advection scheme is applied 

for extrapolating a scalar flux ί
ȟ
 in both space and time domain (Strang 1968). 

Specifically, for the known computational cell, if ό
ȟ
π,  

ί
ȟ
ίȟ

Ўὼ

ς
ίȟ

Ўὸ

ς
ίȟ (3.4.1) 

where  

 ί όί π (3.4.2) 

Substituting ίȟ όίȟ into the coupled splitting equation provides, 

ί
ȟ
ίȟ

Ўὼ

ς
ρ ό

Ўὸ

Ўὼ
ίȟ (3.4.3) 

In this study, this scalar flux ί
ȟ
 could stand for the LS and VOF functions: 

•
ȟ
 and Ὢ

ȟ
 respectively. On this point, the evolutions of the LS and VOF 
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functions are expressed with the above extrapolating method, which are described in 

the following sections 3.4.1 and 3.4.2, so as to update the split advection in different 

direction for the air-water interface states. The updated LS and VOF functions are 

then implemented to the corrections given in the subsequent section 3.4.3 below, in 

order to integrate these function values with the physical interpretation on interface 

expression. 

3.4.1 LS function updating  

According to the above-mentioned split advection method shown in equation (3.4.3), 

the scalar flux •
ȟ
 for LS function can be extrapolated: 

(1) Along the longitudinal x-direction: 

(1a) for ό
ȟ
π: 

•
ȟ
•ȟ

Ўὼ

ς
ρ ό

ȟ

Ўὸ

Ўὼ

• ȟ • ȟ

ςЎὼ
 (3.4.4) 

which is calculated based on the grid cell (i, j). 

(1b) otherwise, this term will be calculated in a similar manner from the right side 

of this edge with grid cell (i+1, j): 

•
ȟ
• ȟ

Ўὼ

ς
ρ ό

ȟ

Ўὸ

Ўὼ

• ȟ •ȟ

ςЎὼ
 (3.4.5) 

such that the prediction in x direction is obtained: 
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•ȟ

•ȟ
Ўὸ
Ўὼ• ȟ

ό
ȟ
•

ȟ
ό

ȟ

ρ
Ўὸ
Ўὼό ȟ

ό
ȟ

 (3.4.6) 

(2) Along vertical y-direction,  

(2a) for ὺ
ȟ

π,  

•
ȟ

•ȟ
Ўώ

ς
ρ ὺ

ȟ

Ўὸ

Ўώ

•ȟ •ȟ

ςЎώ
 (3.4.7) 

(2b) otherwise, 

•
ȟ

•ȟ
Ўώ

ς
ρ ὺ

ȟ

Ўὸ

Ўώ

•ȟ •ȟ

ςЎώ
 (3.4.8) 

Finally, the LS function updating can be performed by 

•ȟ •ȟ
Ўὸ

Ўώ
•
ȟ
ὺ
ȟ

•
ȟ
ὺ
ȟ

•ȟὺȟ ὺ
ȟ

 (3.4.9) 

For clarity, this updating process for LS function is summarized and illustrated in the 

flowchart of Fig. 3.8. 
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Fig. 3.8 Procedure of LS function updating by the coupled second-order conservative 

operator split advection scheme. 

3.4.2 VOF function updating 

According to the definition of VOF function in equation (3.2.12), the geometric 

calculation of VOF volume flux (Son and Hur 2002) across the face edge (i+1/2, j) 

between cell (i, j) and (i+1, j) with the positive and negative velocity components 

can be illustrated by the sketch in Fig. 3.9. 
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Fig. 3.9 Geometric calculation of VOF volume flux across the face edge between cell 

(i, j) and (i+1, j) with the positive and negative velocity components. 

For clarification, the physical process and re-construction of the air-water flow 

interface under different flow conditions as shown in Fig. 3.9 are defined and 

illustrated as follows: 

(1) along the x-direction: 

(1a) for the flow case of ό
ȟ
π (i.e., with positive x-velocity component), 

the total flux will include both liquid and gas phases which can be evaluated 

through the rectangular region with the length ό
ȟ
Ўὸ, and the height of Ўώ as 

depicted in Fig. 3.9, which contributes to construct the whole flux domain of 

ό
ȟ
ЎὸЎώ. Particularly, for the liquid flux across the edge, the domain can be 

expressed by the blue region marked in Fig. 3.9 (a), which is an integration 

throughout the trapezoidal region with the length ᷿ Ὠὼ
Ў

ȟ

, height 
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᷿ Ὠώ, and the slope of the linear interface Ὄ•ȟ
ȟ
 obtained from the LS 

function. As a result, with these liquid and total flux, the volume factor Ὢ
ȟ
 in 

VOF function can be approximated by 

Ὢ
ȟ

᷿ ᷿ Ὄ•ȟ
ȟ

Ў
ȟ

ὨὼὨώ

ό
ȟ
ЎὸЎώ

 
(3.4.10) 

(1b) Otherwise (for the negative/zero x-velocity component, with ό
ȟ
π), 

the scalar flux of VOF function can be calculated by similar method above, and 

the final result is, 

Ὢ
ȟ

᷿ ᷿ Ὄ• ȟ
ȟ

Ў
ȟ ὨὼὨώ

ό
ȟ
ЎὸЎώ

 (3.4.11) 

where •ȟ
ȟ
 represents for the linear reconstruction of the interface in cell (i, j) 

by a slope intercept equation on the plane grid cell as follows: 

 •ȟ
ȟ ὥȟὼ ὼ ὦȟώ ώ ὧȟ (3.4.12) 

During this reconstruction process, the x- and y- interceptions to fix the slopes 

a/b with applying a least square method are firstly obtained, with the aim to 

minimize the discretized error among all the surrounding cells (as illustrated in 

Fig. 3.10). Afterwards, the parameter c in above equation is corrected to satisfy 
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conservation condition of the volume fraction function. More detailed 

description of this reconstruction process can refer to (Sussman and Puckett 

2000) for further reference. 

 

Fig. 3.10 The sketch for the linear reconstruction process of the actual interface. 

