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Abstract 

Theoretical analysis of plasmonic lasers is performed based on typical optical 

waveguide theory and laser physics. The study begins with the analysis of 1-

dimensional planar waveguides, which has a highly symmetric structure with relatively 

simple mathematical derivation process from Maxwell equations. A two-layer planar 

waveguide is used to demonstrate the behavior of surface plasmon polariton 

propagating in a single metal-dielectric interface, in which light is confined within the 

sub-wavelength range along the transverse direction. Hence, this shows the significance 

of incorporating metal in laser designs to confine light within a small region. In addition, 

a three-layer planar waveguide (with two metal-dielectric interfaces) shows the 

interaction of surface plasmon between multiple adjacent metal-dielectric interfaces, 

resulting in a totally different behavior when compared to the two-layer system. It is 

noted that the degree of interaction highly depends on the distance between the two 

interfaces. Reflection Pole Method (RPM) is also used to analyze the optical behaviour 

of multi-layer planar waveguide structures. RPM is applied to study the longitudinal 

guided modes of common planar laser designs in recent researches. In particular, it is 

confirmed that by adding a thin dielectric protection layer between the gain medium and 

the metallic layer, the lasing threshold of Fabry-Pérot modes in nano-cavities can be 

effectively reduced due to the suppression of metallic absorption. Similar analysis also 

applies to the study of the whispering-gallery modes (WGMs) of radially-layered 

cylindrical waveguides. 

 The experimental part of this study involves the discussion of techniques in 

cavity excitation and spectral analysis, followed by design and fabrication of 
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upconversion lasers with micro- and nano-scale features. There are two major works 

discussed in this area. First, single-crystalline microplates of the semiconductive 

perovskite CsPbCl3 are fabricated. The microplate laser cavities, which have square 

shape of side lengths ranging from 2 to 10 μm, support single- or multi-mode WGM 

lasing emission with quality factor Q ~ 1400 at peak wavelength of about 425 nm. The 

low lasing threshold of the cavities enables lasing emission through excitation via 2-

photon absorption (2PA) with 800 nm pump pulses, as well as 3-photon absorption 

(3PA) with 1280 nm pump pulses, at low temperature (83 K) and pressure (10–3 mbar). 

Second, plasmonic laser cavity is also designed using Yb3+−Er3+−Tm3+ tri-doped β-

NaYF4 hexagonal microrods as the gain material. White light emission, which is 

contributed by emissions from the red (654 nm), green (540 nm) and blue (450 nm) 

regimes, can be obtained from the gain medium through 980-nm excitation at room 

temperature. The laser is constructed by placing the NaYF4 microrods with 4-μm 

diameter onto an Ag-coated (50 nm) substrate, which alters the light distribution and 

enhances the emission intensity of WGM by more than 10 times due to plasmonic effect 

compared to a bare microrod without Ag coating. A micro-sized rod of the gain material 

ensures most of the light in the WGM is confined within it without a significant amount 

of metallic absorption in the Ag layer. This results in a much lower lasing threshold and 

compensates for the low quantum yield of the doped NaYF4 in order to achieve lasing, 

without requiring extremely high excitation power that often causes severe optical 

damage to the cavity. 
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1. Introduction  

To give a general idea of this work, this chapter discusses the basic information 

on plasmonic upconversion lasers made of waveguide structures, as well as the main 

contributions of the thesis. 

1.1. Overview of Optical Waveguides 

 Waveguides are structures which transport energy of waves. In particular, 

optical waveguides are designed for wavelengths within the visible-infrared range. The 

topic of optical waveguides was studied since the early 20th century and started to draw 

attention from researchers since the 1960s with a well-established theory based on 

Maxwell’s equations. [1, 2] During that time, waveguide designs using dielectric was 

the main focus, and various useful applications had been invented as technology 

advanced, especially optical fibers for energy and signal transmission.  

 Optical waveguides can be classified according to the materials they are made of. 

Waveguides made of only dielectric are called dielectric waveguides, whereas those 

including any metallic part can be regarded as metallic waveguides. The former kind 

transmits light by total internal reflection, in which light is well confined within the 

high-index dielectric, with small amount of optical loss due to material absorption and 

scattering (Figure 1.1a). This leads to the great performance of its applications. 

However, dielectric waveguides cannot be applied to devices with scales comparable to 

or smaller than the operation wavelength because of the diffraction limit. As the demand 

of micro- and nano-devices grows, researches in the 21st century started to focus more 

 



Introduction 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 2 
 

 

Figure 1.1   (a) Total internal reflection in a dielectric waveguide and (b) surface 
plasmon polariton in a metallic waveguide. 

on metallic waveguides, which enabled subwavelength confinement of the propagating 

light by surface plasmon formation at the metal-dielectric interfaces (Figure 1.1b). 

 There are a variety of typical waveguide shapes, with the planar slab structure 

being one of the most common types. Other examples include cylindrical, hexagonal 

and triangular structures as shown in Figure 1.2. In practice, despite the exact 

waveguide structures may vary with added complexity, they are usually designed based 

on these simple shapes, especially in small-scale optical devices, because they have 

excellent waveguiding properties and are easy to fabricate by film deposition and crystal 

growth. A few examples of complex structures used in experimental studies are shown 

in Figure 1.3 [3-5]. Adopting highly-symmetric geometry in waveguide designs is also 

advantageous in theoretical analysis, as simpler mathematical models can be used for 

performance optimization, which would be further discussed in following sections. 
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Figure 1.2   Common waveguide shapes, including (a) planar slab, (b) cylindrical, 
(c) hexagonal and (d) triangular structures. 

 

Figure 1.3   Examples of waveguide structures fabricated for experimental study, 
including (a) layered frustum, (b) circular slabs and (c) hexagonal rod on planar 
slabs. 
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1.2. Basic Formulation for Optical Mode Analysis 

 In an optical waveguide, there exists a number of modes, depending on its 

physical features and the surrounding environmental conditions. A mode is a specific 

distribution of electric and magnetic field that exists in the waveguide without 

attenuation due to destructive interference. This is important to study in order to 

optimize the optical energy distribution in any laser design to fit its purpose. Typically, 

a mathematical model for optical mode analysis is derived from the Maxwell equations 

 v

0

E



  


 (1.1) 

 0H 


 (1.2) 

 
H

E
t

 
  




 (1.3) 

 
E

H J
t

   


 
, (1.4) 

where E


, H


, J


, t, v , μ, ε and 0  are the electric field, magnetic field, electric current 

density, time, total volume charge density, permeability, permittivity and vacuum 

permittivity, respectively. In our study, we can assume v 0J  


 and μ = μ0, where μ0 

is the permeability of free space. By taking curls on both sides of Equations (1.3) and 

(1.4), we have 

     2 2

0 02 2r

H E E
E

t t t
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     2 2
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E H H
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t t t
    
   

      
  

  
, (1.6) 
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where ε0 and εr are the permittivity of free space and relative permittivity respectively, 

since ε = ε0εr. By using the identity that     2A A A     
  

 for any vector A


, 

as well as Equations (1.1) and (1.2), Equations (1.5) and (1.6) can be written as 

 
2

2
0 0 2r t

    
 




, (1.7) 

where   = E


 or H


. The equation (1.7) is the wave equation commonly used in optics. 

It effectively expresses the Maxwell equations with a single equation in one unknown, 

which much simplifies the problem. To solve Equation (1.7), we can consider using a 

trial solution. The solution should describe   fully in the type of mode being analyzed. 

As an example, we now consider the guided modes in a 2-layer semi-infinite planar slab 

waveguide as shown in Figure 1.4 below. 

 

Figure 1.4   2-layer semi-infinite planar slab waveguide 
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In this particular waveguide, the guided modes are expected to oscillate in harmonic 

time dependence as they propagate along the z-direction. Therefore, we can describe   

mathematically as 

  0( , , , ) ( ) expx y z t x j t z      
 

, (1.8) 

where 0  is a function in x, and ω and 𝛽 are the angular frequency and the propagation 

constant in the z-direction, respectively. By putting (1.8) into (1.7), we have the 

Helmholtz equation 

  
2

2 2
0 r2

0k
x

   
  



 
, (1.9) 

where 0 0 0k     is the vacuum wavenumber. At this point, we need to determine 

whether it is more convenient to solve for   as E


 or H


 in Equation (1.9). To do this, 

we need to find out the relationship between all of the field components by putting (1.8) 

into (1.3) and (1.4). This result gives 

  0ˆ ˆ ˆ ˆˆ ˆy yx z
x y z

E EE E
x y z j H x H y H z

z z x x


                       
  (1.10) 

  0 rˆ ˆ ˆ ˆˆ ˆy yx z
x y z

H HH H
x y z j E x E y E z

z z x x
 

                        
, (1.11) 

where Ex, Ey, Ez, Hx, Hy, and Hz are the field components, with x̂ , ŷ  and ẑ  being the 

unit vectors in the Cartesian coordinate plane, such that ˆ ˆ ˆx y zE E x E y E z  


 and 

ˆ ˆ ˆx y zH H x H y H z  


. By comparing the three components in each of (1.10) and (1.11), 

we can get the following system of six equations. 
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. (1.17) 

It can be found that Equations (1.12), (1.13) and (1.14) form an independent system in 

Hx, Ey and Hz, while Equations (1.15), (1.16) and (1.17) form another independent 

system in Ex, Hy, and Ez. The former and latter system correspond to the transverse 

electric (TE) and transverse magnetic (TM) modes, respectively. Note that Equations 

(1.14) and (1.17) have exactly the same form as Equation (1.9) that we previously 

derived because Ey and Hy are respectively the only electric and magnetic field 

component in TE and TM modes. Therefore, for TE (TM) modes, it would be more 

convenient to solve Ey (Hy) in Equation (1.14) (Equation (1.17)) first, followed by 

finding other field components that are already expressed in terms of Ey (Hy) in (1.12) 

and (1.13) ((1.15) and (1.16)). 

 In the above derivation, the assumption that the waveguide slabs are infinite on 

the yz-plane allows us to use a trial solution independent of y in (1.8), hence all of the 
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derivatives with respect to y becomes zero as shown in (1.10) and (1.11), effectively 

simplifying the problem. For this reason, in general, it is favorable to have the 

waveguide design as symmetric as possible. However, regardless of the waveguide 

geometry analyzed under any coordinate system, the mathematical deduction is usually 

similar to the case discussed in this section. Further details and analysis of the 

waveguide modes will be discussed in the next chapter. 

1.3. Surface Plasmon Excitation 

 Surface plasmon (SP) can be excited at an interface formed by a dielectric and a 

conductive material (e.g. metal and semiconductor). Consider, in the waveguide 

mentioned in Figure 1.4, that the bottom layer (layer 1) is metallic and the top layer 

(layer 2) is dielectric, such a dielectric-metal interface is formed. When surface plasmon 

is excited, we expect that all the fields concentrate at the interface and they should 

decay exponentially as x → ±∞. By letting x = 0 be the position of the interface, we can 

describe Ey and Hy, according to (1.8), as 

    1 1,0 1 1( ) exp expy y xx j t z A k x j t z                  (1.18) 

in layer 1 and 

    2 2,0 2 2( ) exp expy y xx j t z A k x j t z                   (1.19) 

in layer 2, where kxi > 0 is the propagation constant in layer i in the x-direction and Ai is 

a constant (i = 1,2). Now, we can apply the boundary conditions for (1.18) and (1.19) at 

x = 0. The boundary conditions require each of the field components that is tangential to 

the interface to be equal in both layers (since there is no surface current), and each of 

those being perpendicular to the interface to keep their amplitudes in both layers 
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according to their permittivity ratio (for electric field) or permeability ratio (for 

magnetic field). In our waveguide structure, they can be described as follows. 

 r1 1 r2 2x xE E    (1.20) 

 1 2y yH H   (1.21) 

 1 2z zE E   (1.22) 

 1 2x xH H   (1.23) 

 1 2y yE E   (1.24) 

 1 2z zH H , (1.25) 

where r1  and r2  are the relative permittivities in layer 1 and 2 respectively. As a result, 

by considering the boundary x = 0, for TE modes, we have 

 1 2A A   (1.26) 

 1 1 2 2x xA k A k  . (1.27) 

This leads to the requirement that A1(kx1 + kx2) = 0. However, in our convention, Re(kx1) 

and Re(kx2) are positive, so kx1 + kx2 ≠ 0. This leads to the conclusion that A1 = A2 = 0. 

Thus, all field components become zero in this case and we cannot have SP in TE mode. 

In contrast, for TM mode, the boundary conditions are 

 1 2A A   (1.28) 

 1 r2 1 2 r1 2x xA k A k   . (1.29) 
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Since r2 1 r1 2x xk k   can be zero, this system can be solved in the case 1 2 0A A  . By 

putting  expyi i xiH A k x j z t        into Equation (1.9), we can express kxi as  

 2 2 2
0 rxi ik k   . (1.30) 

Combining (1.29) and (1.30) we have the dispersion relation 

 1 2 1 2
0

1 2 1 2

r r r r

r r r r

k
c

   
   

 
 

, (1.31) 

where c is the speed of light in vacuum. It proves that SP exists for TM mode. Therefore, 

we can conclude that all of the plasmonic modes can only be TM modes but not TE 

modes. 

 At this point, for enhanced readability, we put r1 rm   and r2 rd  , 

corresponding to the relative permittivities of the metallic and the dielectric layer 

respectively. To visualize (1.31), we first assume rm  follows the simple Drude model 

[6]  

 
2
p

rm 2
1





  , (1.32) 

where p  is the bulk plasma frequency. This model assumes the electrons in the metal 

are completely free, neglecting the damping effect due to electron motion and interband 

transitions. However, it still gives useful insights for plasmonic waveguide design in a 

simple manner by having purely real rm . Here, for 16 1
p 1.5 10 rad s    and rd 1   (i.e. 

air), the Drude model in (1.32) and the dispersion relation (1.31) are plotted in Figure 

1.5. From Figure 1.5a, it can be seen that rm 0   only if p  , indicating that the 
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Figure 1.5   (a) εrm of a metal (𝛚p = 1.5×1016 rad s-1) at different values of 𝝎 
according to the simple Drude model and (b) the corresponding dispersion relation 
of an interface formed by such a metal with a dielectric (εrd = 1). kd is the 
wavenumber in the dielectric. 

metal shows its metallic behavior only at lower frequencies. In contrast, at higher 

frequencies such that p  , the metal behaves like a dielectric. As a result, only at the 

regime p   would the excitation of SP be possible. Then, we move on to look at 

more information about the optical modes at the dielectric-metal system by referring to 

the dispersion relationship plotted in Figure 1.5b. It is observed that the propagation 

constant 𝛽 is purely real when >p or <sp, wheresp is the surface plasmon 
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frequency. For p  , kx2 (mentioned in Equation (1.30)) is purely imaginary since 

2 2
0 rdk   for any given value of   according to the plot. This indicates light 

propagates along both x- and z-direction freely in the dielectric without being confined 

at the interface, corresponding to the radiative modes. It also agrees with the previous 

conclusion from Figure 1.5a that the metallic layer behaves like a dielectric without SP 

formation. For another case with  < sp, both kx1 and kx2 are purely real, which means 

light decays exponentially as an evanescent wave in the x-direction in both layers, 

according to the field component expressions (1.18) and (1.19) used in the first place. 

However, since 𝛽 is purely real, this forms bound modes with light propagating in the z-

direction but is confined along the x-direction at the interface, which is the result of SP 

formation. As for the frequency range sp <  < p, 𝛽 is purely imaginary and quasi-

bound modes are formed. We do not focus on it considering there is no light 

propagation along the interface.  

    After identifying the types of modes supported by a single dielectric-metal 

interface at different frequencies, we can now make further analysis regarding the 

excitation of SP (i.e. the bound modes). As discussed, for bound modes, 2 2
0 rdk   for 

any given excitation frequency. This gives us the important fact that it is impossible to 

have SP excited at a dielectric-metal interface by illuminating the metal surface through 

that same dielectric due to insufficient momentum. To solve this problem, we can do the 

excitation from a dielectric of higher r  than the one that formed the interface, which is 

demonstrated in Figure 1.6. Figure 1.6a shows one of the possible set-ups to achieve 

this, with a piece of metal placed on a high-index dielectric prism. In this way, light 

directed inside the prism would have sufficient energy to excite SP at the air-metal  
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Figure 1.6   (a) Schematic diagram of surface plasmon excitation at an air-metal 
interface using light coupled from a dielectric prism; (b) dispersion relation of the 
air-metal bound modes overlapped with the light lines of air and the dielectrics. 

interface. The frequency range which allows SP excitation using this method highly 

depends on the relative permittivities of the interface dielectric and the prism, denoted 

by rd,1  and rd,2 , respectively. To illustrate this, the dispersion relation of the interface 

bound modes is overlapped with the light lines of air and the prism in Figure 1.6b. From 
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this plot, it can be pointed out that the photon momentum in the prism is higher than 

that in the interface bound modes for some  , which defines the region SP excitation is 

possible. In the light of this, in plasmonic laser design, materials used to fabricate the 

resonators should be chosen carefully such that bound modes at the operation 

wavelength can be excited easily in practice. 