With the re-constructed scalar flux above, the prediction of the VOF function 

along the x-direction can be obtained and expressed as: 

Ὢȟ

Ὢȟ
Ўὸ
ЎὼὪ ȟ

ό
ȟ
•

ȟ
ό

ȟ

ρ
Ўὸ
Ўὼό ȟ

ό
ȟ

 (3.4.13) 

(2) along the vertical y-direction, above similar re-construction method can be 

applied, and the results are obtained and given as follows: 

(2a) for ὺ
ȟ

π, it has 



 

  

77 

 

Ὢ
ȟ

᷿ ᷿ Ὄ•ȟ
ȟ

Ў
ȟ

ὨὼὨώ

ὺ
ȟ
ЎὸЎὼ

 
(3.4.14) 

(2b) otherwise, the result becomes 

Ὢ
ȟ

᷿ ᷿ Ὄ•ȟ
ȟ

Ў
ȟ ὨὼὨώ

ὺ
ȟ
ЎὸЎὼ

 (3.4.15) 

Consequently, based on above re-construction results of the VOF function prediction, 

the VOF function updating result can be performed and expressed as, 

Ὢȟ Ὢȟ
Ўὸ

Ўώ
Ὢ
ȟ
ὺ
ȟ

Ὢ
ȟ
ὺ
ȟ

Ὢȟὺȟ ὺ
ȟ

 (3.4.16) 

For clarity, this VOF function updating process is summarized and illustrated in the 

flowchart of Fig. 3.11 below: 
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Fig. 3.11 Procedure of VOF function updating by the coupled second-order 

conservative operator split advection scheme. 

3.4.3 Further correction on LS and VOF evolutions 

After updating the LS and VOF function, a further correction step is necessary to 

eliminate the unphysical volume fraction values during the air-water interface 

evaluation process. To this end, the volume fractions are firstly truncated from the 

defined interface location in LS function with the following form: 
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Ὢȟ

ừ
Ừ

ứ π
ρ
Ὢȟ

 

ὭὪ Ὢȟ π έὶ •ȟ Ўὼ

ὭὪ Ὢȟ ρ έὶ •ȟ Ўὼ

έὸὬὩὶύὭίὩ
 (3.4.17) 

In this way, all the volume fraction values have been re-defined within a normalized 

domain [0, 1]. 

Afterwards, the exact LS function should be corrected by more accurate algorithm to 

consist with the surrounding computation cells with regard to its definition of the 

normal distance to the interface (Son and Hur 2002). This correction procedure can 

be described as follows: 

(1) Tag all computational cells (i, j) with tag (i, j) =0; 

(2) In each computational cell, calculate the LS function of surrounding cells (iô, jô) 

(i.e., to check cell (i-1, j+1), (i, j+1), (i+1, j+1), (i-1, j), (i+1, j), (i-1, j-1), (i, j-1), 

(i+1, j-1), with the surrounding cell centers A, B, C,é, H, as defined in Fig. 

3.12), and then check the following condition of the product, 

 •ȟ •ȟ π (3.4.18) 
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Fig. 3.12 The involved computational cells for correcting the interface expression. 

(3) For the cells satisfying above equation (3.4.18), continue to check the following 

conditions, 

 Ὢȟ ᶰ πȟρ ὥὲὨ •ȟ •ȟ •ȟ π (3.4.19) 

(a) For the cells that fail to satisfy equation (3.4.19), mark cell (i, j) face 

centroids and cell corners (location at point a, b, c, é, h defined in Fig. 

3.12) as either positive ñ+ò or negative ñ-ò according to the sign of 

•ȟ ȡίὥ ίὦ Ễ ίὬ Ó•ȟ ; 

(b) For the cells that satisfy equation (3.4.19), the LS function will be 

re-constructed again, based on the updated LS and VOF functions as well 

as the correction of volume fraction by the truncation step performed in 

equation (3.4.17) for all the surrounding cells. The reconstructed interface 

is indicated by 
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 •ȟ
ȟ ὥȟὼ ὼ ὦȟώ ώ ὧȟ (3.4.12) 

For convenience, mark cell (i, j) face centroids and cell corners (location at 

point a, b, c, é, h, as given in Fig. 3.12) as ñ+ò or ñ-ò according to •ȟ
ȟ
(x, 

y). (i.e., •ȟ
ȟ
(xa, ya), •ȟ

ȟ
(xb, yb), •ȟ

ȟ
(xc, yc), é, •ȟ

ȟ
(xh, yh)). For 

example, the sign at corner a could be expressed by ίὥ ί(•ȟ
ȟ
(xa, 

ya)). 

(4) Check cell (iô, jô) to find the exact distance d to update •ȟ, and un-tag the cell 

with tag (iô, jô) =1; 

To ascertain this distance, the following method can be applied: for cell k (k = A, 

B, é H as in Fig. 3.12), ίὯ sign(ί•ȟ ὼȟώ ): if ίὥίὯ π, the 

distance d is calculated from point a to k in Fig. 3.12; or otherwise, the distance 

d is used as the shortest distance from point k to the segment ȿ*+ȿ, where ȿ*+ȿ is 

the reconstruction linear interface in cell (i, j). This iterative process can be 

shown in Fig. 3.13. 

(5) Update the LS function of cell ὭȟὮ using the exact distance d obtained in (4) 

to the interface: 

•ȟ

ίὭὫὲ•ȟ Ὠ

•ȟ

 
ὭὪ Ὠ •ȟ  έὶ ὧὩὰὰ ὭȟὮ Ὥί ὸὥὫὫὩὨ

έὸὬὩὶύὭίὩ
 (3.4.20) 
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Fig. 3.13 The procedure for finding the distance for each assigned point. 

(6) For any other cell (i, j) with tag (i, j) = 0, correct its value as  

•ȟ
ὑ ρЎὼ

ὑ ρЎὼ
 
ὭὪ •ȟ π

ὭὪ •ȟ π
 (3.4.21) 

where K represents the width of the interface. Actually, during the interface 

discretization process, the interface line has been treated numerically as a strip of K 

cells. In this study, K = 2 is used for the index of the interface. Accordingly, instead 

of a sharp Heaviside function Ὄ•, a smoothed Heaviside function Ὄ • can be 
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substituted as: 

Ὄ •

π
ρ

ς
ρ

ρ
•

‐

ρ

“
ÓÉÎ“

•

‐
  

ὭὪ • ‐ 

ὭὪ ȿ•ȿ ‐
ὭὪ • ‐

 (3.4.22) 

where ‐ is a parameter which stands for the thickness of the interface, which yields 

ЍςὬ if Ўὼ Ўώ Ὤ. 

In summary, the described algorithm and procedure of the coupled LS and VOF 

(CLSVOF) in this section can be shown in the diagram of Fig. 3.14: 

 

Fig. 3.14 Correction for LS and VOF functions for the related interface cells. 
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3.5 Initial and boundary conditions 

As illustrated in the flowchart of the numerical methods of NS equations and 

CLSVOF algorithm, the hydraulic parameters including the velocity field and the 

pressure should be initialized for the initial configuration in each computational cell, 

while the parameter values of LS and VOF functions must be pre-determined by 

their definitions. 

The governing equations listed in section 3.2 include the hyperbolic or parabolic 

momentum equation, and the hyperbolic LS and VOF equations. Besides, an 

elliptical pressure Poisson equation has also been introduced for the projection 

process of the proposed numerical method. 

As for the boundary conditions of momentum equation for stormwater drainage 

system, different types of open channel flow conditions could be taken into 

consideration. Specifically, for supercritical flows, the Froude number &Ò

ρ, and the downstream disturbance waves cannot travel to upstream. Consequently, 

both the upstream velocity and water depth should be specified as the boundary 

condition for the inflow state; while for subcritical flows, the disturbance waves 

could spread in both upstream and downstream directions, so that the velocity 

should be specified at the inflow and the water depth be specified at the downstream 

outflow. 

With regard to the boundary conditions of the LS and VOF functions, the only 

requirement is needed when the streamline enters the flow field to assign the flow 
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pattern. 

When it comes to the pressure Poisson equation, its numerical boundary must be in 

accordance with the physical conditions so as to allocate a divergence-free velocity 

field, which thus indicates a zero-pressure gradient for the boundary. 

As introduced in section 3.3.1, the velocity field and pressure will be located in 

different cell units for the numerical computation, so that additional ghost cells 

(adjacent to the boundary cells) are necessarily introduced to further numerical 

treatment at the boundaries, as illustrated in Fig. 3.15. 

 

Fig. 3.15 Diagram of the computational grid, boundary condition and ghost cells. 
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3.5.1 Inflow and outflow boundary 

Generally speaking, the velocity field is specified by an assigned inflow at the 

entrance of inlet. For example, the following relationship of the velocity and 

pressure at the boundary for a predefined inflow is considered: 

 όȟ ό  (3.5.1) 

‬ὺ

‬ὼ
πȟὺ ȟ ὺȟ ὺ  (3.5.2) 

‬ὴ

‬ὼ
πȟὴ ȟ ὴȟ ὴ  (3.5.3) 

where ό ȟὺ ȟὴ  is the given velocity and pressure (see Fig. 3.15). 

At the boundary of outflow, the velocity relationship is adopted below to ensure the 

uniform outflow: 

‬ό

‬ὼ

‬ὺ

‬ὼ
π (3.5.4) 

So that 

 ό ȟ ό ȟȟὺ ȟ ὺ ȟ (3.5.5) 

where ό ȟȟὺ ȟ is the velocity at the outflow entry (shown in Fig. 3.15). 

Meanwhile, the outflow pressure distribution could be obtained by solving the 

Poisson equation. 
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3.5.2 Wall boundary 

The boundary condition for a fluid in contact with a solid wall state that there is no 

normal flux between the fluid and solid wall, which results in zero value of the 

normal velocity component. 

As illustrated in Fig. 3.15, for the point lies on the top boundary, the value is directly 

prescribed as όȟὺ , which is the average of relevant ghost cells and the inner top 

computational cells, as follows: 

(1) for vertical/normal velocity component, 

ὺ π
ὺȟ ὺȟ

ς
 (3.5.6) 

(2) For the longitudinal/tangential velocity component, two conditions might be 

considered for different cases of interest in this study: 

(2a) no-slip boundary condition: 

ό π
όȟ όȟ

ς
ȟόȟ όȟ (3.5.7) 

(2b) free-slip boundary condition without tangential shear stress:  

‬ό

‬ώ
ȿ π

όȟ όȟ

Ўώ
ȟόȟ όȟ (3.5.8) 

In addition, the pressure boundary condition also should consist with a 

divergence-free velocity field. To enforce this constraint, prescribing the 
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homogeneous Neumann boundary condition, for example at the top boundary, 

yields: 

‬ὴ

‬ώ
ȿ π

ὴȟ ὴȟ

Ўώ
ȟὴȟ ὴȟ (3.5.9) 

where ȿ is the normal derivative at the boundary, which also coincides with the 

zero normal-flux boundary condition. 

By applying the similar method above, other scalar variables like the LS and VOF 

functions implemented to the ghost cells, are also treated as the adjacent 

computational cells to achieve zero-flux across the wall. 

3.5.3 Boundary at corners 

 

Fig. 3.16 Boundary condition at the wall corners. 

At the connection of different pipes or manholes, the fluid may come across the 
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corner boundary with singularity (such as corner C and corner E shown in Fig. 3.16). 

Under this circumstance, some specialized numerical discretization measures should 

be taken to technically solve the problem, so as to maintain numerical stability. For 

this purpose, with a commonly used method, the value of velocity at corners is 

imposed to set as zero (for example, value at corner C is zero in Fig. 3.16), or this 

value is averaged from the surrounding cells (e.g., value at corner E is the average of 

value D and F in Fig. 3.16). With such treatment, the afore-mentioned discretization 

method for 2D model coupled with LS and VOF schemes would be ascertained for 

the calculation efficiency, accuracy as well as convergence. Corresponding with this 

velocity field treatment, the pressure variable is then derived by the momentum 

equation under the consideration of the projection method described in section 3.3.2. 

3.6 Summary of method framework and computation procedure 

Till now, the main algorithms and numerical schemes for solving the proposed 2D 

model have been illustrated in detail in above sections. It is necessary to summarize 

and integrate the whole method framework and numerical simulation procedure, 

prior to further the validation and applications in the coming chapters of this thesis. 

The flowchart of the developed method can refer to Fig. 3.17, and the application 

procedures are as follows: 

(1) Step 1: based on the numerical methods stated in section 3.3.3 and section 3.3.4, 

discretize the momentum equation for an explicit prediction of the edge based 

velocity field Ὗ  and advection term ὟϽɳ 5 Ⱦ at half time step tn+1/2 in 
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the 2D model (where n is the former time step, and n+1 is the present time step for 

prediction). In this step, MAC projection approach is applied to filter the velocity 

field, so as to satisfy the requirements of the divergence-free velocity field with 

correction and the conservation of mass/mass flowrate; 

(2) Step 2: with the updated Ὗ  in (1), the LS and VOF functions (•  and 

Ὢ ) are then coupled and corrected synchronously by the CLSVOF advection 

algorithm provided in section 3.4, in which the curvature is obtained by finite 

difference of the LS function, while VOF method is applied to make the 

reconstruction mass-conserved; 

(3) Step 3: the updated LS function •  could be applied to calculate the density 

and viscosity with following formulas. 