1.4. Waveguide as Lasing Cavity 

 A waveguide can be specifically designed for lasing purpose, in which a gain 

medium is inserted as part of the waveguide. A gain medium is a material which emits 

light with a characteristic wavelength when pumped from the ground energy level to 

higher energy level, followed by stimulated emission from the upper lasing level to the 

lower lasing level in a laser cavity. Figure 1.7a shows a three-level energy system [7], 

which explains one of the possible mechanisms for a gain medium to achieve lasing. In 

this system, the gain medium is pumped from the ground state (level 0) to a short-lived 

state (level 2), which transfers to a meta-stable state (level 1) as the upper lasing level. 

In a typical gain medium, the short-lived state should have a significantly shorter 

relaxation time than the upper lasing level, such that most of the pumped atoms would 

decay rapidly and stay at the upper lasing level for a long time. When the upper lasing 

level has more atoms than the lower lasing level (i.e. the ground state), it is said that the 

system has achieved population inversion. In this case, at the upper lasing level, most 

atoms which encounters a photon with energy equals to the bandgap between the upper 

and lower lasing levels would undergo stimulated emission, which causes the atom to 

fall back to the lower lasing level, generating a photon identical to the one triggered the 

process. Another example is the four-level system shown in Figure 1.7b, with level 1, 2  
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Figure 1.7   Principle of (a) three-level and (b) four-level laser. 

and 3 being the lower lasing level, upper lasing level and short-lived state respectively. 

The only difference of this system compared to the three-level system is that the lower 

lasing level is not the ground state. In this case, it is desirable to have a short relaxation 

time for the lower lasing level. This allows replenishment of the atoms at the ground 

level quickly for the atoms to be pumped again. 

 In stimulated emission, since the generated photons are identical to the incoming 

ones, we can design waveguide structures which select and preserve photons 

propagating along a certain path to generate an intense coherent light beam. Such 

structures are called laser cavities. To illustrate how a laser cavity works, a simple 

Fabry-Pérot cavity in Figure 1.8a is used as an example. The cavity consists of a piece 

of gain medium with reflective mirrors at both ends. When the gain medium is pumped, 

photons with the lasing wavelength are emitted in all directions through spontaneous 

emission. Since only the photons that align with the propagating direction can stay 

within the cavity, when population inversion is achieved, stimulated emission triggers a 

large number of coherent photons in this direction, resulting in an intense laser beam. In 

practice, one of the mirrors should be partially reflective such that the beam can exit the  
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Figure 1.8   (a) Simple Fabry-Pérot Laser Cavity and (b) its 2-D side-view 
schematic. 

cavity as the laser output. Furthermore, the cavity length l should be chosen in the 

design such that there is an optical mode at the desired operating wavelength. For the 

Fabry-Pérot cavity in our example, if we consider simple plane wave propagation inside 

the cavity, the roundtrip length L = 2l should be a multiple of the wavelength inside the 

gain medium to support the Fabry-Pérot mode, where constructive interference is 

achieved after light propagates for every roundtrip and returns to the initial position 

(Figure 1.8b). Mathematically, we can write 



Introduction 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 17 
 

 02
m

L l
n


  , (1.33) 

where n and λ0 are the refractive index of the gain medium and the vacuum wavelength, 

respectively. m is the mode order of the cavity, which is a positive integer. When an 

optical mode is excited, the number of aligned photons can be built up quickly without 

loss due to destructive interference. Cavities of other shapes may involve more 

complicated mathematics, but all of them depend on optical mode excitation to achieve 

lasing. 

There are a few commonly used parameters in lasing mode analysis, both 

theoretically and experimentally, to indicate the waveguiding performances of an 

optical mode to support lasing. To begin with, the loss of an optical mode can be 

measured by the effective absorption coefficient eff , which represents the decay of the 

modal optical energy according to the factor of effexp( )z  as propagation takes place 

in the z-direction. On the other hand, pumping the gain material yields a certain amount 

of optical gain G, which counteracts the optical loss in the system by a factor of 

exp( )Gz . To overcome the loss and achieve population inversion, G should be greater 

than or equal to eff , meaning that the minimum optical gain required for lasing (i.e. 

threshold gain) is given by 

 eff
thG





, (1.34) 

where Γ is the confinement factor (i.e. fractional energy in the gain medium of a given 

mode), which can be calculated by numerical integration over the solved modal field 

energy distribution. In the theoretical part of this work, it is assumed that the reflectivity 
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of any reflector is 100%, such that no light is lost at the reflectors and eff  only depends 

on the optical loss due to absorption and scattering by material inside the cavity. 

Furthermore, we can interpret the performance of a lasing mode by quality factor Q, 

which is broadly defined as [8] 

 
Energy stored

2
Energy lost in one cycle of oscillation

Q   . (1.35) 

From this definition, Q of a lasing mode can be expressed in terms of common 

parameters in laser physics, such as 

 0

0

Q






, (1.36) 

where 0  is the full-width at half-maximum (FWHM) of the lasing peak in the 

wavelength spectrum. This is commonly used when measuring Q experimentally. For 

theoretical analysis, Q is calculated with different methods depending on the cavity 

structure and the mathematical model used, but they are all based on its definition stated 

in Equation (1.35). More details concerning parameter calculation, both theoretically 

and experimentally, would be discussed in the following chapters. 

1.5. Upconversion Laser 

For maximum efficiency, the gain material in the laser is usually optically 

excited with a pump light source of shorter wavelength (i.e. higher photon energy) than 

the peak gain wavelength of the material. This is a one-to-one process, in which each 

pump photon excites an atom (or a molecule) of the gain material, and the atom ends up 

at the upper lasing level. Such a process is called downconversion. If we take a three-

level laser system as an example, as shown in Figure 1.9a, it can be seen that the gain 
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Figure 1.9   Principle of (a) downconversion and (b) 2-photon upconversion lasers. 

material absorbs pumping photons of energy (E2− E0), which is the bandgap between 

the meta-stable state and the ground level (non-radiative de-excitation is neglected.). In 

this case, one pumping photon is capable of exciting one of the gain material species 

from energy level E0 to E2. However, it is also possible to achieve the same excitation 

through pump photons with energy (E2 − E0)/2, in which two photons are required. This 

process is called 2-photon upconversion, which is illustrated in Figure 1.9b. In general, 

n-photon upconversion is possible when n photons with pump photon energy 

Epump = (E2 − E0)/n excites one atom or molecule simultaneously. Upconversion occurs 

at a much lower rate than downconversion, hence lasers excited through this mechanism 

has a much higher lasing threshold. Nevertheless, upconversion lasers can be useful in 

converting photons of lower energy into higher ones, allowing the laser to find more 

applications. For instance, upconversion lasers excited by infra-red photons and 

emitting visible light can be used in non-invasive tumor imaging and treatment [9]. 
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1.6. Contribution of the Thesis 

This thesis demonstrates how plasmonic upconversion lasers can be tuned to 

give different lasing characteristics, especially the reduction of optical loss. The main 

contribution include 

1) demonstration of high-quality single- and multi-mode lasing in halide 

perovskite micro-lasers via multiphoton excitation. (Chapter 4, see Ref. [10]) 

2) demonstration of emission enhancement and lasing threshold reduction of 

lanthanide-doped NaYF4 hexagonal micro-rod lasers through plasmonic 

effect. (Chapter 5, see Ref. [11]) 

Other contribution include 

1) theoretical optimization of Fabry-Pérot modes in rectangular plasmonic slot 

GaN lasers by Reflection Pole Method (RPM) (Chapter 2) 

2) demonstration of high tunability of lasing characteristics in whispering-

gallery modes (WGMs) of radially-layered cylindrical lasers. (Chapter 2) 

1.7. Conclusion 

 Waveguides can act as lasers when their structures support the feedback of 

stimulated emission, which is triggered by pumping of a gain medium to achieve 

population inversion. To enhance the performance of a laser, plasmonic effect can be 

introduced to a laser to achieve subwavelength confinement of light. Moreover, 

multiphoton pumping (i.e. upconversion) of the gain medium allows lasers to find more 

applications by having a pump wavelength much longer than the emission wavelength. 

These two areas would be discussed extensively in the following chapters. 
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2.   Theoretical Analysis of Cavity Modes 

 A laser cavity design can be optimized with the help of theoretical mode 

analysis. It determines how well each of the optical modes supported in a laser cavity is 

performing, indicated by various parameters as figures of merit. In this chapter, a few 

common metallic waveguide structures will be considered for more in-depth mode 

analysis. 

2.1. Two-layer Planar Slab Waveguide 

 Since our work focuses on metallic waveguides, a two-layer planar slab structure 

refers to a metal-dielectric interface, in which the mathematical derivation for mode 

analysis is already discussed extensively in Chapter 1 as an example. In this section, we 

will make use of the previous results to analyze the surface plasmon modes (i.e. bound 

modes) at a single dielectric-metal interface.  

 We first consider the aforementioned air-metal structure again with rd 1  , 

2
p

rm 2
1





   and 16 1

p 1.5 10  rad s   . Three different frequency values, 160.3 10   , 

160.5 10  and 16 10.9 10  rad s  (corresponding to wavelengths    628, 377 and 

209 nm respectively), were chosen for bound mode analysis. The intensity distribution 

of the propagating optical energy (i.e. magnitude distribution of the z-component of the 

Poynting vector |Sz|) for each of the frequency values, is plotted in Figure 2.1b, 

corresponding to purely real propagation constants of 1 , 2  and 3  as indicated on the 

dispersion curve plotted in Figure 2.1a. Within the bound mode frequency range 

( sp  ), it can be seen that β increases as ω with 1 2 3    . As a result, light 
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Figure 2.1   (a) Dispersion relation of bound modes in an air-metal interface using 
the simple Drude model (𝛚p = 1.5×1016 rad s-1) and (b) the |Sz| distributions of 
bound modes at different frequencies. 

becomes more confined at the interface located at x = 0 with a greater fraction of the 

light confined at the metallic layer. There exists a surface plasmon frequency sp

such that    as sp  , which is given by 

2
p p

rd rm sp2
sp rd

1
1

 
  

 
      


.   (2.1) 
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The results shown in Figure 2.1 are based on the simple Drude model, which neglects 

any damping effect in the metallic layer and infinite degree of optical confinement 

without loss can be achieved. However, in practice, this phenomenon would be 

impossible. We can illustrate this by considering rm  as a complex number, in which the 

imaginary part represents the relaxation effects in the metal. To achieve this, a factor 

can be added to the simple Drude model to represent the relaxation behavior due to 

electron collisions, resulting in [6] 

 
2
p

rm 2
1

j




 
 


, (2.2) 

where γ is the collision frequency. Although Equation (2.2) does not consider damping 

due to interband transitions, it would be sufficient to demonstrate the effect of metal 

relaxation on β. Using this modified Drude model with 145 10  Hz   , the dispersion 

curve of the air-metal interface was plotted again in Figure 2.2, which clearly shows that 

β is always finite. Furthermore, β is no longer purely real in the region sp  , in 

which Im(β) represents the field decay because of the  exp j z  field dependence 

upon propagation. As Re(β) approaches its maximum near sp  , |Im(β)| rises rapidly, 

showing that a bound mode with strong confinement is associated with large optical loss 

due to increased involvement of the metallic layer (hence increased metallic absorption 

of light). Therefore, there is often a trade-off between confinement strength and lasing 

threshold in real plasmonic laser design. A balance between the two should be made for 

optimal performance. 

 From the above results concerning the bound modes of an air-metal interface, a 

simple Drude model effectively predicts the dispersion relation even when the metal is 
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considered as a lossless medium for simplicity. However, in practice, one should note 

that the degree of confinement is usually enhanced at the cost of increased optical loss, 

which can be visualized by modeling the metal as a lossy material with a slight 

modification of the simple Drude model.  

 

Figure 2.2   Dispersion relation of an air-metal interface using a modified Drude 
model with electron collision damping 

 

2.2. Three-layer Planar Slab Waveguide 

 After studying the modal characteristics of a single air-metal interface, we now 

move on to analyze waveguides that are more complicated. In this section, we would 

focus on the three-layer planar structure. For plasmonic waveguides, IMI (insulator-

metal-insulator) or MIM (metal-insulator-metal) configuration are common structures 

that can be taken as examples. Both of them involve two dielectric-metal interfaces that 

interact with each other. 

 Before the optical modes can be found and analyzed, the dispersion relation of  
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Figure 2.3   Three-layer planar slab waveguide. 

the three-layer system has to be deduced. To achieve this, a schematic diagram is drawn 

in Figure 2.3 for mathematical derivation. The structure includes Layer 2 with a finite 

thickness 2a along the x-direction sandwiched between two semi-infinite end layers 

(Layers 1 and 3). According to the figure, one can describe the field components using 

techniques similar to the previous case with the two-layer system, such that it decays 

outward exponentially along the x-direction at the end layers. As for Layer 2, the field 

should involve both forward and backward wave components propagating along and 

against the x-direction respectively. By considering t = 0 in the harmonic term 

 exp j t  at position z = 0, the field components of TM modes can be expressed as 

  1 1expy xH A k x   (2.3) 

  1 1
0 r1

expx xE A k x


 
    (2.4) 
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  1
1 1

0 r1

expx
z x

k
E jA k x

 
   (2.5) 

for Layer 1, 

    2 2 2exp expy x xH B k x C k x     (2.6) 

    2 2 2
0 r2 0 r2

exp expx x xE B k x C k x
 

   
      (2.7) 

    2 2
2 2 2

0 r2 0 r2

exp expx x
z x x

k k
E jB k x jC k x

   
     (2.8) 

for Layer 2 and 

  3 3expy xH D k x    (2.9) 

  3 3
0 r3

expx xE D k x


 
     (2.10) 

  3
3 3

0 r3

expx
z x

k
E jD k x

 
     (2.11) 

for Layer 3, where 2 2 2
0 rxi ik k    (i = 1,2,3) and A, B, C, and D are amplitude 

coefficients. The field components also have to satisfy the boundary conditions 

      1 2 2exp exp expx x xA k a B k a C k a      (2.12) 

      1 2 2
1 2 2

r1 r2 r2

exp exp expx x x
x x x

k k k
A k a B k a C k a
  

      (2.13) 

at x a   and 

      3 2 2exp exp expx x xD k a B k a C k a      (2.14) 
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      3 2 2
3 2 2

r3 r2 r2

exp exp expx x x
x x x

k k k
D k a B k a C k a
  

       (2.15) 

at x = a. Combining Equations (2.12) to (2.15), we have the dispersion relation 

  
2 1 2 3

r2 r1 r2 r3
2

2 1 2 3

r2 r1 r2 r3

exp 4

x x x x

x

x x x x

k k k k

k a
k k k k

   

   

  
   

   
  

   
  

 . (2.16) 

Note that when a  , Equation (2.16) reduces to r2 1 r1 2x xk k    or r2 3 r3 2x xk k   , 

which corresponds to the dispersion relation of the single dielectric-metal interfaces 

deduced previously in Equations (1.28) and (1.29). This matches with our expectation 

that the interaction between the SP at two dielectric-metal interfaces that are separated 

far apart is negligible. As for the case that a is finite, further simplification of the 

problem can be done by considering Layer 1 and Layer 2 being identical (i.e. r1 r3   

and 1 3x xk k ). In this case, (2.16) can be separated into the following two equations: 

    
2 1

1 r2r2 r1
2 2

2 1 2 r1

r2 r1

exp 2 tanh

x x

x
x x

x x x

k k
k

k a k a
k k k

 


 


    


 (2.17) 

    
2 1

2 r1r2 r1
2 2

2 1 1 r2

r2 r1

exp 2 tanh

x x

x
x x

x x x

k k
k

k a k a
k k k

 


 


     


. (2.18) 

By putting (2.17) back into (2.12) and (2.13), it can be seen that (2.17) represents modes 

with B C  and A D , in which Hy and Ex are even functions and Ez is an odd function 

in x (i.e. odd parity). Similarly, it can be proven that (2.18) corresponds to the case with 

B C   and A D  , such that Hy and Ex are odd functions and Ez is an even function 
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Figure 2.4   Dispersion relation of odd and even modes of IMI (air-gold-air) system 
with gold thicknesses 2a = 30 nm and 2a = 60 nm. 

in x (i.e. even parity). As a result, the modes represented by (2.17) and (2.18) are called 

odd modes and even modes respectively. 