 • Ⱦ • •  (3.6.1) 

 ” Ⱦ ”• Ⱦ  (3.6.2) 

 ‘ Ⱦ ‘• Ⱦ  (3.6.3) 

(4) Step 4: based on the above half-time-step updated results, the NS momentum 

equation (except for the pressure term) can be solved by, 

Ὗᶻ Ὗ

Ўὸ
 5Ͻɳ 5 Ⱦ

'Ð

” Ⱦ

flᶻ fl

ς” Ⱦ

‎‖• Ⱦ Ὄɳ• Ⱦ

” Ⱦ
Ὂ 

(3.6.4) 
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In this equation, the pressure field is pre-assigned in all computational cells and 

boundaries in the staggered grid configuration domain. As a result, the 

intermittent velocity field Ὗᶻ can be obtained by solving this momentum 

equation; 

(5) Step 5: afterwards, the divergence-free velocity field Ὗ  is achieved by 

applying the projection method: 

Ὗ Ὗ

Ўὸ
ע
Ὗᶻ Ὗ

Ўὸ
 (3.6.5) 

where ע indicates the discretization of the projection operator discussed in 

section 3.3.2. Specifically, the intermittent velocity calculated in Step 4 

contributes to configure the discrete divergence DU in equation (3.3.5), and the 

pressure field ὴ  is updated by implicitly solving the Poisson equation. As a 

result, the divergence-free velocity field can be corrected and updated by the 

obtained pressure gradient in above equation; 

(6) Step 6: for the temporal updating (i.e., present step computation and prediction), 

the following criteria is proposed and used to guarantee the numerical stability 

(Sussman and Puckett 2000): 

Ўὸ ÍÉÎ
ȟ

” ”

ψ“‎
ЎὼȾȟ

σ”Ўὼ

ρτ‘
ȟ
Ўὼ

ȿ‘ȿ
ȟ

ςЎὼ

ȿ‘ȿ ȿ‘ȿ τὢЎὼ
 (3.6.6) 

(7) Step 7: update the solution results for all parameters in the whole computational 
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domain involved in present calculation time step, and continue the next time step 

predication by repeating all above steps. 

 

Fig. 3.17 The algorithm for the overall computation procedure 
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Chapter 4 ï Model Validation and Evaluation 

Prior to the application of the developed 2D model and method in the above chapter 

for systematic analysis of transient air-water two-phase flows in urban drainage 

pipelines, it is necessary and important to perform full validations and evaluations 

for its accuracy and validity. In this chapter, this developed method is validated 

through different well-established tests cases (with numerical and experimental data) 

from the literature and the laboratory experimental tests conducted in this thesis 

research.  

For clarity, different test cases from simple to relatively complex levels are applied 

for the method validation. Specifically, the numerical scheme for solving 2D 

incompressible Navier-Stokes equations (equation 3.2.1 and 3.2.2 mentioned in 

section 3.2.1) and the simulation method for capturing the air-water two-phase 

interface motions based on the coupled LS and VOF function (i.e., equation 3.2.7 in 

section 3.2.2 and equation 3.2.13 in section 3.2.3) are tested respectively from the 

applications. The validation process with different test complexity levels can be 

summarized as follows (with contents of Sections 4.1~4.4 in this chapter): 

Firstly, the proposed 2D Navier-Stokes solver (calculation scheme for solving NS 

equation) is applied to solve simple single-phase (water) flow problems, which are 

classic with available analytic solutions or well-established numerical results from 

the literature. For example, the classic lid-driven cavity is used herein for this 

purpose in this research. (Section 4.1) 
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Following with the successful validation of NS solver, a series of tests for bi-fluid 

interface evolution are carried out to validate the coupled LS and VOF method 

(CLSVOF scheme), in which a divergence-free velocity field is pre-defined for the 

whole domain instead of computing from the Navier-Stokes Equations. In this 

research, the simple object advection, rigid object rotation, shear flow and reverse 

shear flow are tested by the developed method and numerical codes. (Section 4.2) 

Furthermore, the validated NS solver and coupled CLSVOF numerical scheme (i.e., 

air-water interface reconstruction and updating algorithm) is applied to the 

bench-mark tests for free surface channel flows with either known analytical 

solutions or well-established experimental data, such as the dam break wave 

propagation and open channel film flow evolution in the classic textbooks and 

references (Section 4.3). 

With these successful applications, the developed 2D model and proposed numerical 

schemes can be verified and validated for the accuracy and validity as used for 

complex flows, which are thereafter further applied to the numerical simulations of 

the multi-phase flows ï transient air-water flows in drainage pipelines in this 

research project, including rapid water filling flows and air-water surges through 

vertical risers in a simple drainage conduit. Particularly, the experimental test system 

has been designed and built for this research and relevant tests have been performed 

for this validation in the Hydraulics Laboratory of the Hong Kong Polytechnic 

University (Section 4.4). 
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4.1 The full 2D Navier-Stokes solver validation 

As a basic and essential validation step, a simple case of lid-driven cavity problem, 

which is typical in the fluid mechanics, is adopted for verifying the developed 

numerical codes and for validating the accuracy of the proposed method framework 

in this research (chapter 3). 

Actually, lid driven cavity problem is a classical problem in both research and 

engineering, which has been widely used to test the new Navier-Stokes codes or new 

algorithms with the easy-established rectangular domains and simple initial and 

boundary conditions. Variety of solutions for this driven flow in a square cavity have 

been established and validated as feasible and efficient methods, including the 

comprehensive and systematical studies conducted by Ghia et al. (1982). In this 

section, this bench-mark data achieved in Ghia et al. (1982) is used for the validation 

purpose. 

4.1.1 Description and settings of lid driven cavity problem 

The geometry of a standard lid-driven cavity case consists of two-dimensional space 

with a square domain, which can be defined as ɱ πȟὰ πȟὰ with 4 no-slip 

wall boundary condition around (see Fig. 4.1), including a upside moving wall and 

three other stationary walls. 
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Fig. 4.1 The sketch of lid-driven cavity geometry system 

As stated in section 3.5.2, the Dirichlet boundary conditions are applied for 

longitudinal/tangential velocity component u and vertical/normal velocity 

component v to determine (in advance) the values on the wall. Meanwhile, the 

homogeneous Neumann boundary conditions are applied for the pressure P 

condition so that the normal derivative  at the boundary is prescribed as 0. 

For the first lid-driven simulation, the case of flows with Reynolds number Re 

=1000 is firstly investigated, with other initial conditions as follows: the velocity of 

moving lid u0=1 m/s, lx =ly =1 m, the density of the inside fluid is 1 kg/m3 and 

viscosity is 0.001 kg/mĀs, and the pressure of this computational region is zero. For 

the comparison and validation of the numerical simulation results from the 

developed method and model, the grid size æὼ = æy = 0.0078125 m and time step æt 

= 510-4 s, which are the same numerical setting with Ghia et al. (1982).  
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4.1.2 Results visualization and discussion 

The evolution of the cavity within the computational domain is tracked by the 

velocity and pressure variables of the inside flow field. Promptly with the proposed 

codes, the lid-driven cavity approaches to the steady state after several iterations of 

flow computation. To further investigate the flow characteristics, the simulating 

results of velocity components (u and v) are captured and visualized as in Figs. 4.2 

and 4.3. Specifically, the profile of u-velocity along the vertical line (location at x = 

0.5m) throughout the geometric center is plotted in Fig. 4.2, and that of v-velocity 

along the horizontal line (location at y = 0.5m) throughout the geometric center is 

plotted in Fig. 4.3, respectively. For comparison, the data from the reference of Ghia 

et al. (1982) are also plotted in the same figures. 

 

Fig. 4.2 The comparison of u-velocity profile along the vertical line (location at x = 

0.5m) through the geometric center 
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Fig. 4.3 The comparison of v-velocity profile along the horizontal line (location at y 

= 0.5m) through the geometric center 

It can be found from Figs. 4.2 and 4.3 that the numerical results by the developed 

2D method in this study are matched well with these well-established data extracted 

from the reference of Ghia et al. (1982). This result confirms the validity and 

accuracy of the proposed model and developed code for solving the 2D 

Navier-Stokes equations for lid driven flows. To further examine the validity and 

efficiency of the proposed method and program code, the results of the pressure and 

streamline patterns are retrieved from the model and plotted in Figs. 4.4 and 4.5, 

respectively. Clearly, these complex results could agree well with the visualization 

results published in Ghia et al. (1982). As a result, it can be concluded that the 

developed 2D model and method is valid and applicable to numerical simulation of 

typical flows in fluid mechanics field. 
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Fig. 4.4 The numerical result of pressure field distribution with Re = 1000 

 

Fig. 4.5 The numerical result of the streamline pattern and location of primary vortex 

center with Re = 1000 
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4.1.3 Extensive tests and discussion 

The results comparison and analysis above have demonstrated the validity and 

accuracy of the developed model and method for the numerical simulation of lid 

driven flows under specific conditions (e.g., Re = 1000). To generalize the findings, 

more test cases of the same system under different flow conditions (with Re from 

100 to 10000) are further applied herein in this section, with the details listed in 

Table 4.1 below.  

Table 4. 1 The initial flow conditions and numerical settings for numerical tests 

Re 
Grid size 

(m) 

Time step 

(s) 

Velocity of moving lid 

(m/s) 

Density 

(kg/m3) 

Viscosity 

(kg/mĀs) 

100 æὼ=æy=0.0078125 510-4 1 1 0.01 

1000 æὼ=æy=0.0078125 510-4 1 1 0.001 

5000 æὼ=æy=0.00390625 510-4 1 1 0.0002 

10000 æὼ=æy=0.00390625 510-4 1 1 0.0001 

 

Based on the developed 2D model, the velocity distribution profiles of u- and v- 

components through the geometric center of the flow domain are plotted in Figs. 4.6 

and 4.7, respectively. Both results reveal the validity and accuracy of the proposed 

method for the modelling of this lid driven problem under different flow conditions. 

Specifically, the velocity profiles are in good agreement with the data from Ghia et 

al. (1982). Moreover, the proposed method could also accurately capture the 

featured flow patterns and evolution processes, such as the velocity gradient, 

inflection points, and the time-dependent changes. 
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Fig. 4.6 The comparison of u-velocity along the vertical line (x = 0.5) for different 

flow conditions  

 

Fig. 4.7 The comparison of v-velocity along the horizontal line (y = 0.5) for different 

flow conditions  
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Consequently, the validation results for the simple dynamic flow case of typical lid 

driven flows confirm the effectiveness and accuracy of the 2D model and numerical 

code developed in this research. 

4.2 Validation of CLSVOF scheme 

Based on the validated 2D model framework above, the CLSVOF scheme is 

subsequently validated in this section for tracing the air-water (or bi-fluid) interface 

evolution within a typical divergence-free velocity field, in which the hydraulic 

characteristics are constant so as to achieve a steady (quasi-steady) Navier-Stokes 

computational field. By this way, the interface evolution can be captured with the 

motion of marked cells during the dynamic flow process. The investigation of this 

evolution process is performed by the proposed CLSVOF scheme for the following 

two kinds of simple object advection motion (i.e., interface evolution), with the 

results used in turn for validating and verifying the CLSVOF scheme. 

4.2.1 Settings of interface evolution tests 

For testing, a numerical experiment is carried out by the motion of an annulus as 

well as an inclined rectangular, so that both the linear and non-linear shapes can be 

examined through the numerical tests and thus used for the validation of the 

proposed CLSVOF scheme. For comparative analysis, the air-water interface 

evolution process is traced by massless markers to distinguish different phases, and 

the distinct interface border is recorded by the level set function. As these virtual 
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markers would by no means introduce any force or influential terms to the original 

field, the motion of each marker is then traceable to obtain an analytical solution due 

to the constant divergence-free velocity field. Theoretically, the analytical locations 

of each particle markers can be calculated by the Lagrangian method with its spatial 

changes (ЎὼȟЎώ) = (uϽЎt, vϽЎt). 