Here, we consider the IMI system with gold ( 16 1
p 1.3687 10  rad s   ) and air 

under the simple Drude model. The dispersion relations of the system with gold 

thickness 2a = 30 nm and 2a = 60 nm, are plotted in Figure 2.4. The result shows that 

the dispersion curve in each of the two cases splits into two, corresponding to the odd 

modes and even modes. It can be seen that the dispersion curve of odd (even) mode 

shifts upward (downward) from that of the air-gold single interface, indicating that SP 

propagating in multiple air-gold interfaces would interact with each other to give a 

modification to the resulting plasmonic modes. It is within our expectation that a thicker 

gold layer (i.e. larger value of 2a) in the IMI system results in less SP interaction and 

dispersion curve shift, as the two air-gold interfaces are separated further apart. In 

addition, for any gold thickness, as the propagation constant   , we have xik   
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Figure 2.5   Magnetic field (Hy) distribution of the (a) odd mode and (b) even mode 
supported by the IMI (air-gold-air) system on the xz-plane over a 2 μm × 2 μm 
area, with gold thickness 2a = 30 nm and wavelength λ = 600 nm 
(i.e. 𝛚 ≈ 3.14 × 1015 rad s-1). The gold layer is assumed to be lossless, following the 
simple Drude model. 

since 2 2 2
0 rxi ik k    (i = 1,2). By putting kxi = β into Equations (2.17) and (2.18),  we 

have 

 
2 2

p 1 1
sp

1 11

2 2
1 1

1 11

a ae e    
 

 

    
 

, (2.19) 

where ω+ and ω− are the angular frequencies of the odd and even modes respectively. 

According to this equation, ω+ and ω− approaches to ωsp from above and below 

respectively, as   . To visualize the odd and even modes, their magnetic field (Hy) 

distributions on the xz-plane is plotted according to the field expressions (2.3), (2.6) and 

(2.9) for 2a = 30 nm and wavelength λ = 600 nm. The results are presented in Figure 2.5, 

which agree with the fact that Hy is an even (odd) function for the odd (even) modes. 

Furthermore, it can be seen that the field of the even modes is more confined than the 

odd modes, which matches with the fact (from Figure 2.4) that for the same value of ω, 

β of the even mode is always larger than that of the odd modes. It is also worthy to note 
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Figure 2.6   Dispersion relation of odd and even modes of MIM (gold-air-gold) 
system with air gap thicknesses 2a = 30 nm and 2a = 60 nm. 

that a small value of 2a actually shifts the dispersion curve of the odd modes closer to 

the light line ck  , because high degree of light confinement within two close air-

gold interfaces is less favourable in this case, and the light wave tends to behave like 

typical plane waves travelling in a homogeneous dielectric. This can also be observed in 

Figure 2.5a, where light propagation depends less on SP propagation, resulting in less 

degree of light confinement along the x-direction. 

 For the gold-air-gold MIM system, the dispersion relations of the odd and even 

modes are also different from that of the single air-gold interface, as shown in Figure 

2.6. Similar to the previous case with the IMI system, a larger value of 2a in the MIM 

system separates the two air-gold interfaces further apart, resulting in less interaction 

between them, as well as a dispersion curve closer to that of a single air-gold interface. 

However, in the case of the MIM system, 2a refers to the air gap thickness between the 
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Figure 2.7   Magnetic field (Hy) distribution of the (a) odd mode and (b) even mode 
supported by the MIM (gold-air-gold) system on the xz-plane over a 
0.3 μm × 0.3 μm area, with air gap thickness 2a = 60 nm and wavelength 
λ = 200 nm (i.e. 𝛚 ≈ 9.42 × 1015 rad s-1). The gold layer is assumed to be lossless, 
following the simple Drude model. 

two gold layers instead. In addition, regardless of the air gap thickness, the dispersion 

curve of the odd modes and even modes respectively approaches to the line sp   

from below and above when   , because one can derive another relation similar to 

(2.19), that 

 
2 2

p 2 2
sp

2 22

2 2
1 1

1 11

a ae e    
 

 

  
 

  . (2.20) 

The shapes of the dispersion curves for the MIM system are very different from those of 

the IMI one. First, for the odd modes, the initial slope at 0   depends on 2a, and is 

different from that of the single air-gold interface. Second, for the even modes, the 

dispersion curve does not pass through the origin. These properties can be attributed to 

the thin and finite air gap of the MIM system, in contrast to the semi-infinite air regions 

available in the IMI system for plane-wave-like propagation at low frequencies. The 

magnetic field distributions of the odd and even modes in the MIM system (2a = 60 nm) 
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at wavelength 200 nm  are plotted in Figure 2.7. Again, Hy is found to be an even 

and an odd function for the odd and even mode, respectively. Moreover, since the odd 

mode has larger β than the even mode, as presented in Figure 2.6, it packs a higher 

number of wavelengths within 300 nm along the z-direction. 

 By studying simple symmetric IMI and MIM systems, it can be seen that when 

multiple dielectric-metal interfaces exist in a structure, its modal behavior would be 

very different from that of a system with only one interface. A smaller distance between 

the SP sites results in stronger interaction. 

2.3. Reflection Pole Method for Multi-layer Slab Waveguide 

In the previous section, optical modes of simple planar waveguides can be found 

directly by plotting the dispersion curve. However, for more complicated planar 

structures with more layers, solving for the modes can be numerically challenging. In 

this case, it is more convenient to use the reflection pole method (RPM) [12] to find the 

supported optical modes. This method involves expressing the boundary and initial 

conditions in matrix form, followed by solving the resonant condition for a single 

wavelength. In this section, the full mathematical derivation of such method, as well as 

its application in the analysis of a few waveguide examples, will be discussed. 

To make our mathematical model more general, we suppose the planar 

waveguide to be studied has N layers (where 2N   is an integer), which are infinite 

over the yz-plane. In the x-direction, the end layers (Layer 1 and Layer N) are assumed 

to be semi-infinite, while the other layers have finite thicknesses. x = 0 is defined as the 

location of the first interface between Layer 1 and 2, as illustrated in Figure 2.8. In this 

case, for TM modes, we can describe the magnetic field Hy in each layer at time t = 0 as 
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Figure 2.8   N-layer planar slab waveguide. 

 

         ex xpe p ep xyi i xi i i xi iH A k x x B k x x j z      ,  (2.21) 

where kxi is the wave constant of the i-th layer (i = 1,2,3,…,N) in the x-direction given 

by 2 2 2
0 rxi ik k   , with εri being the relative permittivity of that layer. xi is the x-

position of the i-th boundary, and Ai and Bi are the amplitude coefficients. Similar to the 

formulation for the two- and three-layer planar systems, Equation (2.21) describes the 

forward and backward waves in each layer along the x-direction with light propagation 

along the z-direction. However, unlike the previous sections, for systems that may 

involve more than three layers, it is much more convenient to express Hyi in terms of xi 

instead of omitting it, such that, as one would notice in the future steps of the 
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mathematical derivation, the resulting dispersion relation can be expressed in terms of 

the thickness of each layer easily. With Hy written for each layer as Hyi, the functions of 

adjacent layers can be related by the boundary conditions , 1yi y iH H  , r r, 1 , 1i xi i x iE E     

and , 1zi z iE E   (see Equations (1.20) to (1.22) in Chapter 1). This leads to 

 1
1

1
i

i i

i i

A A
T

B B





   
   

   
, (2.22) 

where the matrix Ti can be defined as 
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, (2.23) 

with di being the thickness of the i-th layer. Inductively, Equation (2.22) can be applied 

from i = N to i = 2 to give 

 1 11 12 1
1 2 1

1 21 22 1
2

N
N

N
N

A A t t A
T T T T

B B t t B 

       
         

      
. (2.24) 

During the optical excitation of the system, it can be assumed that light wave comes 

from the bottom of the system in Layer 1. Therefore, there should be no reflected 

backward wave along the x-direction in the N-th layer since no interface is located 

beyond x = xN−1, this results in BN = 0, so 

 11 12 1

21 22 10
N t tA

t t B

A    
     

     
. (2.25) 

As a result, when the system is in resonance, we have 
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 1 21
22

1 22

Reflectance ( ) 0
B t

R t
A t

      . (2.26) 

In RPM, Our main objective is to solve  22 0t    (i.e. finding β of the optical 

modes) mentioned in Equation (2.26), which is numerically challenging and 

computationally heavy. RPM is a method designed to solve complicated complex 

equations like this. In the method,  Im   is fixed at 0, and the phase of 22t  is 

monitored as  Re   varies. Any sudden and rapid change in the phase of 22t  that 

results in a symmetric pole (sharp peaks) in the phase derivative curve of 22t  indicates 

the existence of a root of β with that particular real part. In this way, we can locate the 

approximate value of the real part of the root and hence narrow down the range for root 

searching by setting it as the initial value for computational techniques like Newton-

Raphson Method. For enhanced readability and convenience of computation, we first 

express the propagation constant β as 

  0 eff 0 r ik n k n jn    , (2.27) 

where k0 is the (purely real) vacuum wavenumber and eff r in n jn   is the complex 

effective refractive index (i.e. mode index), with nr and ni as the real and imaginary part 

indices respectively. In this case, we can vary nr to monitor the phase of t22 (ϕ). To 

visualize the roots, one can plot the phase derivative dϕ/dnr against nr. After solving β, 

we can substitute it back to Equation (2.21) to find Hyi for each layer. The other two 

field components Exi and Ezi can be deduced by 

 
0 r

xi yiE H


 
    (2.28) 
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E

x


  

 , (2.29) 

which are essentially the same as Equations (1.15) and (1.16) mentioned in Chapter 1. 

We further note that RPM also works for TE modes by replacing Hyi with Eyi in 

Equation (2.21) at the beginning of the mathematical derivation process. However, as 

discussed in Chapter 1, TE modes do not support SP, so they are not our focus. 

 In the following, we will verify our mathematical model by applying it to a gold-

air-gold (MIM) system, and compare the results with that derived from the dispersion 

relation in the previous section. Figure 2.9 shows the dispersion curves of odd and even 

modes of the MIM system with air gap thickness 2a = 100 nm, according to the 

dispersion relation derived previously (Equation (2.16)). Two wavelengths, 250 nm   

and 600 nm  , are nominated for the verification, their corresponding ω values are 

marked as black horizontal dashed lines on the plot. By looking at the intersections 

between the black dashed lines and the dispersion curves, it can be seen clearly that both 

odd and even modes are supported at 250 nm  , whereas only the odd mode is 

supported for  = 600 nm. Here, we try to apply RPM to the same waveguide system to 

see if the results are consistent with what is shown in Figure 2.9 for the two nominated 

wavelengths. To begin with, the phase derivative of t22 (dϕ/dnr) is plotted against nr in 

Figure 2.10 for each of the nominated wavelengths. It is noted that the full-width at 

half-maximum (FWHM) of each of the poles in the plots is equal to |2ni|. For this reason, 

a very small imaginary part    r1 r3Im Im 0.0001     is given to the relative 

permittivity of gold used in RPM (instead of keeping it zero according to the simple 

Drude model), such that 0in   and FWHM > 0 for the poles to become visible on the 

phase derivative plot, as presented in the figure. This modification will not have a 
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Figure 2.9   Dispersion relation of 1-dimensional gold-air-gold (MIM) system with 
semi-infinite gold layers and air gap thickness 2a = 100 nm. The black dashed lines 
indicate both odd and even mode (Mode 1 & 2) exists at wavelength λ = 250 nm, 
and only odd mode (Mode 3) exists at λ = 600 nm. 

noticeable impact on the value of nr, see Table 1. With the poles become visible, Mode 

1 to 3 are marked on Figure 2.10, with each pole corresponding to an optical mode. 

These modes are numbered corresponding to the intersection points marked on Figure 

2.9. To confirm such a correspondence is valid, β of each mode solved from RPM is 

found by 0 rk n  , and is matched with the result according to Equation (2.16) using the 

Newton- Raphson Method. According to Table 1, the values of β of Mode 1 to 3 found 

by RPM matched with those by Equation (2.16) for up to 8 significant figures when

   r1 r3Im Im 0.0001     is applied, and up to 12 significant figures when 

   r1 r3Im Im 0   . To further verify the results of RPM, the magnetic field (Hy) 

distribution of the supported modes indicated on Figure 2.10 are presented in Figure 

2.11, showing that the magnetic field of Mode 1 is an odd function in x (i.e. even mode)  
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Figure 2.10   Phase derivative of t22 (dϕ/dnr) against real part index (nr) of the gold-
air-gold system (air gap thickness 2a = 100 nm) for (a) λ = 250 nm and (b) λ = 600 
nm. The imaginary part index (ni) is set as zero. Simple Drude model is used to 
model the relative permittivity of gold, with −0.0001 as the fixed imaginary part. 

while that of Mode 2 and 3 are even functions in x (odd modes). Therefore, it is 

convincing to conclude that RPM essentially gives the same results as with the 

dispersion relation. 

Solving the optical modes in terms of neff instead of finding β directly, is more 

intuitive. The group index nr is analogous to the bulk material refractive index. It can be 

regarded as the “refractive index” of the optical mode in the propagating direction z. 

Using the nr values from Figure 2.10, one can find that over a 1-μm z-distance, Mode 1, 

2 and 3 should accommodate around 3.972, 5.812 and 2.033 wavelengths respectively 

(calculated by r /zn L  , where Lz is the z-distance). This agrees with Figure 2.11. 
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Table 1   Values of 𝛃 (× 108 m-1) of Mode 1 to 3 of the gold-air-gold system 
(2a = 100 nm) deduced by RPM and by Equation (2.16) for λ = 250 nm and λ = 600 
nm, up to 12 significant figures. 

Mode RPM (Im(𝛆r1) = −0.0001) RPM (Im(𝛆r1) = 0) Equation (2.16) 

1 (Even Mode)  0.249253517896 0.249253518395 0.249253518395 

2 (Odd Mode) 0.365102410514 0.365102410869 0.365102410869 

3 (Odd Mode) 0.127803149056 0.127803149056 0.127803149056 

 

 

Figure 2.11   Magnetic field (Hy) distribution of Mode 1 to 3 supported by the MIM 
(gold-air-gold) system on the xz-plane, with air gap thickness 2a = 100 nm. 
The dimension of each of the plots is 1 μm × 1 μm, and Im(εr1) = Im(εr3) = −0.0001. 
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Despite RPM only solves the TM modes at one wavelength at a time, it is still 

very useful in the analysis of laser cavities. As mentioned in the previous chapter, a 

laser depends on a gain medium to enable stimulated emission of certain specific 

wavelengths, so the application of RPM on those specific wavelengths is often 

sufficient. There is no need to apply RPM over a large range of wavelengths. In the 

following, we would use RPM to predict the optical mode in a more realistic laser 

structure. The structure, which is shown in Figure 2.12a, is designed by Zhang et al. 

[13]. It includes a GaN triangular nano-rod as the gain medium, which is placed on an 

Al film with an 8-nm SiO2 coating. Usually, it is challenging to perform theoretical 

analysis on a structure with such a complicated geometry using relatively simple 

methods like the RPM we have derived. Instead, finite-element method is commonly 

used to solve the modes, at the cost of a great amount of computational resource. 

However, by considering the middle part of the cross-section of the original design, a 

simplified structure with only planar slabs can be generated in order to apply RPM, see 

Figure 2.12b. Using RPM, it is found that the simplified structure has only one 

plasmonic mode, with the electric field strength (|E|) distribution shown in Figure 2.12d. 

When comparing this result with Figure 2.12c, which is the |E| distribution of the 

original structure obtained by Zhang et al. with 3-D finite-element method, it can be 

observed that RPM effectively predicts the field distribution at the middle part of the 

cross-section of the original design. The noticeable difference of |E| between the two 

sets of result can be found at the GaN-air interface, which is due to the sharp edge of the 

triangular rod, compared to a flat GaN surface in the simplified structure. In general, 

many 2-D and 3-D structures with combinations of common shapes can be simplified 

into a 1-D planar structure for quick prediction of modal light distribution using RPM 

with reasonable accuracy. 
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Figure 2.12   (a) 3-D schematic of the GaN laser designed by Zhang et al. in Ref. 
[13], with a GaN triangular rod placed on a piece of SiO2-coated Al. (b) shows the 
cross-section of the simplified semi-infinite planar waveguide structure (right) 
considered for theoretical analysis by RPM, compared to that of the original 
structure (left). The simulation result by Zhang et al. [13] on the original structure 
is shown in (c), and that by RPM on the simplified planar structure is shown in (d). 
The material refractive indices used in RPM are the same as those used in Ref. [13]. 

There are many well-known techniques and considerations regarding the design 

of a plasmonic laser. Here, with reference to the laser structure in Figure 2.12a, we will 

discuss some of the effects of material and dimension on the performance of a 

plasmonic laser. A structure similar to the one in Figure 2.12a is proposed as an 

example, which is shown in Figure 2.13. It is formed by a GaN rod placed on a SiO2-Al-
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Figure 2.13   (a) Oblique, (b) front and (c) top view of the proposed GaN laser for 
2-D RPM analysis. 
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Figure 2.14   Deduced modal |Sz| distribution of the planar plasmonic slot laser for 
tGaN = 68 nm, tSiO2 = 8 nm and tAl = 40 nm using (a) 2-D RPM and (b) finite-element 
method (COMSOL Multiphysics 5.0). 