A common computation region is set as a square domain of 10m10m, with 

200200 mesh grid sizes for the numerical discretization in the model. Initially, the 

divergence-free velocity field is prescribed as (u, v) = (0.8 m/s, 0.8 m/s), and the 

time step is adopted as Ўt = 0.005 s for calculation. During the simulation process, 

the numerical data at an interval of 0.5 s is saved for analysis and discussion. Two 

typical cases of marker shapes are examined and described as follows: 

Case (a): the center of an annulus is initially located at (4.4 m, 4.4 m), with the inner 

radius of smaller circle r = 1 m and outer radius of larger circle R=2 m, as shown in 

Fig. 4.8 (a); 

Case (b) in Fig. 4.8(b): a rectangular with the length and width of 2Ѝςm  2m is 

inclined in the domain with an angle of 45Á, and the four corners are located at A 

(2.7 m, 4.1 m), B (4.1 m, 2.7 m), C (6.1 m, 4.7 m), D (4.7 m, 6.1 m), respectively, as 

shown in Fig. 4.8 (b). 
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Fig. 4.8 The initial states of two different objects in the fluid system for numerical 

simulations: (a) annulus shape (b) rectangular shape 

4.2.2 Results and discussion 

For case (a), the propagation process of the annulus within the flow domain is 

retrieved and plotted in Fig. 4.9 for initial state t = 0s and two dynamic evolution 

states at t = 2s and t = 4s, respectively. By inspection for the obtained results, an 

auxiliary line that separates the square field into two diagonal sections is formed 

throughout the evolution process of the annulus, which indicates the center of the 

annulus propagation is right locating in the analytical tracking. For example, with 

adding the transporting distance Ўὼ όϽЎὸ 0.84=3.2 m, the location of the 

center at t = 4s is at (7.6 m, 7.6 m), which is exactly same with the analytical result. 

Consequently, the proposed model could precisely trace the target object without 

unexpected deformation. 
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Fig. 4.9 The propagation of the annulus object in the fluid system 

Similarly, for the rectangular case (b), the tracking process is recorded in Fig. 4.10. 

As expected from the analytical solution in the reference (Shao 2013), the 

configuration of the object is kept the same during the whole advection process. 

More precisely, the corners A, B, C, D move to the final location Aô, Bô, Cô, Dô from 

initial state to the state with t = 3.5s, which highly accords with the exact solution 

since the proceeding distance is exactly same as the theoretical value with Ўὼ όϽ

Ўὸ 0.83.5=2.8 m. Therefore, these results confirm again the feasibility and 

validity of the proposed model for capturing the interface motion. 
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Fig. 4.10 The propagation of the inclined rectangular object in the fluid system 

In summary, the application results of these two test cases demonstrate the accuracy 

and effectiveness of the developed model and the proposed CLSVOF scheme for the 

simulation of the dynamic process of multi-phase flow interfaces (or objects).  

4.3 Validation of the developed model for two-phase flows 

The investigations of typical and fundamental flow dynamics above for the 

validation of the developed 2D model and proposed numerical scheme (CLSVOF) 

have well revealed that the proposed model and method are fully qualified to 

simulate the detailed flow and interface behaviors. Accordingly, instead of testing 

the proposed model separately with simple geometry and boundary conditions, this 

section aims to validate the integrated numerical model developed in this research 
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for relatively complex (realistic) hydraulic problems, which may involve with more 

practical forces and severe interface fluctuations due to shear stress and distortion 

exerted by extensive external forces. For instance, the dam break problem is one of 

those well-investigated bench-mark free surface flows (i.e., water and free air) 

which incorporate the effect of the body force (gravity force), and the bubble rising 

process is dedicated on capturing the complicated distortion and evolution of 

air-water interface due to the huge deviation of fluid properties such as density and 

viscosity between different phases. Both these complex air-water flow cases are 

adopted herein for the further validation purpose. 

4.3.1 Dam break problem 

Dam break problem has been widely investigated by many researchers, such as 

Martin et al. (1952) and Bell et al. (1991), through extensive experimental 

investigations and numerical simulations. These experimental data and validated 

numerical data are valuable for model calibration, validation and evaluation. 

Similarly, the developed model and method in this study are firstly validated and 

verified through these data from the literature before its applications to the focused 

research problem in this thesis. 

The classic experimental test based on the well-devised facility by Martin et al. 

(1952) is taken herein for the illustration of the validation process. In the 2D model, 

the computation field is defined by height H = 0.2286m and length L = 0.2286m, 

which are the same settings with the square channel size of designed physical 
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experimental system in Martin et al. (1952). Initially, the inside water-filled block 

with H = 0.1035m and L = 0.05175m is kept still by a vertical slide gate. It is 

assumed that, once after the computation starts, the gate is suddenly removed, so 

that the rectangular water block will fall down and propagate with time in the 

channel due to gravity force. For clarity, the system configuration and settings are 

shown in Fig. 4.11. 

 

Fig. 4.11 The configuration of dam break system 

With regard to boundary conditions, the top side boundary is open so as to keep 

free-surface flow situation (i.e., with atmosphere pressure at the top) in the open 

channel, while the other three sides of left, right and bottom walls are imposed with 

no-slip condition. Other parameters related to the numerical simulation are as 

follows: the density and dynamic viscosity of water are 1000 kg/m3 and 0.001 

kg/mĀs, and those of air are 1.23 kg/m3 and 0.000018 kg/mĀs, respectively; the 

acceleration of gravity is set to be constant at 9.8 m/s2. 

The employed grid of this simulation in the model is 6464 and the time step is 5 
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10-5 s. After numerical calculation, the propagating velocity of wave front and the 

height of remaining water column are retrieved and plotted in Fig. 4.12, where the 

result comparisons with experimental data from Martin et al. (1952) indicate the 

good accuracy of the developed models for reproducing the dynamic (unsteady) 

behaviors of dam break free surface flows. 

 

Fig. 4.12 The evolution of: (a) water wave front, and (b) the height of remaining 

water column varying with time 

To inspect the capability of the developed model for capturing the flow details, the 

propagation profiles of the dam break flow at different time instants are shown in 

Fig. 4.13 for analysis. In more details, the results of Fig. 4.13 (a) to Fig. 4.13(c) 

reveal clearly the process of the water column from initially collapsing to gradually 

breaking down towards the right end (before striking the right-hand-side wall). After 
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striking the right-hand-side wall, the water wave front climbs upwards the wall (Fig. 

4.13(d)), and arrives to its summit on the wall with the top side breaking into several 

small pieces of air-water mixing drops (see Fig. 4.13 (e)). During this process, the 

wave tends to reverse towards the left-hand-side direction due to the wall effect. 

Finally, the reversed wave returns to the left-hand-side end (see Fig. 4.13 (f)), and 

repeats the propagation progress due to left-hand-side wall effect until the wave 

energy will be completely dissipated out (i.e., recovered to be still state in the 

domain).  

 

Fig. 4.13 The evolution of dam break flows by numerical simulation 

Actually, these obtained results and physical mechanism and process from the model 

is exactly consistent with the fundamental understanding and findings of dam break 
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problems in the classic textbooks and references (e.g., Martin et al. (1952)). In order 

words, the developed model and method is valid and accurate for the transient 

free-surface flow modelling. 