SiO2 slab system. Unlike the original design by Zhang et al., the Al layer is assumed to 

be grown on a semi-infinite SiO2 substrate in the proposed system, such that it has finite 

thickness. In this case, the effect of the Al thickness on the laser performance can be 

studied as well. Moreover, the cross-section of the GaN rod is assumed to be square in 

shape, which facilitates 2-D analysis with RPM. The 2-D analysis is done by first 

applying the original 1-D RPM over Region 1 to 3 shown in Figure 2.13c along the x-

direction to obtain the effective refractive index neff,xi (i = 1,2,3) for each region, 

followed by applying 1-D RPM for an additional time on a virtual 3-layer waveguide 

formed by virtual planar slabs with refractive indices equal to neff,x1, neff,x2 and neff,x3, 

along the y-direction. The resulting 2-D modal field distribution of any point on the xy-

plane is the product of the two normalized field strengths of that point solved in the x- 

and y-direction. Such a method may not give exactly the same results compared to the 

finite-element method, especially for the field distributions at locations around sharp 

corners and edges of the structure, but is useful in predicting the performance trend of 
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the 2-D structure quickly as the lasing and structural conditions vary. To verify the 

reliability of the 2-D RPM, the magnitude distribution of the z-component of Poynting 

vector |Sz| (i.e. propagating energy distribution) is plotted for the planar laser with tGaN 

(side length of the GaN rod), tSiO2 (thickness of the SiO2 separation layer) and tAl 

(thickness of the Al layer) being 68, 8 and 5 nm respectively, see Figure 2.14. From the 

figure, it can be seen that the distribution calculated by 2-D RPM roughly matched with 

that by finite-element method with reasonable degree of accuracy. 

 In the following analysis, we try to vary the dimension of one of the layers at a 

time and look for the changes in laser performance. In doing so, the dimension of each 

layer can be fixed one by one in the optimization process. At the operation wavelength

0 375 nm  , the refractive indices used for GaN, SiO2, and Al are 2.6221 [14], 1.4731 

[15] and 0.42484−j4.5244 [16], respectively. To begin with, we assume the base side 

length of the GaN rod (tGaN) to be 68 nm, which is equal to the base height of triangular 

rod in the original design in Figure 2.12a. Then, by fixing the thickness of the SiO2 

separation layer (tSiO2) to a few nominated values, the effective refractive index neff,x2, 

optical confinement factor Γ and effective threshold gain Gth, are plotted against Al 

thickness (tAl) in Figure 2.15a to Figure 2.15d. The results show that a thicker Al layer 

is associated with a smaller modal loss by lowering |ni,x2| (the magnitude of the 

imaginary part of neff,x2) (Figure 2.15b), which is proportional to the effective 

absorption coefficient αeff in the decay term effexp( )z  of the optical energy, 

according to 

 eff 0 i, 22 xk n  .     (2.30) 

The reduction in optical loss is due to the capability of a thicker Al layer to prevent light 
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Figure 2.15   (a) Real part index nr,x2, (b) imaginary part index ni,x2, (c) 
confinement factor Γ and (d) effective threshold gain Gth of the GaN laser formed 
by square-based GaN rod (tGaN = 68 nm) on SiO2-Al-SiO2 planar structure for 
various Al thicknesses (tAl) when the thickness of SiO2 separation layer (tSiO2) is 
fixed at 4, 8, 15 and 50 nm, calculated by 2-dimensional RPM. (e) and (f) 
respectively show the deduced modal magnitude distribution of the z-component of 
the Poynting vector |Sz| of the laser for tAl = 5 nm and tAl = 40 nm, when tGaN = 68 
nm and tSiO2 = 8 nm. 
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from penetrating through it, such that it is able to form surface plasmon exclusively with 

the separation layer and the gain medium GaN, but not with the substrate. To visualize 

this idea, we have plotted the modal |Sz| distribution for tAl = 5 nm and tAl = 40 nm in 

Figure 2.15e and Figure 2.15f respectively. The two figures clearly show that for the 

same tGaN and tSiO2 values, a thinner Al layer causes significantly more optical energy 

confined at the substrate, because it allows surface plasmon to couple to the substrate-Al 

interface. In this way, a much higher amount of light propagates in the metallic layer in 

the optical mode by forming surface plasmon on both Al interfaces, so more optical 

energy is lost through metallic absorption. For this reason, it is desirable to use a thicker 

Al layer to confine most of the light within the upper part of the structure, resulting in a 

much larger fraction of total optical energy in the gain medium (i.e. confinement factor 

Γ, see Figure 2.15c and f). With both effects from the decrease in |ni,x2| and increase in Γ 

due to a thicker Al layer, Gth (= αeff / Γ) is reduced by a significant amount (Figure 

2.15d), making laser output from the structure possible with lower pump energy. It is 

important to note that a 40-nm Al layer is thick enough to block almost all of the light 

from penetrating through it, a further increase in tAl beyond 40 nm makes negligible 

difference in the performance of the laser. This phenomenon is shown in Figure 2.15a to 

Figure 2.15d, where all of the parameters, neff,x2, Γ, and Gth are stabilized for tAl > 40 nm, 

indicating that the optical energy distribution and the optical mode in the structure is 

independent of tAl in this regime.  Therefore, one may choose tAl = 40 nm for this laser 

structure in order to attain low Gth with minimum physical size, as well as small 

fluctuation in performance due to a slight deviation in tAl during fabrication of the real 

structure. As a side note, one may also notice from Figure 2.15e and Figure 2.15f that 

increasing tAl also causes light to be less tightly confined when the formation of SP  
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Figure 2.16   Explanation of the existence of local maxima in Figure 2.14c. 

mainly relies on one instead of both Al interfaces. This effect negatively impacts Γ and 

counteracts the effect of Γ enhancement due to exclusive SP confinement at the top Al-

SiO2 interface. For example, in the case of tSiO2 = 4 nm, this counteraction results in a 

local maximum at tAl = 9 nm as shown in Figure 2.16a. When thickening the Al layer 
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while tAl < 9 nm, the effect of Γ enhancement outweighed that of Γ reduction, which 

gives an overall rise in Γ. However, for tAl > 9 nm, since almost all of the light is 

confined at the top Al interface, the effect of Γ enhancement is minimal and an overall 

reduction of Γ results. See the modal energy distributions in Figure 2.16b at different Al 

thicknesses. It is noted that a local maximum of Γ does not exist for greater values of 

tSiO2 (e.g. 50 nm) because a larger amount of light is coupled at the bottom intially for 

small tAl when a thicker low-index separation layer is inserted (Figure 2.16c). Therefore, 

the effect of Γ enhancement upon the thickening of Al layer would be much more 

significant and it would always be dominant in this case. 

We now take a look at the effect of the SiO2 separation layer and its thickness 

tSiO2 on the performance of the laser. In fact, it is common for researchers to consider a 

thin dielectric separation layer between the gain medium and metallic layer to control 

the metallic absorption and confinement factor in this kind of plasmonic slot 

waveguides [17-19]. A very thin separation layer is sufficient to bring about major 

changes in the amount of metallic absorption, field distribution, and Gth. To illustrate 

this idea, we have plotted the |Sz| distribution of the plasmonic mode of our proposed 

structure with and without an 8-nm SiO2 separation layer in Figure 2.17e and Figure 

2.17f, respectively. On one hand, it can be observed that the structure with the 

separation layer has much less light confined within the GaN rod, resulting in a lower 

value of Γ. On the other hand, this causes much less energy to be confined within the Al 

layer as well, which leads to reduced metallic absorption of optical energy (i.e. lower 

|ni,x2|). The two effects caused by the insertion of the separation layer can be observed 

from Figure 2.17b and Figure 2.17c, where |ni,x2| and Γ are respectively plotted against 

tSiO2 when tGaN = 68 nm and tAl = 40 nm. At smaller values of tSiO2, Γ first decreases 
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Figure 2.17   (a) Real part index nr,x2, (b) imaginary part index ni,x2, (c) 
confinement factor Γ and (d) effective threshold gain Gth of the GaN laser formed 
by square-based GaN rod (tGaN = 68 nm) on SiO2-Al-SiO2 planar structure 
(tAl = 40 nm) for various SiO2 thicknesses (tSiO2), calculated by 2-dimensional RPM. 
(e) and (f) respectively show the deduced modal magnitude distribution of the z-
component of the Poynting vector |Sz| of the laser with and without an 8-nm SiO2 
separation layer. 

 



Theoretical Analysis of Cavity Modes 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 50 
 

rapidly as tSiO2 increases, since a thicker separation layer is capable of accommodating 

more light energy, leaving less light staying at the GaN rod. At the same time, with a 

much lower refractive index than GaN, SiO2 forms surface plasmon with less light 

distributed at the Al layer. This reduces |ni,x2| (i.e. optical loss) significantly. At greater 

tSiO2 values, further thickness increment has less impact on Γ and |ni,x2| because the 

separation layer becomes thick enough to accommodate most of the light energy within 

itself. To further confirm that a higher fraction of modal light energy is staying at the 

separation layer as tSiO2 increases, nr,x2 (i.e. the real part of neff,x2) is plotted against tSiO2 

in Figure 2.17a, which shows nr,x2 drops and approaches to the bulk refractive index of 

SiO2 (= 1.4731) as the separation layer gets thicker. This is a solid indication that light 

is shifting from the high-index GaN rod (n = 2.6221) to the low-index SiO2 layer. When 

combining the effects on Γ and |ni,x2|, the resulting trend of Gth is plotted in Figure 2.17d, 

which shows the effect of Γ reduction outweighs that of |ni,x2| reduction for tSiO2 < 10 

nm, so Gth slightly increases. As for tSiO2 > 10 nm, the effect of |ni,x2| becomes dominant 

and outweighs that of Γ, which gives a significant drop in Gth. It can be seen that the 

curve does not level-off for tSiO2 values up to 100 nm, so the suitable value of tSiO2 in the 

design highly depends on the laser’s application. One may either incorporate a thinner 

separation layer for the smaller physical size of the laser at the cost of higher Gth, or a 

thicker one for lower Gth when the physical size is not a big concern. 

 Varying the cross-sectional side length of the GaN rod (i.e. tGaN) also affects the 

performance of the laser. Similar to the SiO2 separation layer, a GaN rod with the larger 

cross-sectional area is associated with the capability to confine a greater fraction of total 

light energy. Figure 2.18e plots the |Sz| distribution of the plasmonic mode of the laser 

with tGaN = 68 nm, tSiO2 = 8 nm and tAl = 40 nm, where a noticeable amount of light  
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Figure 2.18   (a) Real part index nr,x2, (b) imaginary part index ni,x2, (c) 
confinement factor Γ and (d) effective threshold gain Gth of the GaN laser formed 
by square-based GaN on SiO2-Al-SiO2 planar structure (tSiO2 = 8 nm; tAl = 40 nm) 
for various GaN side lengths (tGaN), calculated by 2-dimensional RPM. (e) and (f) 
respectively show the deduced modal magnitude distribution of the z-component of 
the Poynting vector |Sz| of the laser when tGaN = 68 nm and tGaN = 100 nm. 
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energy is found to be escaping from the structure to the surrounding. However, by 

increasing tGaN (e.g. to 100 nm), the fraction of light escaped is much reduced, as 

presented in Figure 2.18f. With this property, it is within our expectation that Γ 

increases with increase in tGaN (Figure 2.18c). Moreover, with more light confined in the 

GaN rod, a less fraction of light energy will be dissipated through metallic absorption, 

and a decrease in |ni,x2| results (Figure 2.18b). Again, increasing tGaN enhances Gth 

without saturation within the regime tGaN < 150 nm, so the suitable tGaN value depends 

on the laser’s application. There is a trade-off between the laser’s physical size and 

performance. 

With the above examples in this section, RPM is shown to be a useful technique 

for quick 1-D planar laser analysis with sufficient accuracy, which solves for any 

supported optical mode at a particular wavelength. The idea can further be extended to 

analyze some 2-D waveguides with simple geometry, as well as finding the 

performance trend as the dimension of the laser varies. 

 

2.4. Whispering-gallery Modes of Multi-layer Circular 

Waveguides 

Circular waveguides, especially the ones of cylindrical shape, is also popular 

among researchers in recent years [3, 20-22]. One of the most attractive properties of 

circular lasers is their capability to support whispering-gallery modes (WGMs), which 

are often expected to have low optical loss compared to the longitudinal modes. In fact, 

WGMs of circular waveguides can also be modeled using similar concepts in RPM 

under the cylindrical coordinate plane. Such a method is demonstrated in this section. 
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Figure 2.19   3-D multi-layer cylindrical structure (left) and its corresponding 2-D 
representation (right). r, φ and z represent the radial, azimuthal and longitudinal 
positions, respectively. 

The type of multi-layer circular waveguide considered in this section is shown in 

Figure 2.19, which includes (N−1) radial-layers, where the core (innermost layer) is 

defined as the first layer (i = 1). The semi-infinite medium surrounding the waveguide is 

regarded as the N-th layer. With this structure, light can propagate along the azimuth (φ) 

to form a closed loop as the roundtrip. When this roundtrip of light results in 

constructive interference, WGM is formed, with the general form of the magnetic field 

of the TMv,l mode in the i-th layer (i = 1,2,3,...N) given by 

  0 expzi ziH H j t v     , (2.31) 

where Hzi0, ω and t is the amplitude coefficient, angular frequency and time, 

respectively. v is the azimuthal mode number, which can be understood as the number 

of wavelengths accommodated within the roundtrip, so it must be an integer for 

constructive interference and optical resonance to occur. l is the radial mode order, 
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which is the number of field intensity extrema along the radial direction. To determine 

Hzi0 in Equation (2.31), we first derive the Helmholtz equation in the cylindrical 

coordinate plane: 

 
2 2

2 2
02 2 2

1 1
0zi zi zi

i zi

H H H
k n H

r r r r 
  

   
  

, (2.32) 

where k0 is the vacuum wavenumber and ni is the refractive index of the i-th layer. 

Equation (2.32) is derived from the Maxwell equations using the method similar to that 

discussed in Chapter 1 (see the derivation of Equation (1.17)), but under the cylindrical 

coordinate system instead of the Cartesian coordinate system. By putting (2.31) into 

(2.32), the Helmholtz equation transforms into a Bessel differential equation 
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, (2.33) 

where 0i ik n r  . When the waveguide layer is a dielectric, ni is purely real, so we have 

2 0i   and the solution of Hzi0 is given by 

    0zi i v i i v iH A J BY     (2.34) 

where Jv and Yv are respectively the v-order Bessel functions of the first and second kind, 

and Ai and Bi are amplitude coefficients. Alternatively, if the layer concerned is metallic, 

we have    Im Rei in n . In this case, we may assume 2 0i  , since ni is 

approximately a purely imaginary number. With this assumption, (2.33) becomes a 

modified Bessel differential equation and the solution of Hzi0 can be written as 

    0zi i v i i v iH A I j B K j       (2.35) 
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where Iv and Kv are respectively the v-order modified Bessel functions of the first and 

second kind. In the cylindrical coordinate system, the electric field components Er and 

E𝜑 can be expressed in terms of Hz according to the Maxwell equations as 

 
0

z
r

Hj
E

r  


 
r

  (2.36) 
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zHj
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r  



r

  (2.37) 

which are analogous to Equations (1.15) and (1.16) in the Cartesian coordinate plane. In 

addition, at the i-th interface between the waveguide layers, i.e. r = Ri, where Ri is the 

radius of the i-th interface from the center of the core, the field components should meet 

the boundary conditions 

 z, 1zi iH H    (2.38) 

 r r, 1 , 1i ri i r iE E      (2.39) 

 , 1i iE E     (2.40) 

for i = 1,2,3,…,(N−1). By expanding and combining (2.38) to (2.40), the amplitude 

coefficients Ai and Bi of adjacent layers can be related by 
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with 
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Inductively, this can be written into 
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It is noted that 
0 0

lim ( ) lim ( )v i v ir r
Y K j 

 
    . Since the electromagnetic field strength 

cannot be infinitely large, there should not be any component for Yv or Kv in the first 

layer, this results in B1 = 0. In addition, it is expected that the field is exponentially 

decaying as r   in the N-th layer. If the N-th layer is a dielectric, the field 

components can be expressed by Hankel function of the first kind Hv
(1), i.e. AN = 1 and 

BN = j. If it is a metal, there cannot be any component for Iv because lim ( )v ir
I j


   , 

thus AN = 0 and we can normalize the component of Kv by setting BN = 1. With all of the 

above considerations, we can rewrite (2.47) as 
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and the requirement for WGM to occur is 

 21 22
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 . (2.49) 

Equation (2.49) solves for the complex solution k0 = kr − jki. The initial guess solution 

is determined by poles (sharp peaks) on the phase derivative plot ( r/d dk  against kr, 

where ϕ is the phase of the L.H.S. of Equation (2.49)) for ki = 0, which is similar to 

RPM discussed in the previous section. The real part kr can be used to calculate the 

vacuum wavelength in which WGM is supported, according to 0 r2 / k  , whereas the 

imaginary part ki represents the optical loss of the WGM, this is reflected in the cold-

cavity quality factor (Q) of the mode calculated by 

 r

i2

k
Q

k
 . (2.50) 

The threshold gain Gth of the gain layer can be calculated by substituting 0 rk k  back 

into Equation (2.49) as a purely real number, followed by solving the equation again for 

the imaginary part of the refractive index ni of the gain layer. The resulting imaginary 

part  Im in  can be used to calculate Gth by 

  th r2 Im iG k n . (2.51) 
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Figure 2.20   2-D radially-layered circular laser designed by Yao et al. [23] 

The concept in the calculation of Gth with the circular WGM is very similar to what has 

been discussed in the previous section with the planar waveguides. However, in 

Equation (2.51), the confinement factor Γ, is already taken into account, there is no need 

to further divide the result by Γ. 