4.3.2 Bubble rising process 

To particularly concentrate on the interface tracking details during the dynamic 

two-phase flow process, the classic air bubble rising process is then studied herein 

(e.g., Puckett et al. (1997)), which is supposed to tracing the severe topological 

changes of interfaces between air-water phases.  

A similar case as presented in Puckett et al. (1997) is adopted here for numerical 

study, as sketched in Fig. 4.14. The computational domain is set to be 0.007 m 

 0.014 m, which is filled with water. At initial state, the air bubble with radius = 

0.0015 m is located at (0.0035 m, 0.0035 m) inside the water field. Normally, the 

bubble will start rising through water body due to the buoyancy imposed by water 

with large density difference between these two phases.  

A computation grid of 64128 is applied for the numerical simulation, and the time 

step is set as 0.00002 s. Other involved parameters for the simulation include: air 

density is 1.225 kg/m3 and viscosity is 1.7762510-5 kg/mĀs, water density is 999.2 

kg/m3 and viscosity is 1.137710-3 kg/mĀs. For simplification, the surface tension 

force is ignored during the bubble rising process. All the outside boundaries around 

water body are assumed to be no-slip walls in order to form a closed surrounding 

domain. 
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Fig. 4.14 The initial state of air bubble rising system 

The evolution states at different time instants are plotted in Fig. 4.15 for illustration. 

Overall, it can be found that the dynamic interface between air and water undergoes 

drastic topology deformation during the bubble rising process. By inspection, both 

the evolution of interface distortion and time scale are matched well with the 

findings in Puckett et al. (1997). 

Furthermore, it is noticeable that during the deforming progression, severe changes 

of the air-water interface such as splitting and departure would occur with speeding 

acceleration at the irregular parts on the interface, which indicates that the 

fluctuating surface may suffer from more vulnerable re-shaping process due to the 

stress-strain effect during the bubble rising process. These results are consistent with 

the findings of Puckett et al. (1997), which confirms the feasibility and applicability 

of the developed models for capturing the air-water two-phase flow behaviors. 
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Fig. 4.15 The simulation results of bubble rising process with different time stages 

To further investigate the performance of mass conservation property of the 

proposed model, the ratio of simulated total mass difference to the initial total mass 

is plotted in Fig. 4.16. These statistics convincingly manifest that the developed 

model is well mass-conserved during the whole air-water interaction process in the 

whole computational domain, with error within Ñ0.0005%. This impressively result 

makes the used model and numerical scheme physically reliable. Moreover, the total 

mass increases along with furious distortions such as the original shape break into 

pieces, e.g., about the time interval of 0.008~0.016 s corresponding to the bubble 

evolutions shown in Fig. 4.15(b), and 0.031~0.038s for the bubble evolutions in Fig. 

4.15 (d), where the reconstruction of instinct interface may cause the very small 

numerical error.  
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Fig. 4.16 Variation of mass conservation for bubble rising process 

In conclusion, the good prediction of the air-water interface motion and evolution 

during air bubble rising process indicates again the validity and accuracy of the 

developed method and numerical method in this research, which actually provides 

the reasonable basis and essential support for the current thesis research for the 

further investigation of transient air-water flows in the following study.  

4.4 Validation of the developed model for transient air-water flows 

The developed 2D model and numerical code have been successfully validated and 

verified through above applications of different type of complex flows, which 

confirms the promising method and tools developed herein and the feasibility and 

applicability for the systematic analysis of transient air-water flows later in this 

thesis research. As illustrated in the introduction part (chapter 1), two situations of 

transient air-water flows are to be analyzed in this research, i.e., rapid pipe flow 
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accuracy and effectiveness of the developed model and method are further verified 

through an experimental setup and tests in this section, which forms as a preliminary 

study prior to the extensive and systematic inspection later in next chapter.  

It is also noted that the experimental test system was designed and built in the 

Hydraulic Laboratory of the Hong Kong Polytechnic University, aiming to achieve 

the research project (HK RGC project no. 25200616) related to this thesis study. 

4.4.1 Capture of rapid filling process 

In the realistic urban stormwater drainage system, the states of free-surface and 

pressurized flows always interact simultaneously and change alternatively with each 

other in the drainage conduit/pipeline sections under serious rainfall and transient 

drainage conditions. According to various field and experimental observations in the 

literature (reviewed in section 2.2.1), the transient pressurized flow often contributes 

more to the intensive pressure oscillation and thus induces enormous damage to the 

pipeline system, which is however usually overlooked during the design and 

operation process of urban drainage systems. In this section, the rapid filling process 

of drainage flows is firstly studied here based on the developed 2D model in this 

research, so as to further understand the mechanism and process of air-water 

interface evolution, and meanwhile, to verify the developed model and method. 

For investigation, a typical case of air cavity advancing into a straight duct from the 

literature is carried out herein, with the system setup referred to the experimental 

study in Hosoda et al. (1994). As depicted in Fig. 4.17, the test system consists of a 
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horizontal duct with 2 m long, 0.05 m wide, and 0.1 m high. To set up the initial 

volume of air, a vertical gate was installed in the middle of the duct, and enabled 

with an operator to withdraw the gate (see Fig. 4.17). One side of the duct is filled 

with water, divided by the middle hand-operated gate, and the other side is the air 

phase (i.e., ñemptyò). The water was filled into the right-hand-side part of the duct 

by withdrawing the middle gate, thus initiating the propagation of air pocket. 

 

Fig. 4.17 The test configuration of air cavity advancing within a straight duct 

(Hosoda et al. 1994) 

In this closed system, the computational domain for the developed 2D model is 

surrounded with no-slip boundary condition of the four walls. For numerical tests of 

model accuracy and convergence, three different sets of the numerical grids (length Ĭ 

height) are adopted herein, that is, fine grid with 2000100, medium grid with 

80040, and coarse grid with 40020, respectively. The results of these three cases 

are obtained by the developed model and plotted in Fig. 4.18 together with the 

experimental data from Hosoda et al. (1994) for comparison.  
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Fig. 4.18 The results of air-water interface profiles by experimental measurement 

and numerical modelling with different grid sizes  

As shown in Fig. 4.18, the air-water interface profiles of all the three cases from the 

numerical model could agree well with the experimental data, which confirms again 

the validity and accuracy of the developed numerical model for capturing the 

hydrodynamic characteristics of transient air-water flows (e.g., air-water interface 

evolution). In other words, the proposed 2D model in this research can accurately 

capture the air pocket profile and reproduce the flow pattern and filling process, 

which has been validated well herein by the experiment data. 