 Here, we have chosen a radially-layered circular waveguide designed by Yao et 

al. [23]. The design, which is shown in Figure 2.20, adopts the concept similar to the 

planar plasmonic slot waveguide with GaN rod. It consists of a cylindrical gain medium 

rod (active core) coated by gold, with a dielectric separation layer inserted in between, 

and the whole structure is assumed to be surrounded by air (the outermost layer). While 

the refractive indices of the gain medium 1( 3.2)n  , separation layer 2( 1.45)n   and air 

4( 1)n   are assumed to be constants within the wavelength range in our analysis, the 

refractive index of gold 3( )n  is considered to be wavelength-dependent. In the 

following analysis, we will determine 3n  by modeling the complex relative permittivity 

r( )  of gold according to the Lorentz-Drude Model 
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Figure 2.21   Real Hz distribution of (b) TM2,2 and (a) TM2,1 mode of a bare active 
core of radius R1 = 400 nm with and without a 50-nm gold layer, respectively; real 
Hz distribution of (c) TM9,2 and (a) TM9,1 mode of a bare active core of radius 
R1 = 1000 nm with and without a 50-nm gold layer, respectively. 
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where 2113.6 THz
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are the plasma frequency, damping coefficient, resonance frequency and spectral width, 

respectively. r 1.09   is a weighting factor and  r 5.9673   [23]. 

To study the effect of the gold layer on the laser performance. We first consider 

the case of low v-order (v = 2) in a bare active core of radius R1 = 400 nm without the 

separation layer and the gold layer. As shown in Figure 2.21a, for the TM2,1 mode, a  



Theoretical Analysis of Cavity Modes 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 60 
 

 

Figure 2.22   (a) Mode wavelength λ0, (b) confinement factor Γ, (c) quality factor Q 
and (d) threshold gain Gth of the TM2,1 (TM2,2) mode (R1 = 400 nm) (blue curves) 
and the TM9,1 (TM9,2) mode (R1 = 1000 nm) (red curves) of a bare active core with 
different gold layer thicknesses tAu. 

significant amount of light field escapes from the core to the surrounding due to the 

small incident angle of internal reflection inside the core. The corresponding 

confinement factor Γ is only around 0.4. This can be greatly improved by coating the 

core with a gold layer. The gold layer transforms the TM2,1 mode into the TM2,2 mode 

by surface plasmon formation, which is shown in Figure 2.21b. The result shows that a 

gold layer of thickness Au 50 nmt   is able to prevent light from escaping from the 

cavity by subwavelength light confinement at the core-metal interface, achieving Γ 
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values close to unity (~0.95), see Figure 2.22b. The increment in Γ improves the overall 

performance of the laser, including the quality factor Q and threshold gain Gth. For the 

case of high v-order (v = 9), we have chosen a bare core of radius 1 1000 nmR  , such 

that the mode wavelength λ0 is comparable to the previous case with v = 2. We have 

confirmed this by plotting λ0 against tAu for both cases in Figure 2.22a, which indicates 

that both cases have values of λ0 between 1.2 and 1.7 μm. In the high-order case, it is 

found that almost all of the light field can be kept within the bare core even without the 

gold layer, with Γ ~ 0.97, because the incident angle of light is large enough to achieve 

total internal reflection at the core-air interface, see Figure 2.21c. Adding a 50-nm gold 

layer in this case also transforms the purely dielectric mode (TM9,1 mode) into a hybrid 

mode (TM9,2 mode) (Figure 2.21d), but this does not make a significant improvement in 

Γ when compared to the low-order case. 

 For both the low-order and high-order cases, the trend of Γ for tAu values 

between 0 and 120 nm, is presented in Figure 2.22b. When a very thin gold layer 

(e.g. 5 nm) is coated onto the bare active core, Γ is lowered slightly for both cases, since 

light is capable to penetrate through it to form surface plasmon at the gold-air interface. 

As tAu further increases, Γ rises again and gets very close to unity at the regime 

tAu > 60 nm, where the gold layer is thick enough to prevent light from coupling to the 

gold-air surface to form surface plasmon. For the low-order case, since the initial value 

of Γ when tAu = 0 nm is much lower than the high-order one, the improvement in Γ is 

much more significant in this regime. The effect of such a great improvement in Γ 

outweighs the effect of the introduced metallic absorption due to the gold layer. This 

can be seen from Figure 2.22c and Figure 2.22d, where Q and Gth are increased and 

decreased by up to one order of magnitude, respectively. On the other hand, from the 
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same figures, Q and Gth are decreased and increased by three orders of magnitude for 

the high-order WGM, because the gold layer does not result in much increase in Γ, and 

the effect from metallic absorption becomes dominant. These results show that without 

a separation layer, a metallic layer can enhance the WGM lasing performance of a 

cylindrical bare active core only when the mode used has low Γ values (e.g. with low v-

order or small core radius). The metallic layer forms a closed core-metal interface for 

surface plasmon formation, which confines light in subwavelength scale in the radial 

direction, preventing light from escaping from the core. 

 To further enhance the range of Q and Gth modulation (i.e. tunability) of the 

laser, a dielectric separation layer can be inserted between the core and the gold layer. 

With a separation layer of thickness (tsep) between 0 and 1000 nm inserted between an 

active core of radius R1 = 1000 nm and a 200-nm gold layer, the performance trend of 

the TM10,1 and TM10,2 modes of the structure is calculated. The results can be found in 

Figure 2.23. For the TM10,1 mode, the introduction of a thin separation layer causes 

dramatic mode shift, with the mode wavelength λ0 changing rapidly, as observed in 

Figure 2.23a. The cause of this phenomenon can be found by calculating the modal field 

distribution with and without a thin (e.g. 200 nm) separation layer, which are shown in 

Figure 2.24b and Figure 2.24a respectively. According to Figure 2.24a, the laser without 

a separation layer results in a purely plasmonic TM10,1 mode confined at the core-gold 

interface. However, with the presence of a 200-nm separation layer, it transforms into a 

hybrid mode, with only a small fraction of the light field getting involved in surface 

plasmon formation. On the contrary, the mode shift is much less in for the TM10,2 mode 

upon the insertion of the same separation layer, because it is initially a hybrid mode 

even without the separation layer (Figure 2.24g). Adding a 200-nm separation layer  



Theoretical Analysis of Cavity Modes 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 63 
 

 

Figure 2.23   (a) Mode wavelength λ0, (b) confinement factor Γ, (c) quality factor Q 
and (d) threshold gain Gth of the TM10,1 (blue curves) and TM10,2 (red curves) 
modes in the circular cavity with an active core of radius R1 = 1000 nm and gold 
layer thickness tAu = 200 nm, when the thickness of the separation layer (tsep) varies 
from 0 to 1000 nm. 

has little impact on the amount of surface plasmon, see Figure 2.24h. For

sep200 nm 600 nmt  , the thickening of the separation layer causes the light field in 

the TM10,2 mode to move away from the core to the separation layer, as shown in Figure 

2.24h in comparison to Figure 2.24i. The TM10,2 mode prefers propagating in the low-

index separation layer because of its shorter mode wavelength. As a result, Γ drops 

rapidly, contributing to the increment of Gth. Q is also lowered due to the increased  
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Figure 2.24   Real Hz distribution of the TM10,1 and TM10,2 modes in the circular 
cavity with separation layer of thickness tsep = 0 nm, 200 nm, 600 nm, 750 nm, 800 
nm and 1000 nm inserted between the active core (R1 = 1000 nm) and the gold 
layer (tAu = 200 nm).  
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involvement of surface plasmon of the mode. On the contrary, such kind of 

transformation does not happen to the TM10,1 mode within this regime, as it has greater 

λ0 values, so the light field prefers to stay within the high-index core region (Figure 

2.24b and Figure 2.24c). This keeps Γ high and steady (Figure 2.23b). The increment in 

Q and reduction in Gth for the TM10,1 mode in this regime are caused by less surface 

plasmon formation with a thicker separation layer. In another regime with 

sep600 nm 1000 nmt  , it can be noticed that the λ0 trends of the TM10,1 and TM10,2 

modes form a virtual straight line (black dashed line in Figure 2.23a), where λ0 is 

directly proportional to tsep. As tsep increases, this occurs to the TM10,2 mode first, in 

which the region of the separation layer is now too large in comparison to the core. In 

this case, light field of the highly plasmonic mode (Figure 2.24i) gradually shifts from 

the separation layer back to the core region, as shown in Figure 2.24i to Figure 2.24l. 

This increases Γ and Q, which in return reduces Gth by around 4 orders of magnitude. 

On the other hand, light field of the TM10,1 mode now finds such a large region of 

separation layer preferable for propagation. In this case, it shifts from the core to the 

outer region for surface plasmon formation (Figure 2.24c to Figure 2.24f), resulting in a 

drop of Γ and Q, and an enormous rise in Gth. Within this regime, there exists a point at 

sep ~ 746 nmt , where both the TM10,1 and TM10,2 modes have similar values of λ0, Γ, Q, 

and Gth., this is called the coupling point [23]. It is found that the field intensity 

distributions of both modes around this point are similar, see Figure 2.24d and Figure 

2.24j. Such a phenomenon also occurs in other modes with adjacent radial mode orders 

(e.g. TM10,2 and TM10,3), enabling great tunability of the laser for various wavelengths 

by modifying tsep. 



Theoretical Analysis of Cavity Modes 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 66 
 

Similar to the planar slot laser structure, it is found that the incorporation of a 

metallic layer also enables surface plasmon propagation in the WGMs of 2-D 

cylindrical lasers. A dielectric separation layer can be inserted between the dielectric 

active core and the metallic layer for enhanced tunability by modifying the amount of 

field getting involved in surface plasmon formation in the hybrid modes. 

2.5. Conclusion 

 From the above theoretical analysis, it can be seen that a combination of metallic 

layer and a dielectric separation layer enable us to modify the waveguiding performance 

of lasers with different geometries. It was found that a typical metallic layer of thickness 

less than 100 nm is sufficient to support plasmonic modes of subwavelength 

confinement without unnecessary metallic loss through SP coupling on both sides of the 

metal. In addition, a low-index dielectric layer can be inserted between the metallic 

layer and the gain medium as a separation layer for the support of hybrid modes. The 

proportion of plasmonic and dielectric nature of the hybrid modes can be tuned over a 

wide range by changing the dielectric thickness, achieving high tunability of the 

waveguiding performances. 
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3.  Experimental Study of Lasing 

Characteristics 

Despite theoretical analysis gives us the concept of how well a laser would 

perform under various conditions, the performance of a laser in the practical situation 

can be affected by other factors, such as structural defects [24] and temperature [25]. 

Therefore, it is necessary for us to perform experimental analysis on real laser structures, 

in order to determine their performances under practical situations. In this chapter, the 

experimental techniques used in this work will be discussed. 

3.1. Spectral Analysis of Lasers 

When analyzing the performance of a light-emitting optical device, it is useful to 

obtain the wavelength spectrum of the light emitted during its operation. We can deduce 

different information, including the quality factor, lasing threshold and the type of 

lasing mode, of the lasers, through the study of their wavelength spectra. Such a 

technique is called spectral analysis. 

In the spectral analysis of lasers, there are three typical types of wavelength 

spectra obtained, which are shown in Figure 3.1 [26]. When a gain medium is pumped 

without achieving population inversion, spontaneous emission of the excited molecules 

would give photoluminescence (PL). The peak of PL on a wavelength spectrum usually 

has a broad full-width at half-maximum (FWHM) (e.g. 80 nm). When the pump power 

is sufficient to attain population inversion of the gain material, amplified spontaneous 

emission (ASE) results instead [27]. In this case, the FWHM of the spectral peak would  
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Figure 3.1   Wavelength spectrum of photoluminescence (PL) and amplified 
spontaneous emission (ASE) of a gain medium, and that of laser emission upon 
feedback of ASE inside a laser cavity. (The figure is modified from Ref. [26]) 

become much narrower (e.g. 15 nm) compared to the case of PL. The feedback of ASE 

within a laser cavity may lead to laser emission, when the pump power exceeds the 

lasing threshold. The lasing peaks on the spectrum are very narrow (e.g. 0.5 nm) and the 

number of peaks depends on the number of modes supported within the wavelength 

range of ASE. Each lasing peak corresponds to a lasing mode. Some lasers give lasing 

spectra with only one dominant lasing peak, such as the red curve shown in Figure 3.1, 

these lasers are said to be single-mode. 

 The wavelength spectra obtained tell us about the optical characteristics of a 

laser. To begin with, the modal quality factor (Q) can be calculated from the FWHM of 

the lasing peak (Δλ0) and peak wavelength (λ0) by 

 0

0

Q






. (3.1) 

It is noted that Q defined here may be different from the theoretical values (e.g. 

Equation (2.50)) , since the experimental linewidth Δλ0 is measured under optical gain, 

such that broadening of lasing peaks may occur. A higher Q is associated with low 
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Figure 3.2   Wavelength spectrum of a CH3NH3PbI3 nanowire at various levels of 
pump fluence (pump density). Inset: The corresponding light-light curve (black 
dots) and FWHM plotted against pump fluence (blue triangles). (Figure from Ref. 
[28]) 

threshold gain Gth, where the exact relationship depends on the optical mode being 

studied. Mathematically, it can be expressed as [29] 

 eff
th

0

2 n
G

Q







 , (3.2) 

where neff and Γ are the effective refractive index (i.e. group index) and energy 

confinement factor within the gain medium, respectively. Experimentally, the lasing 

threshold can also be found in terms of pump threshold instead of the threshold gain. 

This is done by plotting the relative output intensity against the pump density (i.e. light-

light curve). The inset of Figure 3.2 shows the light-light curve of a certain laser cavity 

as an example [28], which has a kink indicating the pump threshold (~600 nJ cm-2). 
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This method would be adopted in the experimental part of this work in the 

determination of the lasing threshold. 

 In addition, the mode spacing (i.e. the distance between adjacent lasing peaks) of 

the lasing spectrum can be used to confirm the type of optical mode supported by the 

laser cavity. For instance, as discussed in Section 1.4, a simple Fabry-Pérot cavity 

supports fundamental longitudinal modes for wavelengths satisfying 0

2nl

m
  , where n 

and l are the refractive index of the gain medium and cavity length parallel to the 

propagation direction respectively, and m is a positive integer. To confirm that the 

lasing emission from a lasing cavity corresponds to longitudinal modes, one may 

deduce the modal wavelengths theoretically according to this expression, followed by 

matching the results with the experimentally measured wavelength spectrum. Matching 

the theoretical and experimental peak wavelength values also helps to find some of the 

physical dimensions of the cavity, when the roundtrip length of the optical mode 

depends on the physical dimension concerned (e.g. cavity length l in this case). 

 To measure the wavelength spectrum of a light source, the emitted light should 

be coupled into a monochromator. A monochromator is a device which collects light 

from an external source as the input, and transmits light within a selected narrow 

wavelength range as the output. Figure 3.3 [30, 31] shows a Czerny-Turner 

monochromator, which directs the collimated input onto a diffraction grating and splits 

it into multiple light rays traveling in different directions according to their wavelengths. 

The angle of the diffraction grating is controlled by rotation of the turret to select a 

specific wavelength to be transmitted at the exit slit. In this way, the light intensity of 

each wavelength range can be analyzed by converting the output to a digital signal, 
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Figure 3.3   (a) A Czerny-Turner monochromator [30] and (b) its corresponding 
schematic diagram [31].  
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Figure 3.4   Schematic diagram of the configuration of room temperature spectral 
measurement for bulk samples through pulsed laser excitation. 

forming a wavelength spectrum. For some monochromators, there is no exit slit and the 

output is connected to an array-type detector to measure the intensity across the whole 

wavelength spectrum simultaneously, such type of monochromators is also known as 

spectrometers. 

For bulk samples, the set-up for room temperature spectral measurement can be 

illustrated as shown in Figure 3.4. In the set-up, an optical fiber is placed close to the 

sample to collect its emitted light upon excitation by the pulsed laser. The collected 

light is then directed into the monochromator as the input. In order to enhance the 

signal-to-noise ratio, the output of the monochromator can be amplified by devices such 

as photomultiplier tube (PMT) and lock-in amplifier. These devices require the input 

signal to be periodic in order to trace the frequency for amplification. The input can be 

made periodic either by pulsed laser excitation, or with the help of a light chopper (in 

the case of continuous light source). As an example, a micro quartz cuvette (with 1-mm  
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Figure 3.5   (a) Front view and (b) side view of the micro quartz cuvette filled with 
rhodamine 6G (R6G) solution, and (c) the orientation of the cuvette during PL 
measurement of the sample. 
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Figure 3.6   PL spectra of the R6G solution at different pump powers. 

slit) is filled with rhodamine 6G (R6G) solution as the liquid sample. The solution is 

then excited by horizontally focused pump pulses (generated by a cylindrical lens). The 

pump pulses should illuminate the cuvette from the side and the light emitted by the 

sample should be collected from the front, see Figure 3.5. The measured wavelength 

spectra of the R6G solution is shown in Figure 3.6, which shows the FWHM of the 

peaks is approximately 20 nm, regardless of the pump power. This corresponds to the 

PL of the R6G dye [32]. Similar set-up can be used for measurements of ASE and 

lasing spectra of bulk fluorescent materials and laser cavities, depending on the required 

conditions and physical dimension of the sample. 

If the samples are of micro- or nano-scale, it is difficult to do the excitation 
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Figure 3.7   Microscope system for spectral analysis of small samples. (Figure 
modified from Ref. [33]) 

directly through simple optics. Moreover, their emission is usually much weaker than 

bulk samples, making it difficult to be detected. In this case, the emission spectra of 

these samples should be measured under a microscope system, which is shown in Figure 

3.7. The system is formed by inserting a dichroic filter (i.e. color filter) inside an optical 

microscope. The wavelength range of the dichroic filter is selected, such that it reflects 

the incoming pump pulses, while transmitting the emission from the sample. The angle 

of the filter is also finely tuned in order to reflect the incoming pump pulses onto the 

objective lens, which is then focused onto the sample placed on the sample stage. Upon 

excitation, the emission from the sample would be collected at the objective lens, which 
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Figure 3.8   Microscope images of (a) perovskite nanowire [34], (b) perovskite 
microplates [35] and (c) ZnO nanowire [36] under optical excitation. 

is focused onto an optical fiber as the input to the monochromator. This system is 

especially advantageous for the spectral measurement of tiny samples. First, the 

objective lens focuses the pump pulses into a tiny spot, which is capable to excite a 

single small sample from a cluster without exciting any other nearby samples. Second, a 

camera can be installed on the microscope to finely tune the position of the spot of 

excitation on the sample stage, as well as taking photographs of the sample with and 

without excitation. See Figure 3.8 [34-36] for some examples of these photographs. It is 

noted that the pattern of the scattered light from a sample in the microscope images can 

be used to distinguish between PL and lasing emission (e.g. Figure 3.8c), as well as the 
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type of mode supported by the lasing cavity. (The coherent Airy pattern at both ends of 

a nanowire is a good indication of the Fabry-Pérot mode propagating along its length.) 

For measurements with controlled environmental conditions, the standard sample stage 

of the microscope can be replaced by the corresponding sample stage which serves the 

purpose, such as a vacuum-cooling stage for low-temperature measurement. A low-

temperature condition helps to suppress the lasing threshold of lasing cavities [37], 

making it easier to achieve lasing in tiny laser cavities. More details regarding spectral 

analysis would be discussed in the next chapter. 

3.2. Multiphoton Absorption and Z-scan Analysis 

As mentioned in Section 1.5, a single energy transition involving an energy gap 

E in a gain material may be achieved by simultaneously absorbing multiple lower-

energy photons with energy E / n, where n > 1 is an integer (non-radiative loss is 

neglected). This happens when the excitation power density is sufficiently high. In 

lasers making use of this kind of upconversion mechanism, it is important to confirm 

the type of mechanism taking place, as well as to know how well the gain material 

absorbs the photons in order to carry out the multiphoton transition. In the following, 

more details on multiphoton absorption would be discussed. 

Multiphoton absorption (MPA) is a nonlinear process. For example, the 

transition rate due to 2-photon absorption (2PA) is proportional to the square of pump 

intensity, instead of the pump intensity itself [38]. In other words, the absorption rate in 

MPA would change in a nonlinear manner as the pump intensity changes. In general, 

the MPA coefficients can be defined as [39] 
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Figure 3.9   Wavelength spectra of the emission from a crystalline polymer random 
laser excited at different pump powers. Inset: the corresponding light-light curve, 
showing that the PL regime has a slope close to 2, which confirms the spontaneous 
emission is induced by 2-photon absorption (2PA). (Figure from Ref. [40]) 

 2 30
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dz
    





        , (3.3) 

where n  (n = 2,3,4,…) is the nonlinear n-photon absorption (nPA) coefficient, whereas 

0  and 0I  are respectively the linear absorption coefficient corresponding to one-

photon absorption and the irradiance (i.e. optical pump intensity). z is the propagation 

distance within the sample. In many cases, excitation with a virtually monochromatic 

light from a pulsed laser supports a single dominant mechanism nPA, while suppressing 

other absorption schemes. If we assume the upconversion type is pure, i.e. due to one 

mechanism nPA, Equation (3.3) can be simplified into [41] 
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Figure 3.10   Configuration of the open-aperture z-scan technique. 

0
0

n
n

dI
I

dz
  . (3.4) 

Therefore, an upconversion due to pure nPA can be confirmed experimentally by 

plotting the light-light curve (in log-log scale) in the PL regime and obtaining a slope 

close to n, because    0 PLlog logI n I C   according to Equation (3.4), where PLI  is 

the peak PL intensity and C is a constant. The inset of Figure 3.9 [40] shows an example 

of this technique, where a slope close to 2 is obtained from the light-light curve, 

suggesting that the emission of the material is 2PA-induced. 

 For the same material, MPA of higher orders requires much more pump 

intensity to obtain the same amount of PL emission. For this reason, it is very important 

to have a gain material with a high MPA coefficient at the pumping wavelength. 

Experimentally, it is possible to determine the MPA coefficient for a pure upconversion 

process by the open-aperture z-scan technique, in which the configuration is shown in 

Figure 3.10. As shown in the set-up, an aperture is used to produce a pumping beam 

with circular laser spot of known diameter, and is then split into two identical beams. 

One of the beams is focused onto the thin sample (e.g. 1 mm) placed on a linear 
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translation stage moving parallel to the pumping beam (i.e. z-direction), which is then 

focused onto Detector 1. Another beam is focused directly onto Detector 2 as the 

reference. By measuring the intensity ratio of the two split beams at the detectors, one 

may determine the normalized transmittance TnPA of the sample. Under the set-up of this 

z-scan technique, TnPA at position z can be theorized as [39] 

      1 1
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being the on-axis peak phase shift of n-photon absorption, and 
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is the effective sample length corresponding to nPA. In the formulation, L is the sample 

length, and 2
0 0 0/z    is the diffraction length of the Gaussian beam, where ω0 and λ0 

is the beam waist radius and wavelength, respectively. 2F1 is the hypergeometric 

function,    2exph t t   and 1/2   for Gaussian pulse profile. In our work, z-scan 

technique on pure 2PA and pure 3PA are involved, in which their transmittances can be 

deduced from Equation (3.5) as follows: 
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Figure 3.11   Experimental open-aperture z-scan signature of a platinum acetylide 
complex, with the corresponding fitted curves for 2PA and 3PA. (Figure from Ref. 
[42]) 
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      . (3.10) 

By measuring T2PA and T3PA at different positions z, one may plot a TnPA-z curve, which 

can be fitted by Equations (3.9) and (3.10) to determine 2  and 3 . In our convention, 

we define the focal point at z = 0, where the excitation beam on the sample is the most 

focused. It is expected that TnPA is the lowest at this position because the high beam 

intensity triggers large nonlinear absorption. On the other hand, positions further away 

from the central position should yield higher TnPA. A typical z-scan result from Vivas et 
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al. [42] on a sample supporting 3PA is shown in Figure 3.11, which is theoretically a 

symmetric curve with the minimum value at z = 0. Furthermore, the corresponding 

curve fitting results show that the 3PA curve fits much better than the 2PA one, 

implying that 3PA is the dominant absorption mechanism in the sample. Therefore, 

other than finding the MPA coefficient, curve fitting can also be used to confirm the 

dominant absorption type. 

3.3. Conclusion 

 Various types of emission can be collected when a laser cavity is excited. In 

particular, measurement of the lasing spectrum can be useful in extracting useful 

parameters corresponding to the performance of the laser, including quality factor and 

lasing threshold. The lasing mechanism can also be confirmed by matching the 

theoretical mode spacing with the measured lasing spectrum. For multiphoton excitation, 

the pumping mechanism can be verified either by the slope of light-light curve under 

log-log scale in the PL regime, or by z-scan analysis. In addition, z-scan analysis also 

helps to determine the multiphoton absorption coefficients through curve fitting. 
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4. Multiphoton Excitation of Single-

crystalline CsPbCl3 Micro-cavities 

In the first experimental part of this work, single-crystalline CsPbCl3 

microplates were fabricated and studied as an example of upconversion plasmonic 

lasers in full detail. The experimental techniques mentioned in Chapter 3 would be 

applied to our work. 

4.1. Background 

Halide perovskites exist in the form of ABX3 (Figure 4.1 [43]), which is a very 

popular fluorescent material for optical devices in the recent decade. In particular, 

researchers have been investigating solar cells based on hybrid organic-inorganic halide 

perovskite (e.g. CH3NH3PbX3, X = I, Br, Cl) extensively [44-46], since the 

semiconducting material has exceptional optical performance, including high optical 

absorption coefficient and long carrier diffusion length, while the solution-processed 

fabrication cost is low. Moreover, the organometal halides have low defect density and 

high optical gain (> 104 cm-1) [47], making them potential candidates for applications 

in high-performance miniaturized optoelectronic devices, including low-threshold 

nanolasers and high-power microcavity lasers [28, 48, 49]. However, the downside of 

these materials is their relatively low stability in air, in which the material composition 

would be easily affected because of the degradable organic cations with the presence of 

air moisture [50]. To overcome this problem, recent researches have been focusing on 

the inorganic version of the halide perovskites, e.g. cubic lattice cesium lead halides 

(CsPbX3, X = I, Br, Cl) for optoelectronic device applications due to their higher 
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Figure 4.1   Crystal structure of halide perovskite. (Figure from Ref. [43]) 

stability in moisture compared to the hybrid halides [51]. It is found that CsPbX3 

supports tunable lasing emission at wavelengths ranging from ultraviolet to near-

infrared regime through direct bandgap excitation (i.e. downconversion), in the form of 

nanocrystals, nanowires and nanoplates [52-56]. For nonlinear optical characteristics, 2- 

and 3-photon absorption (2PA and 3PA) [57], 3PA-induced amplified spontaneous 

emission (ASE) [57] and 2PA-induced lasing emission [58] have been realized. These 

results were mainly reported based on nano-scale structures with strong quantum 

confinement of carriers. 

 Since most of the reports on nonlinear optical characteristics of CsPbX3 devices 

were based on nano-structures, it would be interesting to know whether it is possible to 

demonstrate these characteristics from micro-structures with weaker quantum 

confinement effect. Therefore, the experiment has been designed to study 2PA and 3PA 

of single-crystalline CsPbCl3 square microplates, as well as the corresponding ASE and 

the lasing characteristics induced by these absorption schemes at low-temperature [10]. 
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4.2. Synthesis and Characterization of CsPbCl3 

Microplates 

The CsPbCl3 microplates were obtained by the reaction between CsCl and PbCl2 

in γ-Butyrolactone (GBL) as the solvent. To synthesize the sample, 10 ml of GBL 

(99.9%) was first heated to 70 °C in nitrogen inside a 50-ml 3-neck flask. After reaching 

the target temperature, 1 mmol PbCl2 (99.9%) and 1 mmol CsCl (99.9%) were added 

into the flask for reaction. It is noted that the reactants were added one before another in 

this step. PbCl2 was first added into the heated GBL with magnetic stirring for 15 

minutes, followed by CsCl with magnetic stirring for 1 hour. This helps to dissolve the 

reactants, as well as mixing them up more evenly. After the reaction, the resulting 

solution was dried at 70 °C in an electric oven with Ar gas flow as protection. The 

residue after drying contains clusters of single-crystalline CsPbCl3 microplates, which 

should be washed in order to remove the extra CsCl in the solution and any surfactant 

on the microplates’ surfaces. This is done by washing the residue in absolute ethanol for 

about 4 times. Each time after washing, the microplates were re-dispersed and shaken 

manually for 2 minutes, followed by centrifugation. Each time after centrifugation, the 

supernatant (i.e. the liquid above the sediment) was discarded. After washing, the 

microplates were separated from each other by ultrasonic treatment in cyclohexane. 

Various kinds of characterization were performed regarding the synthesized 

CsPbCl3 microplates. To start with, scanning electron microscope (SEM) images of the 

sample (dispersed on a quartz slide through drop casting with cyclohexane) were taken 

in different magnifications, as shown in Figure 4.2a. From the images, both microplate 

clusters and single microplates can be observed. The majority of the microplates were of  
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Figure 4.2   (a) Scanning electron microscope (SEM) images, (b) X-ray diffraction 
(XRD) pattern, (c) photoluminescence (PL)/absorption spectra of the CsPbCl3 
microplates. The PL is obtained from linear excitation using 355-nm photons; (d) 
Tunnelling electron microscope (TEM) images, and the corresponding selected 
area electron diffraction (SAED) pattern of a single CsPbCl3 microplate. 
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square shapes with side lengths (W) ranging from ~2 to ~10 μm. The corresponding X-

ray diffraction (XRD) pattern of the sample is shown in Figure 4.2b, which shows that 

the synthesized microplates were of cubic lattice structure. Furthermore, Figure 4.2c 

shows the absorption spectrum and the photoluminescence (PL) spectrum at 355-nm 

excitation (1-photon excitation). The peak PL wavelength was found to be λ ~ 425 nm. 

To confirm that the microplates were single-crystalline, tunneling electron microscope 

(TEM) and selected area electron diffraction (SAED) images of a single microplate 

were taken, see Figure 4.2d. The single microplate was found to have an interplanar 

spacing of 0.41 nm, which corresponds to the characteristic spacing of CsPbCl3 in the 

(110) planes (JCPDS:75-0408). In addition, well-defined spots can be observed from 

the corresponding SAED pattern. The two images provided strong evidence that the 

synthesized CsPbCl3 microplates were single-crystalline.  

 

4.3. Nonlinear Absorption, PL, and ASE of Multiphoton-

excited CsPbCl3 Microplate Clusters 

To pump the sample optically, a Coherent Libra Ti-sapphire pulse laser and an 

optical parametric amplifier (OPA) were used to produce the femtosecond pump pulses 

(50 fs, 1 kHz). The pump pulses were directed into a microscope system (see Figure 3.7 

in the previous chapter) and were focused onto the CsPbCl3 microplates placed inside a 

vacuum-cooling stage by the 10× objective lens of the microscope. The measured 

diameter of the circular pump spot under the microscope image was ~10 µm. 

Furthermore, the temperature (T) of the sample was cooled down to 83 K during optical 

measurement, which was the lowest achievable temperature supported by the vacuum-
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cooling stage used in the experiment. In this way, the non-radiative recombination rate 

of the microplates during optical excitation could be minimized. In addition, the 

pressure inside the vacuum-cooling stage was also lowered to 10-3 mbar to prevent 

condensation of air moisture and ice formation around the sample at such a low 

temperature. The emission from the sample would be focused by the same 10× 

objective lens into a VIS-NIR optical fiber (QP1000-2-VIS-NIR from Ocean Optics 

with 1000 µm core diameter and 2 m length), in which the optical signal was coupled to 

a monochromator (Princeton SpectraPro 2750 integrated with a ProEM EMCCD camera 

with spectral resolution less than 0.1 nm) for spectral analysis. 

 800-nm and 1280-nm pump pulses were generated for 2-photon and 3-photon 

excitation of the CsPbCl3 microplates at T = 83 K. The 800-nm pulses were obtained 

directly from the Ti-sapphire pulsed laser, while the 1280-nm pulses were obtained by 

feeding the 800-nm pulses into the OPA. The pump wavelengths (λ0) were chosen such 

that optimal PL intensity from the sample was obtained in each of the pumping schemes. 

Figure 4.3a (Figure 4.3b) shows the emission spectra of the CsPbCl3 microplate clusters 

induced by 2PA (3PA) at different pump densities, with the corresponding peak 

intensity and full-width at half-maximum (FWHM) plotted in Figure 4.3c (Figure 4.3d). 

As the pump density increases, the results show that the FWHM of the emission spectra 

undergoes a sudden drop from ~9 nm to ~3 nm at a pump density of ~25 mJ cm-2 (~96 

mJ cm-2), with a rapid increase in peak intensity. This phenomenon corresponds to the 

transformation from PL to ASE emission when the excitation power density is high 

enough to achieve population inversion. 