Furthermore, the results comparison in Fig. 4.18 also indicates that only very slight 

differences exist among the results of different grid sizes adopted in this model, 
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which implies the good efficiency of the developed 2D model in this research since 

a relatively coarse grid may provide acceptable accuracy for modelling the transient 

air-water interaction process. From this perspective, the developed 2D model and 

numerical scheme in this thesis research is highly applicable and effective to the 

transient air-water flow simulations in drainage pipelines. 

4.4.2 Capture of air pocket advancing 

To further investigate the air pocket advancing effect during rapid drainage process, a 

detailed experimental test for the wave front advancing and locating from Cong (2016) 

is applied here for validating the proposed method and model. 

 

Fig. 4.19 The experimental system of air pocket advancing propagation (Cong 2016) 

This experimental test system consists of a closed straight pipeline, which divided by 

a manipulation valve into filled-water and air sections, as shown in Fig. 4.19. The 

total pipeline length is 1.70m along horizontal direction, including one end filled 

with water of 1.25m long, and the pipe length of other ñemptyò air section is 0.45m. 

The diameter of the inside cross section is 0.05m. When the valve suddenly opened, 

the water rapidly fills into the air section due to the upstream pressurized condition, 

resulting in transient air pocket advancing towards upstream. 

To simulate this air pocket advancing process, a grid size of 0.005 m  0.001 m for 
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length and height is used in the developed 2D model. The locations of air-pocket 

front advancing at different time points are obtained from the model and plotted in 

Fig. 4.20 for comparing with experimental data recorded in Cong (2016). The 

comparison of the results indicates very good accuracy of the model prediction for 

the air pocket advancing process with regard to the wave front locations. 

 

Fig. 4.20 The air pocket front location time 

Combined with the dam break problem presented in section 4.3.1 that has different 

boundary conditions and initial pressure and flow states from the current air pocket 

advancing process, both results validations demonstrate the successful simulations 

of complex air-water interaction flows under different flow and system conditions. 

Consequently, it is suitable and reliable to apply the developed 2D model and 

numerical method for the study and analysis of transient air-water interaction 

process in drainage pipeline systems, which is one of the objectives of this thesis 
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research. 

4.4.3 Simplified spring-like geyser simulation 

It is also a reminder that the other objective of this thesis research is to investigate 

the transient spring-like geyser simulation of the air-water mixture in drainage 

pipelines under different extreme conditions. As reviewed in the former chapter 2, 

current models and methods in the literature including many commercial packages 

could not effectively reproduce such complicated phenomena and process. In this 

regard, it is necessary to first validate the developed 2D model and method herein 

for the simulation of such complex flows so as to better apply it to have a 

systematical analysis later in this thesis research.  

Despite that few laboratory experimental tests have been designed and conducted in 

the literature (e.g., Cong (2016)), it is very difficult to understand and obtain their 

accurate flow and system conditions and operations for numerical validation and 

analysis, such as the operation of valve, the initial pressurized situation, the 

measurement accuracy, etc. To this end, it is quite necessary to set up a new and 

well-controlled experimental system for testing the transient air-water geysering 

flows so as to better validate the model and analyze the mechanism.  

As another essential component of the project research relating to this thesis work 

(HK RGC project no. 25200616), a well-designed experimental test system was 

built in the Hydraulics Laboratory of the Hong Kong Polytechnic University for 

such detailed study. The major work is conducted in Dec.2017 with the diverse 
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initial and boundary conditions. It is also noted that such experimental design and 

tests were not the core part of this current thesis research, which actually forms as 

another research thesis according the research project plan and content, but the key 

and relevant test results are useful to the validation purpose for the developed model 

in this research. 

The overall design of the experimental system setup is shown in Fig. 4.21, and the 

schematic of the test system and principle is shown in Fig. 4.22. This system is 

composed of upstream supply tank, horizontal and vertical pipelines, downstream 

drainage tank and control devices (valves and recycling facilities). The available 

head of the supply tank is about 1.0 m. The horizontal pipeline is combined with a 

vertical riser connected in the middle part of the pipe. The downstream section of the 

horizontal pipe is closed in order to hold the entrapped air pocket, while other part of 

the pipe is filled with water. The sections of air and water is initially isolated by the 

butterfly valve, and an air-water interface will be formed once after the fast open of 

the valve. That is, after the sudden valve open, the water will fall towards 

downstream due to upstream pressure and gravity effect, forcing the air pocket to 

propagate towards upstream. When the air pocket arrives at the vertical riser, a 

complex process with drastic air-water interaction and air-water mixture release 

through the vertical riser will be induced, which is recorded by the high-speed 

camera and measured by the high-frequency transducers (1kHz) installed in the 

system (see Fig. 4.22).  
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Fig. 4.21 The overall perspective of laboratory experiment system setup 

For experimental tests, the other parameters and settings are as follows: upstream 

tank is 0.6 m long, 0.6 m wide and 0.8 m height, with its bottom connected with the 

horizontal pipe with outer diameter = 0.1 m and inner diameter = 0.094 m by a 

hosepipe with the same diameter. The vertical riser with also inner diameter = 0.094 

is installed at the distance of 2.255 m from the upstream tank. The initial water depth 

of the vertical riser from the bottom of the horizontal pipe (also the available tank 

head) is 0.98 m. Before the testing, the butterfly ñBò (see Fig. 4.22) is located at a 

distance of 3.018 m away from the center of the riser to hold the pressurized water, 

while another valve ñAò is at 1.006m away from this middle valve ñBò to form the 

air pocket. The transient air-water flow is generated by the sudden open of the valve 

ñBò but the valve ñAò is always kept closed during the process. 
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Fig. 4.22 The schematic of the laboratory experimental test system and associated 

test facilities 

For numerical tests, the mesh grid of æὼ=æy=0.01 m and time step æt = 210-3 s is 

applied in the developed model for the calculation. The no-slip condition is imposed 

for the wall boundaries for the boundary condition, and the constant pressure head 

condition is for the inlet of upstream tank and open end of vertical riser. 

The results of air pocket advancing process before it reaches the vertical riser are 

shown in Fig. 4.23, and those when the air pocket is approaching to the riser are 

shown in Fig. 4.24. As validated in above sections, the numerical results agree well 

with the experimental observations (e.g., front location with time), which confirms 

further the validity of the developed model and method. 

 




































































































































































































































