To confirm pure 2PA (3PA) was supported by the microplate clusters at 800-nm 

(1280-nm) excitation, the light-light curve in the PL regime was plotted in log-log scale, 
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Figure 4.3   (a) Emission spectra, (c) linewidth and light-light curve of the CsPbCl3 

microplate clusters under 800-nm excitation at different pump densities; (b) 
emission spectra, (d) linewidth and light-light curve of the CsPbCl3 microplate 
clusters under 1280-nm excitation at different pump densities. All measurements 
are taken at temperature T = 83 K. 

as shown in Figure 4.4a (Figure 4.4b), in which a slope of ~2 (~3) is obtained. 

Moreover, the room-temperature z-scan analysis was performed on the microplates. The 

configuration of the experiment can be found in Figure 3.10 of the previous chapter. As 

shown in Figure 4.4c (Figure 4.4d), a theoretical model of the normalized z-scan 

transmittance for pure 2PA (3PA) (See Equation (3.9) and (3.10) of the previous chapter) 

fitted well with the experimental z-scan data at 800-nm (1280-nm) excitation
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Figure 4.4   (a) Light-light curve in the PL regime under log-log scale and (c) z-
scan data of the CsPbCl3 microplate clusters under 800-nm excitation; (b) light-
light curve in the PL regime under log-log scale and (d) z-scan data of the CsPbCl3 

microplate clusters under 1280-nm excitation. The measurement of the light-light 
curves is taken at T = 83 K, whereas that of the z-scan data is taken at room 
temperature T = 298 K. 

wavelength, confirming that light absorption by the microplates was mainly due to 2PA 

(3PA). The corresponding multiphoton absorption coefficient of the fitted curve is 

3 1
2 8.0 10  cm GW     5 3 2

3( 2.1 10  cm  GW )    . The deduced multiphoton 

absorption coefficients are compatible with those of the materials used in optical 

imaging applications [59, 60].  
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4.4. Lasing Characteristics of Multiphoton-excited 

CsPbCl3 Microplates 

In addition to the excitation of the CsPbCl3 microplate clusters, single 

microplates were also optically excited at 800 and 1280 nm under 83 K in order to study 

their lasing characteristics induced by 2PA and 3PA, respectively. In this part, a 50× 

objective lens was used in the microscope system to focus the pump pulses into a spot 

of ~2 μm in diameter. Here, a single microplate with large side length (W ~ 8.9 μm) 

was chosen for multi-mode lasing. Figure 4.5a and Figure 4.5c shows the emission 

spectra of this microplate under 800-nm and 1280-nm excitation, respectively. It was 

found that both excitation schemes supported multi-mode lasing of the microplate at 

emission wavelength λ ~ 425 nm when the pump density exceeded the pump threshold 

(lasing threshold). From Figure 4.5b and Figure 4.5d, it was found that the pump 

threshold of 2PA- and 3PA-induced lasing in this particular microplate was 

~25 mJ cm-2 and ~123 mJ cm-2, respectively. Moreover, the result suggested that the 

FWHM of the lasing modes 0.(~ 020.41 ) nm , as well as the mode spacing Δλ 

between the lasing peaks, were the same for both excitation schemes, because these 

parameters were mainly dependent on the physical shape and properties of the CsPbCl3 

microplate, but not the pumping schemes. 

 The side length of a microplate W determines the roundtrip length L ( 2 2 W  ) 

of the whispering-gallery modes (WGMs), which determines Δλ. If the quantum 

confinement effect is neglected, the relationship between these parameters can be 

expressed as [53, 61] 

 



Multiphoton Excitation of Single-crystalline CsPbCl3 Micro-cavities 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 92 
 

 

Figure 4.5   (a) Emission spectra and (b) light-light curve of a CsPbCl3 microplate 
(W = 8.9 µm) under 800-nm excitation at 83 K; (c) emission spectra and (d) light-
light curve of a CsPbCl3 microplate (W = 8.9 µm) under 1280-nm excitation at 
83 K; (e) plot of Δλ versus 1/L obtained from the CsPbCl3 microplates with 
different W. (f) Semi-log plot of Pth versus W of the CsPbCl3 microplates under 
800-nm and 1280-nm excitation at 83 K. 

 



Multiphoton Excitation of Single-crystalline CsPbCl3 Micro-cavities 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 93 
 

 
12 2

eff

n
n

L n L

  



          

  (4.1) 

where n (~2.1) is the real-part bulk refractive index of CsPbCl3 [62] and effn  is the 

effective refractive index (i.e. group refractive index) of the lasing mode. According to 

Equation (4.1), by exciting single microplates of different side lengths W (with any 

excitation scheme), one may plot Δλ against 1/ L  to calculate effn  from the slope of the 

curve ( eff1/ n ).  This plot is shown in Figure 4.5e, in which the data were the mixed 

result from both 2PA- and 3PA-induced lasing. The results show that eff 6.77n   was 

found to be independent of the excitation scheme, all of the data points were well fitted 

by a single straight line corresponding to the same slope, regardless of the type of 

absorption that induced the lasing. It is noted that the experimental value of effn  was 3 

to 4 times greater than the bulk refractive index of CsPbCl3. It is believed that the high 

group index was contributed by two parts. First, in Equation (4.1), the dispersive term

0
0

n


 
   

 was found to be ~1.0 using the data provided in Ref. [62], which 

approximately gave an extra 50% increment in effn  when compared to n. Second, the 

further increment in effn  was possibly contributed by the quantum confinement effect, 

which was reported by other researchers on halide perovskites lasers of similar physical 

dimensions [35, 54]. The pump thresholds (Pth) of the single microplates were also 

measured and plotted against their side lengths W in semi-log scale. The results can be 

found in Figure 4.5f. It can be seen that straight lines were obtained from the data for 

excitations via both 2PA and 3PA, confirming that  th expP BW  , where B  

(~1.266 × 103 cm-1) is a constant corresponding to scattering and absorption loss in the 
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microplates. It is noted that both lines in Figure 4.5f have the same slope, which is 

within our expectation that B is independent of the excitation scheme, because the 

optical loss of the lasing modes corresponds to the lasing wavelength λ, and is 

independent of the pump wavelength λ0. 

 Another single CsPbCl3 microplate of small side length (W ~ 3.7 μm) was 

excited through 3-photon excitation at 0 1280 nm  and T = 83 K, with the excitation 

spot illuminating the surface’s center of the microplate. The corresponding wavelength 

spectra and light-light curve are respectively shown in Figure 4.6a and Figure 4.6b, 

which shows that the microplate supported stable single-mode lasing at 424 nm with  

Pth ~ 215 mJ cm-2 and quality factor Q ~ 1400. To further investigate the lasing 

characteristics of this particular microplate, computer simulation was done with 

COMSOL Multiphysics 5.0. In the simulation, a square of side length 3.7 μm was used 

to represent the CsPbCl3 microplate, which is surrounded by air, with scattering 

boundary conditions applied to the edges of the whole system. 2-D finite-element 

method was used to calculate the electric field intensity (|E|) distribution of the 

supported WGMs of the system at a frequency of 7.0781 × 1014 Hz (corresponding to λ 

~ 424 nm) and an initial value of eff 6.77n  , in which the problem was solved at 

eff 6.48n  . The corresponding |E| pattern of the solved WGM is shown in Figure 4.7a, 

which is formed by the resonance of plane waves internally reflected at the middle of 

the four edges of the microplate at an incident angle of 45°. Resonance is attained when 

the roundtrip length (L) is a multiple of the effective wavelength ( eff/ n ), in which the 

plane waves constructively interfere with each other after each roundtrip. In addition, 

Figure 4.7a indicates that |E| is maximized at the middle of each of the four sides of the 

microplate. This is due to the multiple local maxima formed as a result of the  
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Figure 4.6   (a) Emission spectra and (b) light-light curve of a CsPbCl3 microplate 
(W = 3.7 µm) under 1280-nm excitation at 83 K. The optical microscope images of 
the same single microplate before and during excitation are shown in (c) and (d), 
respectively. 
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Figure 4.7   (a) Theoretically calculated electric field strength |E| distribution of the 
lasing mode supported by the CsPbCl3 microplate of side length W = 3.7 µm over 
the microplate’s surface, and (b) the explanation of the support of single-WGM 
operation from the microplate. 
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constructive interference between the incident and reflected waves during the internal 

reflections inside the microplate (see the inset of Figure 4.7a). This simulation result 

agrees with the microscope image shown in Figure 4.6d, in which the middle of the four 

edges of the microplates were maximized during WGM laser emission. In the 

microscope image, the bright spot at the center of the microplate was the emission spot 

arisen from the pumping beam, which was not caused by the WGM. To further confirm 

that Figure 4.7a corresponds to the WGM shown in the emission spectrum (Figure 4.6a), 

the theoretically allowed fundamental WGMs of the 3.7-μm microplate were calculated 

based on Equation (4.1) with eff 6.48n  . The result was overlapped with the 

experimentally measured lasing spectrum as shown in Figure 4.7b. It is found that the 

wavelength of the simulated ‘Mode 3’ and ‘Mode 4’ matched with the lasing spectrum. 

The small amount of error in the peak positions could be attributed to the measurement 

errors in parameters such as W of the microplate. Therefore, it can be confirmed that the 

lasing mode excited in this microplate, as well as the simulation results in Figure 4.7a, 

correspond to ‘Mode 3’. In the lasing emission, ‘Mode 3’ was dominant because it was 

the only WGM with a wavelength close enough to the peak gain wavelength of the 

material (~424 nm), so as to receive sufficient optical gain that exceeded the lasing 

threshold during excitation. In this way, only ‘Mode 3’ was supported while other 

WGMs were suppressed, resulting in single-WGM. 

4.5. Conclusion 

 To conclude, the nonlinear absorption and emission characteristics of single-

crystalline CsPbCl3 perovskite microplates were studied. From the microplate clusters, 

the room-temperature 2PA and 3PA coefficients were found to be 8.0 × 10−3 cm GW−1 

and 2.1 × 10−5 cm3 GW−2 respectively, which were high enough to find optical device 
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applications. In addition, PL and ASE were also obtained from the microplate clusters 

under 2- and 3-photon excitation at 83 K. No lasing emission was obtained from the 

clusters because coherent optical feedback was not supported. Instead, lasing emission 

was realized from single CsPbCl3 microplates with square shapes and smooth facets. 

Under 2- and 3-photon excitation at 83K, these single microplates supported both multi- 

and single-WGM lasing, depending on the size of the microplate. A sufficiently small 

microplate with side length W ~ 3.7 µm, was found to support stable single-WGM 

lasing with a high quality factor of ~1400. The investigation has demonstrated that 

micro-scale single-crystalline CsPbCl3 perovskite is a superior nonlinear optical gain 

material for high-performance upconversion lasing devices. 
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5.  Influence of Plasmonic Effect on 

WGM lasing of NaYF4 Hexagonal 

Microrods 

Other than halide perovskites, optical devices based on NaYF4 is also very 

popular among researchers in the recent decade. In an attempt to enhance the lasing 

characteristics of the lasers made of this material, the plasmonic effect was introduced 

into the whispering-gallery modes in Yb3+−Er3+−Tm3+ tri-doped β-NaYF4 hexagonal 

microrod in this work. This was achieved by the addition of a metallic layer in the laser 

design. In this chapter, the major results of the investigation, especially the influence of 

the plasmonic effect on the WGM lasing characteristics of the hexagonal rod, would be 

discussed. 

 

5.1. Background 

For most gain materials, the optimal wavelengths of emission are only limited to 

a narrow range. To realize lasers with wide emission bandwidth from ultraviolet to 

infrared wavelength, foreign ions can be doped into an upconversion material to modify 

its emission characteristics. The type and concentration of the dopant can be controlled 

to realize broadband-tunable lasers. One of the most popular examples among 

researchers in recent years is the lanthanide ion (Ln3+) doped upconversion materials. 

However, the lasing thresholds attained by this kind of gain materials are relatively low 

[63] due to their low upconversion emission efficiencies [64, 65]. If one could further 
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reduce the lasing threshold of these wide bandwidth lasers, this would open up a wide 

range of applications, including all-optical on-chip information processing, biomedical 

imaging and optogenetics [66-69]. 

In an attempt to find such a solution, extensive investigations have been taken in 

the enhancement of upconversion emission from Ln3+-doped nanoparticles (NPs), which 

is found to be achieved by surface plasmon resonance (SPR) [70]. The enhancement can 

be attributed to the effective coupling between the excited fluorophores of the 

upconversion NPs and the SPR of the metallic NPs. When the SPR of the metal NPs 

matches with the emission wavelengths of the upconversion NPs, the spontaneous 

upconversion emission intensity, as reported from researchers, would be enhanced by at 

least 2 times, and up to >30 times [71-75]. In fact, lasing emission by plasmonic mode 

is also demonstrated by embedding a metal stripe in Er3+-doped phosphate glass [76]. 

However, from all of the above results, it is not proven directly that there is an 

association between the use of SPR and a reduced lasing threshold in the Ln3+-doped 

upconversion lasers [77, 78]. 

To find out the effect of SPR on the lasing threshold of Ln3+-doped 

upconversion lasers, an experiment is designed to study the blue, green and red lasing 

characteristics of Yb3+−Er3+−Tm3+ tri-doped β-NaYF4 hexagonal microrod with and 

without the use of SPR [11]. SPR is introduced into the optical modes of the laser by 

depositing the microrod onto a thin Ag-layer [79]. Hexagonal rods were chosen in this 

study in order to sustain lasing emission through whispering-gallery modes through its 

hexagonal cross-section, and the rods were chosen to be micro-sized to minimize optical 

loss from metallic absorption in the Ag layer. 

In this experiment, it is noted that any interaction between the WGMs of the 

microrod and the surface plasmons aroused from the plasmonic effect was demonstrated 
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outside the laser cavity through the coupling at the Ag-layer. Therefore, it could be 

confirmed that any changes in lasing characteristics of the microrod upon the insertion 

of the Ag-layer, was attributed to the plasmonic effect. 

 

5.2. Synthesis and Characterization of Yb3+−Er3+−Tm3+ tri-

doped β-NaYF4 Hexagonal Microrods 

Hydrothermal method was used to prepare the NaYF4:Ln3+ (Ln3+ = 

Yb3+/Er3+/Tm3+) microrods. The reagents included rare-earth (Ln = Yb, Er, Tm) oxides 

(99.99%), ethylenediamine tetraacetic acid (EDTA, > 99.5%), sodium hydroxide 

(NaOH, > 96.0%), ammonium fluoride (NH4F, > 96.0%) and hydrochloric acid (HCl, 

12M, diluted to 1M by deionized water). All of the chemicals were used directly 

without further purification, as they were purchased in analytical grade. To synthesize 

the Yb3+−Er3+ doped β-NaYF4 microrods, Y2O3, Yb2O3 and Er2O3 powder were 

dissolved in dilute nitrate solution. Any residual nitrate was removed by evaporation 

through heating. This results in a clear solution of Ln(NO3)3 (Ln=Y, Yb, Er). After that, 

0.4g of EDTA was dissolved in deionized water to obtain 12.5 ml of an aqueous 

solution, which was then mixed with NaOH aqueous solution (5.0 M) by stirring until 

the mixture was clear. Then, 5 ml of the Ln(NO3)3 (Ln = Y, Yb, Er) aqueous solution 

(0.2 M), 8 mL of NH4F aqueous solution (2.0 M) and 7 ml of the diluted hydrochloric 

acid (1 M) were added into the mixture, and the resulting solution was stirred for 90 

minutes with a magnetic stirrer. After stirring, the solution was transferred to a 50 mL 

autoclave maintained at 200 °C for 40 hours. When completed, the autoclave was 

cooled down to room temperature, followed by centrifugation of the solution to separate 
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Figure 5.1   (a) – (c) SEM images of the NaYF4 microrods. (d) The size distribution 
of NaYF4 microrods in (a), and the schematic diagram of a single NaYF4 microrod. 
It is noted that the radius of the microrods varies from 0.5 to 4.5 µm. The 
microrods, in general, have six flat surfaces and two sharp ends. Under optical 
excitation, whispering-gallery modes (i.e. red arrows) are established on the 
hexagonal flat surfaces to support coherent optical feedback (i.e. lasing emission). 

the precipitates. The precipitates were washed with deionized water and ethanol for 

three times, followed by drying in air at 80 °C for 8 hours. Similar process can be used 

to synthesize Yb3+−Tm3+ doped and Yb3+−Er3+−Tm3+ doped β-NaYF4 microrods using 

different rare-earth oxides when preparing the Ln(NO3)3 solution. 

Figure 5.1a to Figure 5.1c show the scanning electron microscope (SEM) images, 

which shows that each of the synthesized microrods had six flat surfaces to support 

whispering-gallery modes (WGMs) (Figure 5.1d) with two pointed ends. The microrods 

had radii ranging from 0.5 to 4.5 μm, and the size distribution of the microrods 

corresponding to Figure 5.1a is presented in the histogram in Figure 5.1d. To confirm  
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Figure 5.2   (a) XRD pattern of the as-synthesized Yb3+–Er3+–Tm3+ tri-doped β-
NaYF4 hexagonal microrods. The inset shows the corresponding SEM image. (b) 
HR-TEM and FFT image of the β-NaYF4 hexagonal microrod. 
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the high purity and crystallinity of the microrods, X-ray diffraction (XRD) pattern of the 

microrods was measured (Figure 5.2a), in which the result matched with that of β-

NaYF4 crystal (JCPDS file number 16−0334) [80]. In addition, high-resolution 

tunneling electron microscope (HR-TEM) image of a microrod, which can be found in 

Figure 5.2b. The lattice structure of the β-NaYF4 crystal can be indexed at the (100) 

plane, with a space group of P63/m. The corresponding fast Fourier transform (FFT) 

image is also shown in the same figure, which revealed the high crystallinity of the 

microrods. 

5.3. Optical Measurement and Computer Simulation 

Method 

To measure the emission spectrum from the optically pumped sample, a set-up 

similar to the one mentioned in the previous chapter was used, which is shown in Figure 

5.3. In the configuration, the excitation beam was directed to a 50× objective lens with 

the help of a dichroic mirror placed inside an optical microscope (Leica DM1000 LED). 

The excitation beam was either 980-nm continuous wave (CW) laser for 

photoluminescence (PL) excitation, or 980-nm pump pulses (0.8 cm in spot diameter) 

generated using a frequency-tripled 355 nm Q-switched Nd:YAG pulsed laser (6 ns, 10 

Hz) and an optical parametric oscillator for lasing emission excitation. The objective 

lens focused the excitation beam onto the sample from the top, and the emission was 

collected by an optical fiber fed into a spectral analyzer. A charge-coupled device (CCD) 

camera was also installed on top of the microscope in order to observe the sample with 

and without excitation. The specific polarization of the pumping beam was selected 

with the help of a polarizer and a half-wave plate. All of the excitations and 
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Figure 5.3   Experimental setup for the PL and lasing spectra measurement of a 
NaYF4 microrod 

measurements were done under room conditions. 

In this work, computer simulation was also involved to determine the field 

distribution and Q-factor (Q) of the WGMs supported by the laser cavity using two-

dimensional finite-element method (COMSOL Multiphysics 5.0). A regular hexagon 

was used to represent the cross-section of the NaYF4 hexagonal rod. For plasmonic 

cavities formed by depositing the microrod onto an Ag-coated substrate, rectangles of 

length (x-dimension) 10 μm were used to represent the MgF2, Ag, and substrate (SiO2) 

layers. The rectangles’ widths (y-dimension) were equal to the thicknesses of each of 

the three layers. All systems were assumed to be surrounded by air with scattering 

boundary conditions. The eigenfrequency solver of the software was used to calculate 

the WGMs. Each WGM was associated to a complex eigenfrequency f ( = fr + jfi ). The 

corresponding mode quality factor can be calculated by Q = fr / (2fi ). In all of the 

calculations in this work, the refractive index of NaYF4 (= 1.623) was assumed to be 

wavelength-independent, whereas those of MgF2, Ag, and SiO2 are, respectively, 1.3815, 
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0.04−j2.6484, and 1.4656 at 450 nm; 1.3787, 0.056895−j3.5047, and 1.4603 at 540 nm; 

and 1.3767, 0.051288−j4.4404, and 1.4564 at 654 nm [15, 81, 82]. 

 

5.4. WGM Plasmonic Laser Design with β-NaYF4 

Hexagonal Microrods 

To introduce plasmonic effect into the WGM of the β-NaYF4 hexagonal 

microrods, a microrod of radius r = 2 μm was deposited onto an Ag-coated SiO2 

substrate to form a plasmonic slot waveguide structure. The thickness of the Ag coating 

was chosen as 50 nm, which is expected to be sufficient to form surface plasmon 

without coupling into the Ag-substrate interface. Here, we assumed a MgF2 layer of 

thickness h was inserted between the Ag coating and the microrod as the protection 

layer, which is a technique mentioned in Section 2.3 for the suppression of metallic 

absorption loss in the Fabry-Pérot modes of nano-lasers, see the inset of Figure 5.4a for 

the structure of the design. To see if the protection layer is necessary for the WGM of 

this micro-laser, the effect of h on the modal cavity loss was studied by plotting the 

calculated mode Q-factor (Q) from computer simulation against h, at the three peak 

emission wavelengths of the NaYF4:Yb3+, Er3+, Tm3+ hexagonal microrod (λ = 450, 540 

and 654 nm), as shown in Figure 5.4a. The results showed that an increase in h does not 

contribute to the enhancement of Q for all of the three emission wavelengths, which 

suggested that the protection layer is unnecessary in terms of the minimization of cavity 

loss. Unlike a nanostructure, a microrod is large enough such that profile of the 

plasmonic modes can be extended to the microrod without much metallic absorption by 

the Ag layer. Adding a protection layer in this case would only cause the light to escape 

from the microrod through surface plasmon propagation along the MgF2-Ag interface,  
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Figure 5.4   (a) Plot of calculated Q-factor of a NaYF4:Yb3+, Er3+, Tm3+ hexagonal 
microrod (r = 2 μm) deposited on an Ag-coated (50 nm) substrate, which is also 
protected by a MgF2 dielectric layer with different thickness. (b) Measured 
spontaneous emission spectra from a microrod (r = 2 μm) deposited on an Ag-
coated substrate with a different thickness of MgF2 protection layer, as well as that 
from a bare microrod without Ag and MgF2. 
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resulting in a drop in Q. 

The simulation result was verified by experimental work. Figure 5.4b shows the 

emission spectra of the photoluminescence (PL) of a NaYF4:Yb3+, Er3+, Tm3+ hexagonal 

microrod (r = 2 μm) with and without a 50-nm Ag coating for different values of h 

under unpolarized 980-nm excitation. Referring to the figure, by inserting the 50-nm Ag 

coating without the protection layer (i.e. h = 0), the peak intensities of blue (450 nm), 

green (540 nm) and red (654 nm) PL of the bare microrod were enhanced by ~16, ~13 

and ~13 times respectively. This confirmed the insertion of the Ag coating contributed 

to a significant amount of emission enhancement. However, as shown in the emission 

spectra, adding a thin protection layer (h = 5 nm) in addition to the Ag layer did not lead 

to noticeable changes in the peak PL intensities for the three emission colours. When a 

thicker protection layer (h = 50 nm) is inserted instead, the PL intensities actually 

dropped compared to the case of h = 0 nm or h = 5 nm, which indicated that the 

protection layer actually weakened the emission enhancement. Thus, it can be seen that 

the experimental findings matched with the simulation results, so it can be concluded 

that the protection layer is not required in our design for suppressing the metallic 

absorption loss. However, a thin protection layer in the laser protects the Ag layer from 

oxidation in practice, hence h = 5 nm was chosen in the following experiment. 

 

5.5. Effect of Excitation Polarization on the Emission 

Intensity of the Plasmonic Laser Design 

To further optimize the emission intensity, the effect of excitation polarization 

on the emission intensity of the microrod laser was also studied. Here, we polarized the 
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excitation beam generated from the 980-nm CW laser using a polarizer and a half-wave 

plate, with orthogonal polarizations parallel in( 0 )    and perpendicular in( 90 )    to 

the length of the microrod. The measured PL spectra from the cavity (with the Ag-

coated substrate) at these two excitation polarization angles were shown in Figure 5.5a, 

which showed that the PL intensity excited at in 90    was 30% higher than that at 

in 0   . The photos of the microrod under the two excitation schemes were also 

presented in Figure 5.5b, which clearly showed that the scattered light from the 

microrod appeared to be brighter for in 90   . Moreover, when we plotted the emission 

spectra from in 0    to in 360    (Figure 5.5c), it was found that the emission 

intensity was maximized and minimized at in 90    and in 0   , respectively. It is 

noted that similar enhancement effect due to the excitation polarization was also 

observed in microrods using other dopants, see their emission spectra at in 0    and 

in 90    in Figure 5.6. This phenomenon was possibly due to the dependence of the 

propagating direction of the excited surface plasmon on the pump polarization, because 

surface plasmon can only propagate under transverse magnetic (TM modes). The 

propagating direction would impact how the surface plasmon interacted with the WGM 

of the microrod structure. As a result, in 90    would be selected in the following 

study regarding the influence of plasmonic effect on the emission of the microrod. 

 



Influence of Plasmonic Effect on WGM lasing of NaYF4 Hexagonal Microrods 
 
                THE HONG KONG POLYTECHNIC UNIVERSITY 
 

 
SIU Chun Kit 110 
 

 

Figure 5.5   (a) Emission spectra of a NaYF4:Yb3+, Er3+, Tm3+ hexagonal microrod 
deposited on an Ag-coated substrate under 980-nm laser excitation with two 
orthogonal orientations θin = 90° (perpendicular to the length of the microrod) and 
θin = 0° (parallel to the length of the microrod); (b) the corresponding microscope 
images of the microrod at these two polarizations. (c) Two-dimensional plot of 
emission intensity versus θin and emission wavelength. 
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Figure 5.6   PL characteristics of (a) NaYF4:Yb3+, Er3+ and (b) NaYF4:Yb3+, Tm3+ 
hexagonal microrods (r = 2 µm) under excitation at polarizations (i.e. θin = 0° and 
90° ). At θin = 90°, the emission intensity is enhanced by 30% compared to that 
using θin = 0°. 

 

5.6. Influence of Plasmonic Effect on the Emission 

Characteristics of the Plasmonic Microrod WGM Laser. 

In Figure 5.5b, it was also found that the emission was scattered from both ends 

of the microrod along its length, which revealed that light also propagated along the 

length of the microrod due to the SPR modes supported at the surface of the Ag layer, in 

addition to that in the perpendicular directions of the microrod’s WGM. To confirm the 

scattered light was due to surface plasmon formation, excitation of the microrod was 

done by 980-nm CW laser at in 90    with and without the Ag-coated substrate, and 

the photos during excitation are shown in Figure 5.7. The photos indicated that the 

scattered light at the edges was exclusive to the microrod with the Ag layer excited 

either at the center position, or at one of the edges. As a result, it can be concluded that 
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Figure 5.7   Photos of a NaYF4:Yb3+, Er3+, Tm3+ hexagonal microrod (r = 2 µm) 
deposited on the Ag-coated substrate under (a) edge and (b) center excitation. The 
corresponding photos for the microrods deposited on a substrate without Ag 
coating are also shown for comparison. 

the scattered light corresponded to the surface plasmon propagating along the 

microrod’s length, which was only supported in the presence of the Ag layer. In 

addition, the contrast in the emission brightness observed from the photos also agreed 

with the PL enhancement measured in Figure 5.4b. 

To study the effect of the introduced plasmonic effect on the microrod’s lasing 

threshold, we excited the microrod using 980-nm pump pulses in( 90 )   of pump 

density ~3.5 mJ / cm2, with and without the Ag coating. Figure 5.8b plots the emission 

spectra around the three peak gain regions (i.e., ∼450, ∼540 and ∼654 nm) of the 

microrod (r = 2 µm) during excitation, which shows that sharp peaks of linewidths less 

than 0.4 nm were obtained for all of the colours with and without the Ag layer,
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Figure 5.8   (a) Light−light curves of the hexagonal microrods with and without 
deposition on a 50-nm Ag coat for the emission peaks of the three colors (i.e., ∼450, 
∼540 and ∼654 nm). (b) Corresponding emission spectra of the hexagonal 
microrods with and without deposition on the Ag-coated substrate at a pumped 
density of 3.5 mJ / cm2 . 
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corresponding to lasing emissions. It is noted that the measured linewidths for both 

structures were similar, but the signal-to-noise ratio of the lasing peaks in the case with 

the Ag coating was significantly higher than the one without it. This finding may 

suggest that the use of Ag coating enhanced the emission intensity of the microrod 

through surface plasmon coupling without noticeable impact on the quality factor of the 

WGM itself caused by metallic absorption. When the corresponding light-light curves 

were plotted (Figure 5.8a), it was revealed that the lasing thresholds (denoted by the 

arrows on the figure) of the blue, green and red lasing emissions were respectively 

reduced from 2.0, 2.0, and 2.3 to 0.89, 1.16, and 1.16 mJ / cm2, which translates into a 

reduction of ~50%, through the introduction of plasmonic effect. 

 WGM lasing in the bare hexagonal microrods without the deposition onto a 

metallic layer was demonstrated by previous investigations [83]. This agreed with 

Figure 5.8b that lasing was supported even without the use of plasmonic effect. In order 

to confirm the lasing peaks obtained from the emission spectra originated from WGMs, 

we have calculated the squared intensity distribution of the modal electric field (|E|2) in 

the a bare microrod (r = 2 µm) without an Ag coat by computer simulation (finite-

element method), the results were plotted in Figure 5.9a. It can be seen from the 

simulation results that WGMs were established by internal reflections at the 6 flat 

surfaces of the microrod, with |E|2 maximized at the center of each surface due to the 

constructive interference between the incident and reflected wave at each reflection. 

This pattern agreed with the near-field image shown in Figure 5.9b, that, a single 

intense spot can be observed in the middle of the microrod’s flat surface when there was 

no Ag-coating. For the case with the Ag-coated substrate, simulation results indicated 

that the modal |E|2 distribution of the bare microrod’s WGM was modified by the Ag  
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Figure 5.9   Numerical simulation results of the |E|2 distribution of the resonant 
modes inside a hexagonal microrod at different wavelengths (450, 540, and 654 nm) 
(c) with and (a) without the Ag-coated substrate; Near-field photo of a hexagonal 
microrod (d) with and (b) without the Ag-coated substrate under 980-nm pulsed 
excitation.  

coating, in which energy was maximized at the two edges of the top surface, with 

effects on the green and red WGMs being more obvious, see the white arrows in Figure 

5.9c. This result also matched with our near-field pattern captured under the excitation 

of the plasmonic structure shown in Figure 5.9d. From the simulation results, the Ag 

layer possibly modified the WGMs of the bare microrod by establishing optical 

feedback between its two flat surfaces parallel to the Ag layer through surface plasmon 

formation, such that lasing with a lower gain threshold was supported.  

5.7. Conclusion 

The influence of plasmonic effect on the WGM lasing characteristics of the 

Yb3+−Er3+−Tm3+ tri-doped β-NaYF4 upconversion hexagonal microrods was studied. 

This was achieved by deposition of the microrod onto an Ag-coated substrate. An 

enhancement of more than 10 times in upconversion spontaneous emission intensity is 

measured with the introduction of SPR. For WGM lasing emission, the introduction of 
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plasmonic effect reduces the lasing threshold by 50%, which is due to the formation of 

low-loss modified WGM from the coupling between the WGM of the microrod and the 

SPR modes supported on the surface of the Ag layer. 
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Final Conclusion 

 In this thesis, the plasmonic upconversion lasers are discussed from both the 

theoretical and experimental points of view, including performance analysis, optical 

excitation, and measurement techniques, as well as the fabrication of the devices. 

Optical mode analysis utilizing Maxwell equations was done to study the 

performance, including the quality factor, threshold gain and optical confinement factor, 

of rectangular and cylindrical laser structures. The optical modes of a laser structure 

were either solved by dispersion relations (for simpler structures) or 2-dimension matrix 

method (for more complex structures). It is demonstrated that the mathematical models 

can be used to optimize the waveguiding performance by deducing the performance 

trends over a range of dimensions of the layers. In general, the theoretical analysis 

provided insights on laser designs. 

Methods of experiment analysis on lasers, including spectral analysis and z-scan 

measurement, are also discussed. The techniques are applied to fabricated laser 

structures being studied. First, square-shaped CsPbCl3 microplates are synthesized as an 

example of upconversion lasing cavities supporting high-quality single-mode and multi-

mode WGM lasing at cryogenic temperature. Second, Yb3+−Er3+−Tm3+ tri-doped β-

NaYF4 hexagonal microrods were used to study the influence of plasmonic effect on 

hexagonal whispering-gallery modes. The plasmonic effect was introduced by 

deposition of the microrod onto an Ag-coated substrate. It is found that more than 10-

fold enhancement in PL emission intensity, as well as 50% reduction in lasing threshold 

can be obtained due to the interaction between surface plasmon modes and the original 
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whispering-gallery modes. In both experiments, finite element method was applied to 

deduce the modal characteristics of the lasers with different structures. 

 Through the findings in this work, the plasmonic effect is shown to be an 

important aspect in laser designs, due to its capability of subwavelength optical 

confinement and enhancement of spontaneous and stimulated emission. Moreover, 

upconversion lasing with superior lasing characteristics are demonstrated in plasmonic 

lasers, which may open up a wide range of new optical device applications. 
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